
1. DÐnontai oi sunartăseic f(x) = ln x2
kai g(x) = 2 ln x.Na exetĹsete an eÐnai Ðsec kai an den

eÐnai na breÐte to eurÔtero uposÔnolo tou R sto opoÐo eÐnai Ðsec.

2. DÐnetai sunĹrthsh f : A → R gia thn opoÐa isqÔei

f 2(x)− f(x)− 1 = x(x− 1)

Na deÐxete ìti h Cf den tèmnei ton Ĺxona x′x.

3. Na ekfrĹsete tic sunartăseic f, g wc sÔnjesh dÔo ă perissotèrwn sunartăsewn an f(x) =
e−x

kai g(x) = sun3(2x) + 1.

4. DÐnetai h sunĹrthsh f : R → R∗
gia thn opoÐa isqÔei

f(f(x)) = x2 − 2x ∀ x ∈ R

Na upologÐsete to f(2).

5. Na breÐte ta diastămata monotonÐac thc sunĹrthshc

f(x) =


−3x + 2 x < 1

−x2 + 2x x ≥ 1

6. ’Estw oi sunartăseic f, g : R → R.An h f eÐnai gnhsÐwc aÔxousa kai h Cf eÐnai kĹtw apì th

Cg na deÐxete ìti (f ◦ f)(x) < (g ◦ g)(x) ∀x ∈ R.

7. ’Estw h sunĹrthsh f : R → R gia thn opoÐa isqÔei

f 3(x) + ef(x) + 1 = x ∀x ∈ R

Na deÐxete ìti h f eÐnai gnhsÐwc aÔxousa.

8. ’Estw oi sunartăseic f, g : R → R .An h f eÐnai gnhsÐwc fjÐnousa kai isqÔei f(x) < g(x) ∀x ∈
R na deÐxete ìti

f(g(x)) < g(f(x)) ∀x ∈ R

9. An h sunĹrthsh f eÐnai gnhsÐwc monìtonh kai isqÔei

f(x) = f(4− x) ∀x ∈ R

na deixete ìti h exÐswsh f(x) = 0 èqei monadikă rÐza.

10. ’Estw oi sunartăseic apì tic opoÐec h g parousiĹzei elĹqisto sto x0.An h f eÐnai gnhsÐwc
aÔxousa,tìte h f ◦ g parousiĹzei elĹqisto sto x0.

11. ’Estw f : R → R gnhsÐwc monìtonh sunĹrthsh.An isqÔei

f

(
2x + 3f(x)
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)
= x ∀x ∈ R

na deÐxete ìti f(x) = x ∀x ∈ R.MporeÐte na genikeÔsete thn Ĺskhsh?

12. ’Estw f : [1, +∞) → R.An h sunĹrthsh g(x) = f(x)
x
eÐnai gnhsÐwc aÔxousa sto [1, +∞) na

deÐxete ìti

f(2a + 3b) > 2f(a) + 3f(b) ∀a, b ∈ [1, +∞)
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13. Na apodeÐxete ìti h sunĹrthsh

f(x) =
ex − 1

ex + 1

eÐnai antistrèyimh kai na breÐte thn antÐstrofă thc.

14. DÐnetai h sunĹrthsh

f(x) =


x2 x ≤ 0

−2x x > 0

Na apodeÐxete ìti eÐnai 1-1 kai na breÐte thn antÐstrofă thc.

15. ’Estw oi sunartăseic f, g : R → R gia tic opoÐec upojètoume ìti

• (f ◦ f)(x) = x ∀x ∈ R
• g(x) = x + f(x) ∀x ∈ R
• g antistrèyimh

Na apodeÐxete ìti h f eÐnai antistrèyimh kai ìti f(x) = x ∀x ∈ R.

’Askhsh.
1
DÐnetai h sunĹrthsh f : R → R h opoÐa ikanopoieÐ th sqèsh

f(f(x)) + f 3(x) = 2x + 3 ∀x ∈ R

Na apodeÐxete ìti eÐnai 1-1 kai na lÔsete thn exÐswsh f(2x3 + x) = f(4− x)

LÔsh. ’Estw x1, x2 ∈ R me f(x1) = f(x2). Tìte f (f (x1)) = f (f (x2)) kaif
3(x1) = f 3(x2)

opìte me prìsjesh katĹ mèlh paÐrnoume

f (f (x1)) + f 3 (x1) = f (f (x2)) + f 3 (x2) ⇔

⇔ 2x1 + 3 = 2x2 + 3 ⇔ 2x1 = 2x2 ⇔
⇔ x1 = x2

’Ara h sunĹrthsh eÐnai 1-1.Gia th lÔsh thc exÐswshc èqoume

f
(
2x3 + x

)
= f (4− x)

f1−1⇔ 2x3 + x = 4− x ⇔

⇔ 2x3 + x + x− 4 = 0 ⇔
⇔ 2x3 + 2x− 4 = 0 ⇔ x3 + x− 2 = 0 ⇔

⇔
(
x3 − 1

)
+ (x− 1) = 0 ⇔

⇔ (x− 1)
(
x2 + x + 1

)
+ (x− 1) = 0 ⇔

⇔ (x− 1)
(
x2 + x + 2

)
= 0 ⇔ x = 1
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’Askhsh. JewroÔme thn gnhsÐwc monìtonh sunĹrthsh f : R → R gia thn opoÐa

isqÔei

f

(
ln ax + ln bf(x)

ln (ab)

)
= x, ∀x ∈ R

ìpou a, b > 1.Na deÐxete ìti f(x) = x ∀x ∈ R.

LÔsh. Upojètoume kat arqăn ìti h sunĹrthsh eÐnai gnhsÐwc aÔxousa
2
.Upojetoume epÐshc ìti

to zhtoÔmeno den isqÔei,dhladh upĹrqei x ∈ R ÿste f(x) 6= x.Tìte ja èqoume f(x) > x ă f(x) < x.
’Estw f(x) > x.Tìte lìgw thc upìjeshc èqoume

f (x) > f

(
ln ax + ln bf(x)

ln (ab)

)
f↑⇔x >

ln ax + ln bf(x)

ln (ab)
⇔

ln(ab)>0⇔ x ln (ab) > ln ax + ln bf(x) ⇔
⇔ x (ln a + ln b) > ln ax + ln bf(x) ⇔
⇔ x ln a + x ln b > x ln a + f(x) ln b ⇔

⇔ x ln b > f(x) ln b
ln b>0⇔ x > f(x)

to opoÐo eÐnai Ĺtopo diìti upojèsame ìti f(x) > x.’Ara f(x) = x ∀x ∈ R.

16. ’Estw a, b > 0, a < 2
√

b kai oi sunartăseic f, g : R → R me g(0) = 0 oi opoÐec ikanopoioÔn th
sqèsh

(g ◦ f)(x) = x2 + ax + b ∀x ∈ R
Na deÐxete ìti h Cf den èqei kanenĹ koinì shmeÐo me ton Ĺxona x′x.

17. DÐnetai h sunĹrthsh f(x) = e−x − x, x ∈ R.

i) Na apodeiqteÐ ìti h eÐnai gnhsÐwc monìtonh.

ii) Na exetasteÐ an orÐzetai h f−1

iii) Na lujeÐ h exÐswsh f−1(x) = 1− x

iv) Na lujeÐ h anÐswsh f−1(x) ≤ 1− x

18. Na brejoÔn oi timèc tou a ∈ R gia tic opoÐec h sunĹrthsh

f(x) =


2x + 3 x < 1

3x2 + a x ≥ 1

eÐnai 1-1.

19. Na deÐxete ìti an mia sunĹrthsh eÐnai gnhsÐwc monìtonh tìte kai h antÐstrofă thc èqei to Ðdio

eÐdoc monotonÐac.

2
H Ĺllh perÐptwsh eÐnai entelÿc ìmoia.
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