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IHPoAOIox

To BipMo mov kpatdte ota Yépla cag mepAapPavel tnv VAN ¢ AlyeBpac mov

wpoPAémetal and 1o TPOYPAUUE GTOVI®V TNG A TaENG Tov ['evikod Avkeiov.

To BPrio avtd mponibe amd avapdpemon g A’ ékdoong (1990) Tov Bipriov

AATEBPA A" AYKEIOY, tov omoiov tn ouyypagiky opdado amoteAobhoov ot

Avdpeadakng Xtohavog, Katocapyvpng Baocilelog, IMamactavpidng Xtavpog,

MoAvlog T'edpyrog, EPépkog Avdpéac, evd, TNV OUAON KPLTOV OTOTEAOVGOV Ol

Aytoarotidng Xpiotdépopoc, Atkardkov- Mavpovdaioc Koarionn, Kaiopntseivng

Yropog, Kovléing Avopéag kot ITavtediong [edpytoc.

v avouopemcn tov Piiiov, mov £ytve amd TV 1010 GLYYPAPIKT OUAdL, pE

amoeoon kai eronteia Tov [Howaywykod Ivatitovtov, EAnedncay vadoyn:

e Ot odnyieg tov [audaywywov Ivatitovtov yuo tn dwdackaria g Alyefpoag
™m¢ A" Avkeilov, o1 0Toiec avapPEPOVTOY GTNV avVIdSLATAEN T®V TEPLEXOUEVOV
Kot 671 bkt peBodoroyia.

o  Ta véa Avaivtikd Ilpoypdpupota Zrovdadv kot to véa ddaKTiKd Bifiia Tov
Mobnuoatikadv tov IMNpvaciov kat

e O tpodmoc a&ordynong tov padntov Avkeiov ota Mabnuoatikd, 0tmg avtdg
opietar amod to [1.A 60/2006.

KpiOnke avaykaio va mponyn0ei g didaktéag vANG Tov Bifiiov éva elcaywykd

KEPAAALO LE TO AMOAVTOG amapaiTnTo oToLYEln amd TN LoBNUOTIK AOYIKH KO TN

Oewpia cuvOL®V, Ta omoia OE®POVVTAL XPNCIUA Y10 TH COPEGTEPT SOTHTMGN TOV

LoONUOTIKGOV  EVVolmV, TV Tpotdcewv KTA. To otoygion avtd, mov NTOV

didomapta oty A" €kdoom tov Pifiiov, mapovctdloviol GTV OVOLOPPMUEVN

£K600T |LE OPYUVOUEVO TPOTO.

To mepieyopevo tov PiPpriov, mov amoterel kot TV d1daKTéN VAN TG AAdyeppoc A’

Avxkeiov, £xel 6€ YEVIKEC YPOUUEG EXEL OG EENG:

1. X0 1° Ke@draro emavorappdavoviol, GOUTANPOVOVTOL Kol ETEKTEIVOVTOL Tl
Baocikd otoryeia Tov aAyefpikod Aoyiopod mov dddyTnKav ot pabntég oto
lMopvéoio.

2.  X10 2° Kegpdharo smavorappdvovor kot eEETALOVTOL GLGTNUOTIKOTEPL OGO,
nrav yvootd and 1o Mpvacto ya tig e€lodoelg 17 Babuod, tig eElomoelg
2% Babuod, kabdg kol yo e£l6MOEIC OV 1 EMAVGT TOVG avAyeTal ©F
eElomoelg 1% ko 2°° Babuov.



Y10 3° Kegdroro ntopovotdletar n enidvon avicdoemv 17 kot 2 Babuov,
KoBdg Ko avic®oemv oV 1 EXIAVGY TOVG avayeTol o€ avicmoelg 17 kat 2
Babpod.

Me 1 OdaoKoAlD TOV TPIOV TPOTOV KEPAAAIOV OAOKANPAOVETOL O
oAyefpcodg Aoyiopdc oto Pabud mov eivor amopaitntog Oyt udvo yio tnv
OmpOCKOTTN) GUVEXEWD TNG Owdackoiiog AAyefpog, OAAG Kot Yy TNV
eEumNPETNON TOV GUVAPOV LOONUATOV.

To 4° Kepdharo avapépetat otig cuvaptioels. H cuvaptnon eivan pia and
T Oepehmoelg évvolec twv Madnpatikov, 1 omoia eivar t0 gpyoieio
EKQPOONG €VOG UEYAAOL (QAGULOTOC (OWVOUEV®V TNnGg QUONG KOl TNG
kowoviag. H évvown g ocvvdptnone Bo givol ovTIKEILEVO GUGTNIATIKNG
peAétng kot epPabovvong oe 6o to Avkelo.

210 5° Kepdhrowo yiveton kot’ opyfiv N HEAETN TOV GUVOPTAGE®V Y = ax’
Kol y=— Kol okoAovBel 1 peEAETM NG ouvdptnong  TPLOVLLO

¥y =ax’ + fx+7, mov amoTELEl TOV KEVIPIKO GTOXO TOV KEPUAOIOV 0VTOV.

Y10 6° Ke@dahoro kot’ apynv emavalopPpavoviol kKot cpmAnpdvovial 6co
dwdytnkav ot padntéc oto I'vpvdcilo ywo YpOUUIKE CLGTAMATO OLO
eflomoe®V e SVO AYVMOOTOVG KOl GTI GCULVEXEWD ETIADOVIOL YPOUUIKA
GUOTNLOTO UE TPEIS AYVAOOTOVS, KOBMG Kot pun ypappkd ocvotiuota. [a
TNV TOPOLCINcN TV EVVOIMV TOL KEQOANIOL aVTOL YpMoluoTomOnkay
OVOTOPOGTAGELG OO TO KEPAANLN TOV GUVAPTHGEWDV.

Yo 7° Ke@dhawo, mov egivar kot To TeAevtaio  Tov  Pifhiov,
emovaiapfavovtal kol exekteivovtal ol Yvootég and 1o [upvicio €vvoleg
TOV TPIYOVOUETPIKAOV aplOUdV Kol TOV TPIYOVOUETPIKAOV TOVTOTHTOV Kol
TOPOVGIALETAL 1] AVALY®YT] TOV VTOAOYIGLOD TPLYOVOUETPIKMV aplOU®V GTO
1° teTapTnUOpPIO.

Extypodpe 6t 1 mapovoa avapopeopévn ékdoon tov Piiiov Ba copfdier oty
avafaduon g oackariog ™ Alyeppag oto AvkelD. QGTOCO, Y0 TEPAULTEP®
Beitioon tov Bifiiov, omotocdnmote pabnng, Kabnyntg n evolopEPOUEVOS Yl

™V TOdElD 6TOV TOTO pag BEAEL Vo KAVEL GYOALN, TOPATNPNCELC 1| KPIGELS Y10 TO
Brio avtd, mapaxoieiton vo TG oteilel oto [Nawdaymywd Ivetitovro,

Mecoyeimv 396, 15310 Ayio Iapackeovn.

AexépBprog 2009
O Zvuyypapeig
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EDRDAI'QI'IKO KEDPAAAIO

E.1 TO AEZIAOI'IO THX AOI'IKHXY

21 mapdypaeo avtn Ba yvopicovpe pepikég Bacikég Evvoleg g AOYIKNC, TIG
omoigg Oa YPNOLOTOMGOVUE GTN GUVEYELN, OOV OVTO KPIVETAL AVaYKOio, Yid
TN caQEaTEPT SOTOTOON LOONUATIKOV EVVOLDV, TPOTAGEMY KTA.

Ta mopadeiypota Tov o }PNOILOTOICOVUE AVAPEPOVTAL GE EVVOLEG KOl 1310~
TNTEG MOV €lval YVOOTEG 0o To ['vpuvaacto.

H cvveraywyn
Ag Bempnoovpe 000 TpayuaTIKovg aplpovg a xar S . Eival yvootd ot
Av o1 apiQuoi akor f eival iool, T0Te Ko T0. TETPAYWVE TOVS Ba eivou ioa.
Avto onpoaivel ot
Av 0 16x0p1oUdS « o= B » eivor alndig, T6te Kou 0 1oYvpLoUcS « o’ = By
Qo eivar alnong.
I' avtd Aépe OTL O 1OYVPIOUOC «a =L » GUVETAYETOL TOV IGYVPIGUO
«o’ =B » kar ypaoovps: a=pf=a’ =f.

Tevika:

Av P ka1 Q givarl 800 toyvpiopoi, t€tolol mote, otav aindeder o P va
aAnBevel kat o O, toTE AépE OTL 0 P cuvemdyeTor Tov O Kol YpAQOLLLE

P=0.

O woyvpopods « P = 0 » Aéyeton oovemaymyn Ko moArés @opés duPaletar
«av P, tote O». O P Aéyeton vmobson G GUVETAYOYNG €vd 0 O Aéyetal

counépacua avthc’.

(1) Zmv xabnpepwn mpdén, cvvnbme, dev YPNCILOTOLOVUE GUVETOYMYES Le WeLdN vdbeon.
AALG ko M padnpoTikn emiotun dgv €yl avaykn t€totov €idovg cuvenaywymv. Oumc, yio
TEYVIKOVG AOYOVS TOV GUVOEOVTOL UE TNV EVKOALD TNG EKPpacmg padnuatikdv {ntnudrtov,
0o vioBetcovpe ™ oduPacn 6t N cvveray®Y « P = O » va glval aindng kol otnv mepi-
nTOon mov 1 vedbeon P eivar yevdnc. 'Etol,  ovveraymyn « P = O » gival yeudng, povo
otov 1 vdbeon P elvarl aAndng kot o cvunépaocpa Q eival yevdég Kat aAndng oe kabe G-
An mepintoon. Ex mpotg dyewg n oduPacn avt) eaivetar mepiepyn, arldd oto mAaiclo
oV TapovTog PiPpriov dev pmopovv va eEnyndodv ot AdyolL Tov 0dNYNGAV GE QLTH.
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H 1600vvauia 1 o1ming ocoveraywyn

Ag Bempnoovpe TG YVOOTEG pag omd To ['vuvacio cuvenaywyEc:

a=p=a’ =p’ (1)
Kot

a=f=a+y=pF+y (2),
7OV 1Y HOVV Y10, OGAOVG TOVE TPAYUATIKOVS o, [ KoL 7.
ITapatnpovpe O6TL:
v Tty Tpdn cvvenaywyn, dev 1ydeL T0 avtioTpo@o. AnAadn dev toybdel

N GLVETAY®YN =p=a=p Yo GAOVG TOVG TPAYUATIKOVG aplOuos o
Kat £, agod yio mopdderypa givan (—3)2 =3%,evb —3#3.

v Tt devtepn, Ou®C, cuvenaymyn 1oydeL Kol TO aviicTpo@o. Anladn yia
OOV TOVC TPAYUATIKOVS aptOpovC a, f, ¥ 1oYDEL KOL 1] GUVETAY®YN:
aty=p+y=a=p

'V’ avtd Aéue 6T1 01 30O 1oYVPIGUOTL Eival 1G0SVVAUOL KOl YPAPOVLLE:
a=f<a+y=F+y.

Tevika

Av P xa1Q egivol 000 16YLPIGHOL, TETOL0L OGTE, OTOV aAnbevel o P, va

aAnBevet kot 0 O ko 6Tov aAnbevel o O, va ainbevel kot o P, tote Aépe
0TL 0 P ovvemayetor tov @ Kol OVTIGTPOQOG 1), aAM®DG, 0TL 0 P gival

16000vapog pue tov O kot ypaeoovpe P < Q.

O woyvplopdc « P < 0 » Aéyetan 1oodvvopia kot apketéc eopéc drafdaleton

«P av ka1 povo av O».

O ovvoeouog «ipy

I'vopilovpue otu
To yvéuevo dvo mpayuatiadv opiBunv o Kol f eivar ico pue to unoév, av
Kol UOvo av évog ToVAGYIoTOV amd Tovs aplfuods a kol B eivar ioog ue
70 UNOEV.

IMo va dnidoovpe 6tL évag ToLVAAYIGTOV 0d Tovg a kol S givol icog pe o

unodév, ypdoovpe a =0 1 f=0."Etot, &govue v 1codvvapio

a-f=0=0=01n =0

T'evikd
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Av P ka1 Q eival d0o toyvpiopoi, T0te 0 oyvptopndc P 1 @ ainbevel poévo

OTNV TEPIMTOON TOL £VOG TOVAGYIGTOV OO TOVG dVO IGYVPLGLOVE AANOEVEL.

O oyvplopog «P N O» Aéyetar dtaevén tov P kot Q0.

(x2 —x)(x2 —1) =0

aAn0evet, av Kot HOVo av EVaC TOLAGYIGTOV OO TOVC TAPAYOVTEC X° —X KOl

Mo mapaderypa n e&icoon

x” —1 givat icog pe to pndév, dnhadn, av kot pdvo av woydel n Sidlevén:
X -x=0 N x*=1=0.
[Mapatnpodpue €dd O6TL:
v Tw x=1 aAnbevovv kat ot dvo e€lodoelc, evid
v Tw x=0 oinbedel povo n mpdt Koty x =—1 aAnbgder povo n debre-
pN.

O 6Vvoeouog «kar

I'vopilovpe ot
«To y1vouevo d6vo mpoyuotik@v apifudv a xalf eivor 616popo 0o unde-
VOG, av KOI HOVOV av Kal o1 000 apiBuol o Kou f ivor d1apopol Tov unde-

VoG,

INo va dnhdcovpe 6t Ko o1 d00 aptdpoi o kol f eival d1Geopotl Tov undevog
ypapovue
o#=0 xou f#0
‘Etot, éxovpe v 1coduvopio
o-f#0 a0k f#0

Tevika

Av P xor Q eival 600 1oyvpiopoi, 10te 0 WYLPIopoc P kar Q@ ainbedet

HOVO GTNV TEPIMTOGT TOV KOl 01 SVO 1oYVPLGHOL aANBELOVV.

O oyvpiopog «P kar O» Aéyetar o0levén tov Pxot Q.
IMo Tapddetypa, o 16YLVPIGUAC
x(x—1)=0 xou (x—I)(x+1)=0

oAnBevel yio ekeiva Ta x yia To omoia aAnBevovy Kot o1 dvo e&lomoelc, dnAo-
Myw x=1.
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EPQTHXYEIY KATANOHXHXY
L. Ye KoOgpud omd TIC TUPUKATO TEPLTTOGELS VO, KUKAMGETE TO YPOUNO
A, oy 0 wyupopog givar aindfc Yo 0A0Vg TOVG TPAYRATIKOVS a.PLO-
Rovg a Ko f. Al0.QopeETIKE VO KVKAAGETE TO Yphpupo P.

1. a*=9=a=3 A Y

2. =asa=1 A ¥

3. a#ta=a#l A Y

4. az2ca 24 A Y

5. a>2=a> >4 A Y

6. a<2=a’ <4 A ¥

7. a’<d=a<2 A ¥

8. @ >4=a>2 A ¥

9. a<2xu f<3=a-f<6 A Y
II. Na avrietolyyicete KOOEVA A6 TOVG LIGYVPLOROVS TS OPAdAS A™ pe TOV

16000vap6 TOV W6YVPLoNd amd T opada B'.

A" OMAAA B° OMAAA
1 x(x—2)=0 A x#0 ko x#2
2 x(x—2)¢0 B x=2
3 x'=4 r x=—21Mfx=2
4 ¥’ =4k x<0 A x=0
5 x(x=2)=0 o x(x—1)=0 E x=01x=2
6 x* =4 ko x>0 Z x=-2
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E.2 YYNOAA

H évvoia tov covoiov

[MoAdol avBpwmor cuvnbifovv vo cLAAEYOLV SLaQOPO. TPAYUOTE, OTTWOG T.X.
ypoappatoéonue, voptouata, mivakeg Loypapikng, spnuepideg, Pipiia kti. Ot
TEPLGOOTEPOL GVAAEKTEG TAEIVOUODV TIG GLAAOYEC TOVLG GE KOTNYOPIES, T.X.
CYPOUUATOCTLO TTOV TPOEPYOVTAL OO TNV 110 YOPO», KVOUGUATO TOV TEPO-
GUEVOL QLADVOY, KTIVOKES TNG AVAYEVVIONG» KTA.

Eniong and apyototdtev ypdévav ot avlpwmol evolapépdnkay yio Tovg aplod-
HovG Kal Tovg Tavouncay o€ Katnyopieg, OTMC eival m.y. «ot dptiot opio-
poi», «ot TpMTOL 0PlOUo» KTA.

YVAAOYEG 1 KaTNYOpileg OTMG Ol TOPATAV® 1| OKOWUT OUASEG OVTIKEIUEV®V, O-
HOEWDOV 1 OYL, TOV UTOPOVUE UE KATO0 TPOTO va Ta Eeywpicovpe, ovopalo-
vtol oto. MoOnuotiké evvolra.

ZOUQ®OVA PE TOV PeYdAo pabnuatikd Cantor:

Yovoro eival KGOe GLALOYYT OVTIKELEVOV, TOL TPOEPYOVIAL OTO TNV
eumelpio pag N TN dlavonen pog, eivol KaAd optopéva Kot dlokpivovtot
70 éva amd To GAAO.

Ta avtikeipeva avtd, TOL amoTeEA0HV TO0 GUVOLO, ovoudlovtol oTtotyeio N WEAN
TOVL GLVOAOV.

2X0A1I10

‘Eva o0volo mpémel va gival, 0nwg cuvnbifovpe va AEUE, «KOADSG OPLGUEVOY.
Avto onuaivel 6t To GTOLYXEID TOL UTOPOVV Vo avayvopilovtol Ue Gryovpld.
INo mapdderypo 6ev umopod e v PAGLE Y100 TO GOVOAO TOV LEYAA®V TPOY L0~
TIK®OV aplOpmv. Avtd dev gival 6OVoro, e T HOONUOTIK) €vvola TOv Opov,
O10TL 0V LITAPYEL KOVOVOC OV Vo Kabopilel av évag Tpaypatikdg aptuog &i-
val 1 0ev  gival peydroc. Av dpmg BempCOVUE TOVE TPAYUATIKOVG 0PLOUOVG
mov givor peyarvtepot tov 1000000, téte avToi amoteAOVV GHVOAO.

IMo va cvpporicovpe éva ovvoro ota Mabnuatikd, ypnoipnorotobue Eva, ard
Ta Kepodaia ypdppata tov EAAnvikod 11 tov Aativikod aAeaprntov, eve yio
TO. GTOLYELD TOV YPNGULOTOLOVUE TO LKPA Ypaupata avtdv. ['o Tapaderyua:
v ue N ovpforiCovpe 10 6HVOLO TOV QUGIKOV aplOudV,

v ue Z 1o chvoro ToVv akepainv aptudv,

v ue Q 10 60voro TV pNTOV 0plOUdY Kot

v ue R 10 60VOLO TOV TPAYHOTIKOV 0plOUdV.
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Ta ovufolia € Ko &
IMo va dnAdcovpe 6TL To X €ival 6ToLXEl0 TOL GLVOAOL A, Ypdpovpue x € A Kot
dafalovpe «to x aviKel 6To A», VD Y100 vo ONAD®GOVUE OTL TO X OeV gival
ototyelo Tov cuvOAoL A ypagovpe x ¢ A kal dtafalovpe «To x dev AVIKEL GTO
Ax». I'a Tapaderypa

3

geEN, %e@, 2eZ, \/EEQ, J2 eR K1

Ilapadoracy covéiov
TI'o va mopactmoovpe €va cOVOAO YPNGILOTOOVUE GVVIHB®G £vav amd TOVG
TOPOUKATO TPOTOVG;:

a) Otav divovtot Oha To ototyeia Tov Kot gival AMya og mAn00c, TOTE YphpovLe

To. otoryeio avtd petald dvo aykiotpwv, ympilovtag Ta pe 1o koOppa. ‘Etot

Y., 0V TO GOVOAO A €€l g oToLEla TOVg aplBpovg 2, 4 kot 6, Ypdpovpe:
A={2, 4, 6}

IToAMEG @OpEC ¥PNOLUOTOLOVUE EVaY TOPOUOL0 GUUPOAGHO KOl Yo GOVOAQ
7oV £Y0VV TOAAG M GEpO GTOLYELD, YPAPOVTUG HEPIKE LOVO amd QLTA KoL O-
TOGLOTMOVTOG TO VTOAOLTO, APKEL VO Elval GaQES TOlo €lval AVTA TOV TAPAAEL-
wovtat. ‘Etol yuo mapdderypa to cvvoro B tov akepaiov amd to 1 péypt to
100 cvpPorileton og e&ng

B={1, 2, 3, ..., 100},

, , 1
eV T0 GUVOLO TOV KAUOUAT®V TNG LOPPNS — , OTOVL Vv BETIKOG aKEPULOG, GULL-
v

S
2 3 4

O mapandve TpOTOC TOPACTACTG EVOC GUVOLOV AEYETAL «TAPAOTACN TOL GV-
VOOV LE AVAYPOPN TOV CTOLXEI®V TOLY.

BoAiletol og g€nc:

B) Av amd T0 cOVOAD TV TTPAYHATIKGOV aplOudv emAéEove ekelvoug mov é-
youv TNV W10TNTe vo gival Betikol, TOTE OTIAYVOVUE TO GUVOAD TOV BETIKMOV
TPAYLATIKOV aplOumvy, 1o omoio cvpPfoiileton pe:

{x € R| x> 0}

kot oropaletal «To ocvvoro twv xR, 6mov x> 0 ».

Opoing 10 6hvoro TV dptimv akepaiov coppforiletor

{x € Z| X dpnog}
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levikd, av amd éva odvoro Q emdéyovpue gkeivo o oTOLYEID TOV, TOV €YOVV
o optopévn wotnta I, tote eTidyvovpe éva véo obvoAo Tov cvpPoirileTan
pe:

{x € Q| x &xeL v 10T I}
ka1 drafalerar «To ovvoro tov x € Q, 6mov x €xet tnv WBOTTA ).

O mapandve TpOTOC TOPACTACTG EVOS GUVOLOV AEYETOL «TOUPACTAON TOV GVL-
VOAOL LLE TTEPLYPUPT] TOV GTOLYEI®Y TOVY.

Toa ovvoio
Ag Bempncovpe TOPO TO. GLVOAQL:

A={1,2} «xar B={xeR|(x-1)(x-2)=0|
Enedn ot Avoeig g e€icoong (x—1)(x—2)=0 eivar ot apBpoi 1 kot 2, to

ovvolo B €yxet ta 1010 akpifag otoryeia pe 1o A. Xe otV TNV TTEPITTOON Aé-
ue 6t ta cbvora A kot B givat ica.

Tevika

Avo oOvora A kot B Aéyovtal ica, dtav £xovv ta idta akplpdg ototyeia.

Me dAlo Aoy

«Av0 ovvora A ko B Aéyovtan ica, 6Tav KGO oToyeio Tov A gival Kol 6TOL-
x€io Tov B kon avtiotpdpoc kdOs oToryeio Tov B gival kon oTorygio Tov Ax».
v mepinton avtn ypapovue A=B.

Yroovvoia covoiov
Ag Bempnoovpe Ta GHVOLQ

A={1,2,3,..,15}  xa  B={1,2,3,..,100}
[Mapatnpodue 411 KGOe oTOLKEIO TOV GUVOAOL A &ival Kot G6TOlKElO TOV GUVO-
Aov B. Ztnv mepintoon avtm Aéue 611 10 A givar vtocHvoro tov B.

Tevika

‘Eva ovvolo A Aéyetal vmocvvoro €voc cuvorov B, otav kdbe otoryeio
Tov A givon kot ototyeio Tov B.

2V mepintoon avty ypdeovpe AcCB.
Aeceg GUVETELEC TOV OPIGHOD €ivat ot
i) A cC A, yio k60e sOvoro A.

ii) Av AcB ka1t BcT', t6te AcT.
iii) Av AcCB xat BC A, tote A=B.
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To kevo ovvoio

Ag avalnmoovue ta oTolyeia Tov GUVOAOL A = {x eR ‘ X’ = —1} . Etvar povepod
611 TéT010 GTOLYKEIN SEV LVIAPYOLY, APoD N Eicmon x” =—1 sivol addvorn 6TO
R. To odvoro awtd, mov dev &xel kavévo otolyeio, Aéyetol KEve 6vvoro Kat
ovuPorileton pe & N { }.

Anhadn:

Kevo civoro eival 10 6OVOLo TTov dev €Yl GTOLYELD.

Agyopoote 0TL T0 KEVO GHVOAO €ival VTOGHVOAD KAOE GLVOLOD.

Awaypouuotao Venn

Mo ETOTTIKN TOPOVGINGT) TV CUVOAMV Kol TV UETAED TOVG GYECEWV YiveTOL

ue to dtaypappato Venn.

e Kdabe @opd mov epyaldpocte pe oOVOAN, TO. GUVOAN avTd Bempovvial
vrochvora €vog cuvOLov Tov Aéyetal Pacikéd cvvoro kal cuufoAriletat
ue Q. I'o Topaderypa, ta cvvora N, Z kot Q, eivar vrocHvora tov Pa-

o1koV ocvvorov Q=R .

To Baocikd cvvoro cvopPoriletal Le 10 ecwTE- £

pKod evog opboywviov, evd kabe vwoovLVOAO
evog Pacikod ovVVOAOL TOPIGTAVETOL HE TO A
ECMTEPIKO HIOG KAEIGTNG KOUTOLANG TTOL TTE-
pLEYETAL 6TO E0MTEPIKO TOV opbHoymviov.

e Av AcCB, 1t0t€ T0 A TOPIGTAVETAL UE TO 0
E0MTEPIKO HIOG KAEIGTNG KOUTVANG TOV B
MEPLEYETOL OTO ECMTEPIKO TNG KAEIGTNG
KOUTOANG TOV TOPloTAVEL TO B.

Ilpaéeis ue cvvoia
"Eoto Q= {1,2,3,...,10} éva Bactkd ohHvoro kot 600 VTOGVVOAY TOV:

A={1,2,3,4} ku B={3,45,6}.

e To ovvolo {1,2,3,4,5,6}, OV €YEl WG OTOLYEIN TOL KOWVA KOl TO, U1 KOV

otoyeia Tov A kot B, oniadn to cvvoro TV oToyEiov Tov Q 1oV avi-
KoLV TOVAdYLoTOV G€ €va omd Ta A kot B Aéyetar évoon tov cuvolov A
kot B.
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Tevikd:

"Evoon dvo vtoocvvolov A, B evog fact-
KOO ocvvorlov Q Aéyetonl T0 GUVOAO TOV
otoyeiov tov Q TOV OVNKOLV TOLAYL-
oTOV G€ €va omo T cvvoia A kot B kat
ovuPorileton pe AUB.

AnAadn eivat:
AUB={xeQ|xeA 1 xeB}

e To ovvolro {3,4} oL £YE1 WG oToLElD TA KOWVA pLOvo ctotyeia Tov A kol B

Aéyetarl Topn Tov A kot B.

Tevika:

Topun dv0 vrocuvormv A, B evdg factkon
ouvolov Q AéyeTOl TO GUVOAO T®V GTOL-
yelov Tov Q oV AVNHKOLV Kol 6TO dVO GV-
vola A, B kot copPoriletar pe AN B A B

Aniadn giva:
AmB={er|xeAKm xeB}

YV mepinton mwov dvo cvvora A kot B dev éxovv kowd ctoyeia, dnia-
oM otav AnB=, ta 800 cbhvora Aéyovtal EEva petald toug.

° To ovvoro {5,6,7,8,9,10} oL £€Ye1 ®G oTolyeia ta otolyeio Tov L WOV

dev avnkovy 010 A, AEYETOL CLUTANP®LUO TOL GLVOAOL A.

T'evikd:

YopmMjpope evog VTocuVOAoL A €VOG A
Bactkod cvvorov Q Aéyetar TO GUVOAO
TOV 6TolYEI®V TOV L TOL 6EV AVIKOVV GTO
A xot ovpPorileTon pe A”.

AnAiadn| elvat:
A'={xeQ|xeA}
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EPQTHXYEIY KATANOHXHY

I. 1. ¥tovg mopaKdteo TIVOKEG Vo GUUTANPAOCETE UE TO GOUPOAO “ v eKeiva Ta Te-
TpayOVAKLL TOV 0TolmV 0 avTicToryog aplfpds aviKel 6To ovTiGTOrX0 GUVOAO.
2. IIog ovopdlovtar ot aptBpoi yia Tovg onoiovg £xovv cuuminpwdel Ta TeTpaym-
vakio povo g TEAELTALOG YPOLLUNAG;
3. Na ypnoonomoete ta dtaypappoto Tov Venn yo Vo TOPAGTIGETE TIG d10do-
yikéc oyéoelg eyrkieiopod Tov covolovN , Z, Q kor R kot va tonobetoete

péca og antd Toug apldpods avTovs.

13 - 20
-3,5 0 NiT) 5 T | 23 > Jioo | -5

eN

e

€Q

eR

II. X&xkoBegma amé TG TOPUKATO EPOTIGELS VO GUUTAPAGETE TIG LIGOTNTES.

1. Av A={x € N|x SL0p£TNG TOL 16} Kol B={x € N|x SL0PETNG TOL 24} ,TOTE:

2. Ag Beopnoovpe oc Bacikd 6OVOLO TO GVUVOAO Q TOV YPOUULATOV TOV
EAMANVIKOD aAQafNTOV Kol T VTOGVVOAL TOV

A={x € Q|x(pc0vﬁev} Ko B={x € Q|xcl’)u(pcovo} .

Tote:

III. X& kaOegpid amé TIC TUPUKAT® EPMOTIGELS VU PALETE 68 KUKAO TIG GMOTEG

ATOVTIGELG.
1. ’'Eoto dvo cvvola A kot B. Torte:

o) AcAnB B BcAnB y)AnBcA 8 AnBcB
2. ‘Ecto 800 covoro A ko B. Torte:

@) ACAUB ) AUBcCB y) AUBCA &) AUBCB

IV. Xe koBgmad amé TIig TOPUKATO EPOTIGELS VO CUUTANPAGETE TIS LGOTNTES.
1. Eoto Q éva Boacikd cvvoro, D 1o kevd cvvoro kot A < Q .Tote:

0) D'=..... B) Q' =..... v) (A) =....
2. ’‘Eotow AcB.Tote




OI IIPAI'MATIKOI
APIOMOI

1.1 OI IIPAZEIX KAI Ol IAIOTHTEX TOYX
(Ernavainwels — Louminpaceig)

Ewocayowyn

Y10 ['vpvacio pabape 6TL o1 mpaypotikoi aplBpoi amotelovvtal amd TOLG
PNTOVS Kol TOVG APPNTOVG 0PLOUOVS KOl TAPIGTAVOVTUL E TO CNUELN EVOC
a&ova, ToV GEOVA TOV TPAYRUTIKOV aplOpdv.

=y

®upuilovue otL:
v Kabe pntog apOpog £xel (R pmopei vo mdpetl) kKhoouatiky popen, dnto-

oM ™ popoen %, omov a, f aképaiot, ue f#0.

v Kdabe pntog aptOpog pumopei vo ypagei og dekadikdc 1 meplodikdc deko-
OKOG KoL, AVTIOTPOQ®C, KABe dekadikOG 1 TEPLOOKOG SEKAIIKOG UTOpEl
vo, Thpel Khacuatikn popen. o tapadetypa,

H=2,8, —2=—1,25, @zsﬁ, 2,25:E Kat 2,§=@
5 8 11 100 99
Mmnopovpe dnAady va movpe O6tL ot pnroi apiBupoi amoteAovvIal amd

TOVG OEKAOIKOVE KOl TOVE TEPLOGIKOVG OEKOOIKOVE aplOLovC.
Yrapyovv opm¢ kot aptdpoi, 6Twg ot V2, V3, m kT, mov Sev UTOPOVV VO
TAPOLV TN LOPOT %, omov a,f axképaot, pe f#=0(N, pue dAio Aoy, dev

UTOPOVV VO, YPOPOLV 0VTE MG OEKAJIKOL 00TE ¢ TEPLOdKol dekadikol). Ot
apOpoi avtoi Aéyovtot appmror aplOpoti.
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Ilpaéeig

210Vg TPpayUaTIKovG aplBpotg opiotnrav ol Tpa&elg g tpdcsbeong Kal Tov
ToALATTAOCLOCLOD KoL, Le TN BorBeld Tovg , n apaipeon Kot 1 daipeon.

e To v wpdcbeomn Kol TOV TOALATANGLOAGUO 1GYXDOVV Ol 1OLOTNTEG TTOL
aVOQEPOVTIOL GTOV EMOUEVO TivaKa, Ol O0moieg Kol amotelovv T Pdon Tov
alyePpiKon AOYIGHOD.

IdwtnTa Ip6cOeon MoArhamraocraopnog
AvTipeTa0eTIK at+p=p+a ofp = po
IpooeTarproTiki 06+(ﬁ+)’)=(0€+ﬂ)+3’ a(,b’y):(aﬁ)y

Onﬁsrs!)o a+0=a a-l=a
Xtouyeio

Avnﬂsrog/AvrlfrrpO(pog o+ (~a)=0 u 1 1, a#0
ApOpov a

Empeprotici a(f+y)=ap+ay

Xtov mivaka avtdv, dAAd Kol 6T cvvExeld Tov PifAiov, o YpAURATA TOL
YPNOUOTO0VVTOL TTAPIGTAVOVY OTOI0VGIONTOTE TPAYUOTIKODS apiBuovg, &-
KTOC OV ONAMVETAL OLLPOPETIKA.

O ap1Bpdg 0 Aéyetal koL 0VOETEPO GTOLYELO TG TPOGOEGNC, O10TL TPOCTIOE-
uevoc oe omolovonmote apldud ogv tov petafdriel. Exiong o apOuodg 1 Aé-
YETOL KOU OVOETEPO GTOLYEID TOV TOAAUTAAGLOGNOD, O10TL OMOLOGONTOTE
apOpog moAroniactalopevog ue avtdv dev petafarleTor.

2X0410

H avtipetafdetin Kot 1 Tposetaptotikn 010t Ta TN¢ 1pdcbeong £xovv m¢
ovvéneln, kabe aBpolopa pe mePlocOTEPOLG OO dVO TPocheTéong, va 1GOV-
Tol e omotodnTote dALo aBpoicua mwov oynuatiletal amd Tovg 1d1ovg apid-
pLovg [Le OTOLOONTOTE GEPA KO av TOVG Thpovpe. ['a mapaderypa,

—3+2+x/§+3—x/§+5—2:—3+3+2—2+5+\/§—\/§:5.

Opoimg, éva yvopevo pe TEPLOGOTEPOVS ATd VO TAPAYOVTEG LGOVTAL LE O-
TOL0ONTOTE AALO YIvOUEVO TOL Umopel va oynuaticdel amd tovg idlovg apif-
Lovg e 0TOLadNTOTE GEPA KOl av TOvg Tapovpe. [ mapdderypa,

S o e
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(H am6deién tov mopandve 16YVPIGUOV Vol ApKETE TOAVTAOKN Kol TO.P0-
Agimetan).

e H aoeaipeon kot n dwaipeon opifovron pe tn Ponbeta g tpdcsbeong kot
TOV TOALATAQGLAGUOV AVTIOTOIY MG ™C eENG:

(5 #0)

a 1
a—f=a+(-p Kol a:f=—=a —
(-8) 5=

Anhodn:
INa va Bpodpe tn dwwpopd o —fF , tpochBétovpe 6to0 pelwTEO TOV OVTiBETO

. , , , a .
TOV QQOLPETEOD, EVD Y10 VO, fpodue TO TNAIKO E , e =0, molorAacid-
Covpe TO SLOLPETED [LE TOV AVTIGTPOPO TOV SLOLPETN.

HMEIQXH
Eneidn dwaipeon pe dtapétn to undév dev opiletat, 6mov oto €€NC cLVAVTA-

; a ; . , ;
LE TO TNAiKO E , evvoeitat 0Tt S # 0 xot dev Ba toviletar Wiaitepa.

o To t1g Téooepic TpaAelc Katl TNV 160TNTO 1oYVOLV Kal 01 aKOA0VOEC 1016-
™mTeg mov gival yvwotéc and 1o ['vpvdacio:

1.

(azﬁ Ko y=5):> oa+y=p+0

dNAadn], dvo 160TNTEG UTopOoLUE Vo TIG TPocHécovpe KATA LEAN.

2. (a:ﬂ Ko y=5): ay = fo

dnAadn, dvo 16OTNTEG UTOPOVLE VO TIG TOAAUTANUGIAGOVLE KOTA LEAT.

3.

a=fa+y=F+y

dnhadn, pmopolue Kol 6Ta OVO UEAN HOC 10OTNTOG Vo TpocsBiécovpe i va
a@alpécovpe Tov 1010 aplouo.

4. Avy#0, tote:
a=pf<ay=py

ONAod1], UTOPOVLE KOl TA SVO HEAN UG LGOTNTOG VO TO TOAAATAAGIAGOVLLE
N VO T0 SLUPEGOVE LLE TOV 1010 U1 UNOEVIKO aplOuo.

5. a-f=0=a=0% f=0
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dnAad1], TO YIVOUEVO 0VO TPAYHATIK®OV opldudv gival i6o pe to undév, ov Kot
HOVo av £vag TOVAAYLIGTOV amd ToVG aplBovg ival i6og e To Undév.
Aueon cvvéreln ¢ 1010TNTOC AVTNG Elvat 11 akdAovodn:

020 a0 ko f#0
2X0A4I10
Otav and v 16010 0+y=F+y N and v 1600TNTA 0 -y=F-y petofai-
VOUE GTNV 100TNTA a=/f, TO0TE AEUE OTL OLAYPAPOVNUE TOV {10 TpocheTéo N
Tov 1010 mapdyovta avtiotoiywc. Opmg oty mepintmon mov doypAPOvLE
Tov 1010 mopdyovta TPEMEL VO EAEYYOVUE UNTMG O TOPAYOVTOS AVTOG gival

icog pe undév, omote evoéyetal vo odnynbovue oe Adbog, 0mwg cvuPaivel
670 aKkOAovo TapddELypa.

‘Eoto a=1. Tote éxovue dtadoyikd:

o=1
o-a=0o-1
2
o =a

a’—l=a-1
(a+1)(a—1)=(a—1)-1
a+l=1
a=0
Opog éxovpe xor a =1, ondte to 1 Ba givan ico pe 1o 0. OdnynOfKape oo
Aavbaopévo avtd cvpmépacua, S0t oy wotnto (a+1)(a—1)=(a—1)-1
SlaypayaE TOV TOPAYOVTO (a—l) 0 omoiog, Adyw ¢ vdBeong, Tav i6og

pe undév.

Avvaueig

Eivar yvoot and to Ivuvacio n évvola g 60vaung aptOpod pe exkbétn a-
KEPAL0. ZVYKEKPIUEVO, AV O a €ival TPAyUATIKOG aplfpdg Kot o v puoiKog,
€yovpe opioel Otu:

a =a-a-a-a, v v>1 ot
[ —
v Tapayovres
1
a=a, v v=1.

Av emimiéov givar a = 0, 16te opicape 4Tl

a’ =1 Kot a’ =
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2X0A4I10
Evad sivar goavepd otL, av a=/f, tote a" =f", dev oy0el T0 aviioTpoo, a-

, . , 2 .
@OV Y10 TaPAdELY O Elvat (—2) =27, alhd -2 #2.
Y1ov emdpevo mivoko cvvoyilovial ot W10TNTEG TOV SLVVANE®DV UE EKOETN

aképalo, pe v mpobmdbeon o011 kdbe Qopd opilovial o1 SLVAUELS KOl Ol
TPAEELC TOL CNUELDVOVTOL.

o aA :akJr). a: :akf/h
a
K
OLK ﬁxz(aﬂ)x " :(gj
g \p
(ak ))' :aki

Alroonueintes TaVTOTRTES

H évvola ¢ tavtdttog eivar yvooty and 1o I'vpvdolo. Xvuykekpipéva, K-
Oe 100TNTA TOL TEPLEYEL LETAPANTEG Kol emaANBeveTAL Yoo OAEC TIG TIHEG TOV
UETAPANTOV 0VTOV AEYETOUL TAVTOTNTO.

Y1ov mivaka Tov akoAovlel avapépovtal ol YVOOTEG pog mo aSloonueimTeg
TOVTOTNTEC:

2

(a+pB) =a’ +2a8+ B
(a—p) =a* —20f+

o' = p* =(a+p)-(a=p)

(ochﬁ)3 o +3a’p+308 + B’
a—p) =a’ 30> +30p> - B
o'+ =(a+p)- (o’ —ap+ )

o’ = =(a=p)-(a’ +ap+p)

=+ B+ +2aB + 2y + 2pa

—

(a+ﬁ+y
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MéBoodor anddeiéng
1") Evfsia Arédern

‘Eoto 611 Yo tpelg mpaypatikovg aplBpovg a, f katr y 1oyvel n ovvOnkn
a+f+y=0 kot 0éhovpe va amodsifovpe 6TL o + B +7’ =3afy , Snhady éotm
011 Béhovpe va amodeifovpie TN GVVETOY®OYN:

«Av a+ f+y=0, 1618 &’ + B’ +7’ =3afy».

Emedn a+p+y=0, eivar a =—(ﬂ + y) , omote Ba Exovpe:
4y = [~(Bry)] B+
=—(B+y) + B +7°
== =387y =38y =y + B+’
==38%y=3p
= =3py(B+7)
= 3apy, (agov B +y=—a).
Mo mv anddeién g nopordve cvveroymyng Eekvnoopue pe tmv vrdbeon
o+f+y=0 ot pe dwdoywd Puoto KatoAnEope ©6T0  CVUTEPAGUO

o + B’ +y =3afy . Mo tét010 Srodikacio Aéyetar gv@sio an6derln.

2X0AIA

1°) EvOcio anddeiln ypnoipomooape Kol 6to I'opvacto yia thv anddeién
TOV YVOOTOV HOG TaLTOTHTOV. o Tapdadetypa, yio v anddei&n g

TOVTOTNTAG (a + ,[)’)2 =a’ +20B+ B, ne a,f R, éxovue Sradoyiid:

(a+,3)2 = (a+p)(a+p) [Opropog Sovapung]
=a(a+p)+B(a+p) [Emyiepoticy] 8dtna |
=a’+af +fa + B [Empeprotucn 1810t |
=o' +2ap +p’ [Avayoyn opowv 6pov]

2°) T va amodei&ovpe 0Tl évag 1oYLPIoHOG ival aAnOng, nepIkEg POpEG e
S1000YIKOVG LETATYNUOTIGLOVE KATAANYOVUE GE EVaAV AOYIKE 16060VAUO
woyvptopd mov givatr aindnc. ‘Etotl cvumepaivoope 6TL kot 0 apykog -
oYLPIoHOG eivar aindng.

Mo mapddetypa, €0t® OTL Yo TOVG TPOYHATIKOVG apldpovg a, S, x, y
0¢hovpe va amodeifovpe v TavTOTNTA:
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2 2
(o2 + B2 )(x* + »*) = (ax+ By)" + (o - px)
"Eyovpe dradoyikd:
2 2
(o2 + B7)(x* + ) = (x+ By) +(ay - px)
Sa’x’+a’y’ + px7+ 1y = o’ x + 2apxy+ By +a’y’ = 2apxy + X1
Saxi+a’y + P+ Ry = a’xP v’y + T+ fy OV 10YVEL.
3%) T vo arodei&ovpe 0Tt Evog 1oyLPLopdg dev ivar Tavto aindng, apkel
vo, Bpovpe €va TopAdELYUO Y10 TO OO0 O GLYKEKPIUEVOG LOYLPLOUOG
dev woyveL N, OTmg Aépe, apkel va Bpodue Eva avTimapadstypa.
"Etot 0 woyvupiopdg
«yia k¢ a>0 1oyder a’>a»

1 1
dev givar aAnOng, apov yia azz éyoope o’ =Z, MAadn < a.

2") MéQodoc tnc Amaywyng o Atomo

‘Eoto 611 0éhovpe va anodeiEovpe TOV 1GYVPIGUO:

«Av 10 TETPAYWVO €VOS aKkEPAIOL aplBuod elval aptiog, TOTE KAl 0 opiBuog
aVTOG EIVOL APTIOCH,

dnAadn
«Av 0 a’ givar GpTiog apOpédc, TéTE KAt 0 a gival ApTiog apPLOPGSH
T'o v anddelén Tov 16YLPICHOD AVTOV CKENTOLACTE MG EENC:

Eotw 011 0 a dev givar aptiog. Tote o a Ba eivorl mepirtog, onAadn Ba €xel ™
popen a=2x +1, 6mov k aképalog, onote Ba Exovpe:

a’=(2x+1)’
= 4% +dK +1
= 2(2x” +2rc)+1
=2A+1 (6mov A=2k7 +2k).

ANAodY o> =24+1, A€ Z, mov onpaivel 6TL 0 o sivol TEPTTHS. AVTO OU®OG
épyetal og ovtifeon pe v vdbeon 6t 0 o givan dptioc. Emopévog, 1 ma-
padoyn 0Tl a dev givan dptiog eivarl AavBacuévn. Apa o a gival apTioc.

v mapandve anddelén vrobécape dtL dev 1oyveEl avtd mov BEhape va o-
modeifove Katl ypnolponoldvrag ainbdeic tpotdoelg pOdcaue cg Eva GLUTE-
pacue Tov €pyetal oe avtibeon pe avtd wov yvopilovue 61t oydel. OdNyn-
Onrape 6mwc Aépe og dromo.
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H pébodog avt amddei&ng ypnotpomoindnke yo tpd@TN Qopd and tovg Ap-
yoiovg EAANveg kot Aéyetal amaymyn o€ dtomo.

E®PAPMOI'EY

1" Na amodeiyBovv o1 ££1G 1816TNTEG TOV AVOLOYIDV:

i) %=%<:>a6=ﬂy (zpéc0v B 0)
.. a_y a_§p ,
ii —=to—== g€@ocov fyo =0
i A (29600v fyo=0)
iy L=l %*h_v+9 (eqdoov §o £ 0)
g o B o
) a 7y a y a+y L
yv) —== =>—=== gpooov fo(f+0)=0
) /) p o p+o ((p ﬂ(ﬂ ) )
AIIOAEIZH
i) Tw po=+#0 éovpe:
a_7
—==< fo ——ﬂ(S <:>a(5 by
p o B
ii) T fyd # 0 éyovpe:
L N ﬁ<:>a5 ﬁy@ —E.
B o oy oy O
iii) T f6 # 0 éyovpe:
LANPIDICAN W AU A i A
oo B 0 B 0
iv) Tw p5(B+06)#0, av Ocovpe % =§= A, &yovpe:
o= Ap xai y:/lé omote a+y = A(f +9).
y_oa+y
Eosvco,/l— , ONAaon
roHeveS /3+ "ﬁ 5 pro

2" Na amodeiyfsi 6TL 0 op1Opodg V2 givan appnTog. TN ovvéysla, pe T (PpHon
TOV KOvOva Kol Tov dwafnitn, va mapactadovv ou V2 ke /2 orov agova
TOV TPUYROTIKOV APLOp®V.
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AIIOAEIEH

r 4 s r r 4 7 K r s
Eotw 611 0 42 &ivat pntog. Tote pmopovpue va ypawouusf=; , 01OV K, A givan

ovoikol aptBpol kot % avayoyo kAdopa (dnradn kAdopa oto omoio €yovv yivel

OALeg o1 duvatéc anromonoels). Tote £yovpe dradoytkd:
() =(5)
BV
K2
7
2 2/12

2

K =
r 7 2 ’ 7 I3 3 ’ ,
OV oNUOivel 0TL 0 Kk~ gival apTiog, omote (oe. 25) kot o k gival aptiog, dNAad”

glvatl g popong k=2u.
Tote éxovpe dradoyikd:

K> =27
(2u) =22
A’ =27
=24

’ 7 2 y 7 7 ’ r
ITov onpaiver 6TL 0 4™ givan GpTiog, Gpa Kot o A givat apTiog.

A@ov Aowmov ot k, A givarl apTiol, T0 KAAGHO 7 ogv givan avayoyo (dtomo).

c

M'(-/2) M(/2)

< A'-1) oo " A(D)

=Y

Y10 onpeio 4 tov mpoypatikov dEova mov TaploTdvel Tov apBpd 1 vydvoovpe Ka-
Oeto tunpa AB pe pnkog 1. Tote  vroteivovoa tov ophoymviov Tprydvov OAB £yet

pnkog ico pe V2. Z1n ovvéyela pe kévipo to O ko axtiva OB =2 ypbpovpe K0-
kAo 0 omoiog tépuvel tov dEova XX oto onueia M kot M’ wov mOPLGTAVOVY TOVG O-

p1Bpovg V2 ko1 -2 AVTIGTOlY™G.
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AXKHXYEIY

A OMAAAY

Ll
.

Aivetar ) mopdotoon A = [(xzy3 )72 -(xy3 )4} : (
i) Na deiete o1 A=x"-)°.

ii) Na Bpeite v T ™ Tapdotoong Yo x
2. No PBpeite v Tpuq ™G mOPACTAONG
x=0,4 wo y=-2,5.

3. Noa vroloyiceTe TIg TAPAGTAGELS :

i) 1001 -999° ii) 99-101

4. i) Nodsitete ot (a+p) —(a—p) =4af .

ii) Na vmoAloyicete Tnv T ™G mTapdotaon

X3 B
v

=2010 o y:L.
2010

Ao i) |

(7,23)" —(4,23)’

iii
) 11,46

()

[999 1000)2_[ 999 1000)2

+
1000 999

5. i) Noomodeitere 6t @’ —(a—1)(a+1)=1.

ii) No vmoloyicete TV TIUN TG TAPAGTOOT

1000 999

c:

(1,3265)" ~0,3265-2,3265.

6. No dci&ete 0TL 1 610POPA TOV TETPAYDVOV dVO SLASOYIKOV PLGIKOV 0p1O-
L@V (Tov PikpdOTEPOL ATO TOV HEYAAVTEPOV) LGOVTOL L TO AOPOLGLLA TOVG.

7. Av v pvowog aplBuog, va dei&ete 0Tl 0 aplOp
AamAdoto Tov 7.

oc 2"+ 2" + 2" givan mok-




1.1 O mpadésic ka1 01 1010TNTES TOV 29

B OMAAAY
1. No amAOTOMCETE TIC TAPACTAGELS:
o} — 202+ (az—a)+2a—2
)y — i) —F.
o —a o —1

No arAoToCETE TI TAPACTAGELS

i (a_lj2.a3+a2 i) a+a+l o’ -1
a (0c+1)3 a+l o’ -1

No amAOTOMGETE TIC TOPUCTAGELG

=i -1
D () (v ) ii) _’:i_;“z:iz

3 3 2
Na dei&ete 611 (x2+y2j{ X _yjzl_
X -y x—y

‘Eocto a, f kot y To unkn 1oV TAEVpOV VOGS Tplyd@vov ABI. Na deitete 611

70 Tpiyvo gival 166TAEVPO GE KAOEULE 0O TIC TOPOKATO TEPITTOCELS:

iy AvZ B_

By a

ii) Ava-f=p-y=y-a.

Noa oeiéete ot1, av éva opBoymvio €xel mepipetpo L =4a kot guPaddov
E = 0o, 161€ 10 0pOOY®HVIO 0T Eival TETPAY®VO UE TAEVPE ioM LE a.

Na oei&ete OtL:
i) Av a pntog kor f appnrog, 10t€ a+ S dppnroc.

ii) Av a pntdg, pe a =0, kot £ appnrog, 10tE a- f AppNTOG.




1.2 AIATAZEH IIPATMATIKQN APIOMON

‘Evvoia tyg orataéng
Ot évvoleg «LeYOAVTEPOG ATTO», KUIKPOTEPOG ATO», TOV €ival YVOOTEG OO TO
IMopvaotio, opionrav wg e€ng:

OPIZMOX

‘Evag aptOuog a Aéupe otL eivor peyarvtepog and Evav aplOud f, kat

ypagovpe a> f, 6tTav n deopd a— B gival Oetikoc ap1udc.

Yy mepintoon avt) Aéue eniong 0Tl 0 S gival pIKPOTEPOS TOL a KoL Ypa-
oovpe f<a

ATd TOV TOPUTAVEO OPIOUO TPOKVTTEL AUECHG OTL:
o  KdaBe Betikdg aptOuog ival peyadvtepog amd 10 Unodév.
o  KaBe apvnrikoc aptOudg gival pikpodtepoc amd to undév.

'Etol 0 apyikdc opiopog ypapeTal 1G0d0VaLOL:
a>pfa—-p>0

leopetpikd N avicdé™TO @ > S onuaivel 0Tl, TAvo cTov A&ova TOV TPAYUa-

TIK®OV 0 aplOpdg a cival de&otepa amod tov S .

=Y

x' -4 -3 -2 -1 0 1 2 3 4

Av v Tovg apBpotg o kar S woyvel a>f N a=f, 101E YpAPovUE a > f
Kot Stofalovpe: «a peyarvTEPOG 1] 160G TOL f».

Amo tov TpoOTO pE Tov omoio yivovtal ol Tpa&elg g Tpochecng Kal Tov TOA-
AOTAOGIOGLOY, TPOKVTTEL OTL:

(a>0 Kol ,B>O):>a+,b’>0
(a<0 o f<0)=>a+f<0

a, B opdonuot <:>a-ﬂ>0<:>%>0

a, f etepoonuot <= a- <0 ©%<0
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o’ >0, ykafe aecR

(H wotnta woybdet povo 6tav o =0)

Ao TV tedevTaio E0KOAN TPOKHTTOVY Kol Ol IGOSVVOUIEG:
+p=0a=0Kka f=0

A+ p>0a20 7 B0

Io1oTtytes Ty avicoTTY

Spilopevol otV 1oodvvapia a> <> a— >0, utopovue va arodeiovpe

TIC TAPAKAT® 1O1OTNTES TOV AVIGOTHTOV:

1. (a>pB xav B>y)=a>y

o a>fa+y>f+y
2. o Avy>0,1018: a>fSa-y>p-y

o Avy<0,10t18: a>fSa-y<f-y

o (a>p xu y>8)=a+y>p+0

o [ BeTikovg ap1Buovg a, S, y, 0
LoYVEL 1| CUVETAYWYN:
(a>pB xar y>8)=a-y>p-o

H 1316t ta 3. 1oyt kot Yo TEPIGGOTEPEG AVIGOTNTEG. LVYKEKPIUEVOL:

v (> B kou a, > B, kon.kon a, > )= o ay +ota, > B+ Py o+ p
v Av, emmhéov, To uéAn ToV avicothTev sivol 0sTikoi apbpoi, tote:
(0, > B, xav o, > B, kat..kar o, > B ) =00y o0, > B By B ()

211 ovvéyela Ba amodeiEovpe KoL TNV TOPAKATO 1010TNTA.

IMo Betikodg aptBpovc a, f kot OeTikd aképalo v
4. oyvEL M 1oodvvapio:
o>pfsa’ >p"
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AIIOAEIZEH
e 'Eotw a>p . Tote, and m (*), Y

o,=0,=..=a,=0>0 «xau B =p=.=4=£>0,

wpokvnTEL OTL: 0’ > S .
e T v anddelén Tov aviiotpdpov Ha ypnoiporoticovue T HEH0S0 TN
anoy®wyns o€ dtomo. Eotm Aowov 6t o > 7 ko a < f. Tote:
v av nTav a=/f , and tov opiopd ¢ ootntag Ba giyoue a’ = 4"
(dtomo), evdd
v avntav a< B, 0o giyape a” < B" ( Gromo).
Apa, o> f.

Me 1 fondeia g mopandve 316t Tog Ba arodeiEovpe TOpa OTL:

TN BeTiK0VG aprOpovg a, f kot 0TIk oKéparo v 1eyvEL 1] LG0dVVONio:
a=pa =p"

AIIOAEIZEH
e ’'Eotw a=p . Torte, and tov opiopd ¢ 160TNTOG TPOKVTTEL, OTMG Eima-

L€ KOl TPONYOVUEVMG, OTL o’ =f".

e T v anddelén Tov aviiotpdeov Ho ypnoiporoticovue T HEH0S0 TN
amay®yng o€ dtomo. Eotw Aowmdv 011 o' = 7 kar a# S . Tote:

v avhtav a> B, Moyo ¢ (4), Oa giyoue a’ > B (dtomo), evd
v avitav a< B, Myo g (4), 0o elyope a” < B (dtomo).
Apa, a=p.

2X0AIA

1° Zopeova pe v 181d6tra 3, av dvo avicdtnteg ¢ idag popdig Tig mpo-
cBécovpe katd pPEAN, mpokHMTEL avicotnTa TNG 010G Popag. Agv cup-
Baivel opmc to 1010 pe v agaipeon. o tapaderypa, sival
10>6 xou 7>2, aAlG 10-7<6-2 .

2°  Emiong, cbpeova pe tnv 1810tnta 3, av dvo avicdtnteg g idlog popdg
pe Betikobg, OU®G, OPOVS TIG TOAAATAAGIAGOVUE KATA HEAT], TPOKVTTEL
avicotnta ¢ 010G opdg. Asv cvpufaivel Opmc to 1610 pe ™ daipeon.
Mo mapdderypa, ivor
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24>10 kot 6>2, 0ALG %<%

Awactijuara,
To ocOvoAro TV TpaylaTiK®V apldumyv x pe a<x < f Aéyetol KAELGTO O1d-

oTNpa a6 a péypr f kot cvpPoiriletar pe [a, f].

Av topa and T0 KAEWGTO ddotnpa [a, B] mapaieiyovpe Ta a xar f mpo-

KOTTEL TO OVTIGTOLYO GVOIKTO d1doTNNOe 076 To o péyxpt f mov cvuPorile-
TOL PE (a, ﬁ’).

Ot aplBpol a xar f Aéyovtol GKPO TOV SEGTNRATOV AVTOV Kol KAOE o-
PG petald Tov a Kol f AEYETOL ECMTEPIKO GNUELD AVLTOV.
H Swapopd dnAadn peta&d evog KAEIGTOL KOl TOV OVIIOTOLXOL OVOIKTOD

o THUOTOG Elval OTL TO TPMTO TEPLEYEL T AKPA TOV, EVA TO OeVTEPO dEV TA
mEPLEYEL.

AAheg LOpQEG dlooTNUATOV givat:

v To avoikté 8e&ra draotnua [a, B) mov aroteleitor amd Tovg apiOpovg
X Yu Tovg 0moiovg 1oyvel a < x < f Kot

v To avokté apretepd didetnpa (a, f] mov amotekeitar omd TOVG O-
p1ORovG pe X Y10 TOVG OTOIOVG oYVEL A< XX .

TéAog, vTd popenN S1OGTHNLATOC,
v To ohvoro Tev aplOpdv x yio Tovg omoiovg toydel a < x ocvufoliletal

pe [a, + ), evad

v To oVvoro TV aplOu®dv x yio Tovg 0Toiovg woyvel x <a cvufoliletal
pe (-, a].

Me avéroyo tpoémo opilovtot kot to dtactnuata (e, +o)kar (—wo, a). Ta
oOpuPoia 400 Kot —oo, TOL OlOPAlOVTIOL «GVV ATELPO» KUl «AANV ATELPO»
OVTIOTOIYMC, OEV TUPLGTAVOLV TPOYLATIKOVE aplOpog.

Y10V mopaKdTo mwivaka cuvoyifovtol ot LopeEG SLUCTNUATOV TPAYUATIK®OV
aplOudV Kol 01 S14QOPEC AVUTUPACTAGELS TOVG:
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AIAXTHMA ANIYOTHTA 2YMBOAIZMOX
v e 7 Y| asxs<p [a. ]
3{,40?—53—§ as<x<p [a, B)
W ps P > a<x<p (a, p]
v x| a<x<s (@ )
x' o " xza [@, +0)
X a ; x>ao (a, +0)
T P x x<a (o0, a]
= p T x<a (—o0, a)
E®PAPMOI'EY

1" Na amodeiydsi 61 :

1 1
i) Av a, f opoonpol apBpoi, T6te a< fS —> Z
a

ii)  Ta 6hovg Tovg TpaypaTikovg apBpodg a, f woyver a’ + f* > 2ap

. 1
iii) Ava>0,710te a+—2=>2
a

AIIOAEIZH

i)  A@o?¥ a,f eivor opdonpor apBpoi Exovpe af > 0. Emopévog woyvet:
a<ﬁ<:>i<£c>l<l<:>l>i.
af of B a o B
ii) 'Eyovpe:
@’ + B2 2208 < a’ + 2 ~2af 20 < (a—f) 20, mov wwydel

iii) "Exovpe:

1
at—22a+122a & o’ +1-26>0 < (a-1)" 20, mov wyvsL.
ot
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27 Av —l<x<E Kol _E< y<§,vu amodery0si oTu:
2 4 3 6
-11<8x-12y+3<17

AINIOAEIEH
Ao Vv avicoéTO —% <x <% €yovpe dladoyIKA:
8(—lj <8x < 8~g
2 4
—4<8x<6 (1)

, . 2 5, .
Opoimg and v -3 <y< s €yovpe dtadoyikd:

12(—2j<12y<12~§
3 6

~8<12y<10
8>-12y>-10

~10<—12y<8 )

[IpocBétovpe tdpa katd péAN tig avicotntes (1) kat (2), mov Exovv v idia eopda,
KOl YOV LE:
—14<8x—12y <14,
omdte Oa 1oyvEL:
—14+3<8x—12y+3<14+3

Apa
—11<8x—-12y+3<17
AXKHXYEIY
A OMAAAY
1. No anodeiete otL:
i) o’+9>6a i)  2(a’+p)2(a+p)

2.  Na anodeifete 6Tt @’ + f° —2a+1>0. [1ote 1oyveL N 166TNTA;

3. No Bpeite Tovg TpaypaTikovg aptBpols x Kot y o€ KabeUld and TG TapaKa-
T TEPIMTAOCELG:

) Av (x=2)+(y+1) =0 i)  Av X’ +)"-2x+4y+5=0
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1. OI IIPAI'MATIKOI APIOMOI

4. Av 45<x<4,6 xot 53<y<5,4, va Bpeite ta Oplo petald TV omoiwv
TEPLEYETAL 1) TIU KOOEULAG OO TIC TOPAGTAGELS:
i x+y i) x—y i) = iv) X+
5. To mAdtog x ka1 To PAKOG ¥ €vOG opbHoymviov 1kavomolohy TG OVIGOTNTESG
2<x<3xot 3<y<5. Av avénoovpe to TAGTog Kotd 0,2 Kol ELATTOCOVE
To unkog kotd 0,1, va PBpeite T1g dvvatéc TIHEG:
i) 1ng mepétpov ii) Tov gupadod tov véov opBoywviov.
6. Av 0<Za<p,va dci&ete 011 <i.
+a 1+p
7. Na Bpeite o Ad00g 6T0VG TOPAKAT® GVAAOYIGLOVC:
‘Eoto x> 5. Tote €rovpe dradoytkd
x>5
5x>25
Sx—x*>25-x
x(5—x) > (5+x)(5—x)
x>5+x
0>5.
B OMAAAY
1. Aivovtot éva KAdoua % pe Betucovg 6povg kot €vag Betucdg apBuog v. Na
amodeifete OTU:
i) Av <l rore XV E
B B+y B
i) Av E>1,tete 2HL L
B+y B
2. Ava>1>p,vooanodeiete 0TL a+f>1+af .
p g g . 1 1
3. Av a,f Oetcoi apibpoi , va deitete 611 (a+B) _+E >4,
a
4. No anodeitete OtL

i) a*+af+ >0 i) o’ -af+p20




1.3 AIIOAYTH TIMH IIPATMATIKOY APIOMOY

Opi1oudg tns andivTyg TuNg
Ocopovue évav aplud a mov TUPLGTAVETUL UE TO onueio 4 Tdve o évav
a&ova.

0(0) A(e)

=Y

~~
|a|= a

A(w) 0()

r ~

=Y

'
-

I'vopilovpe and 1o I'vpvdoio 6T 1 andcstacn Tov onueiov 4 and v apyn
O, oMAadn 10 unkog Tov gvbovypappov tunpatog OA4, ovoudletal amd6rvTy
T Tov apldpov a kot tnv cvpPoriletar pe |a| .

Amnd tov TpOTO e TOV 0010 KATAGKEVAGTNKE 0 AE0VAG TPOKVTTEL OTL:

o [2]=2, L

:?7 ‘\E‘=\/§ KO YEVIKA: |a|=a,yux KGOz a>0.

Anrodn:
H anérvtn Tip] 0gTiko0 aprBpov givar o idrog 0 aprOpdc.

° |—2| =2, ‘—? =§, —\/5‘ = \/5 KO YEVIKAL: |a| =—a, Yo k40e a<0.

Anhodn:
H anérvtn Tipn) apvntikod apBpod givar o avtifetog tov.

e |o]=0.
Enopévemg, éxovpe tov axdrlovbo alyePpikd opioud e amOALTNG TIUNG

TPOYLLATIKOV 0plOpo0.

OPIXMOXY

H amériotn Tipq evog mpaypoatikod aptbuov o cvuPoriletor pe |a| Kol
opietar amd Tov THTO:
a, ov =0
o =

—a, av a<0
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Amnd ta mponyovpeva copmepaivovpe apécmg OTL:

° |a| = |—a| >0
° |a| >0 Kol |a| > —a

2 2
[ ] |a| =0

Av 0>0, tote:
o |x|=9 Sx=0 n x=—0

o |x|=|a|c>x=a n x=—o

Mo mopdadetypa,
v |x|=5 Sx=571x=-5
Vo a-p|l=2a-3fl<a-p=2a-38 W a-f=38-2a

4
Sa=2 1 a= Eﬂ
1010TtnTES TV ATTOAVTOVY TIHOVY

Ao tov TpOTO gkTéAEOTG TOV TPAEE®V PETAED TPOYUATIKOV 0plOu®dV, Tpo-
KOTTTOLV Y1d TIG OMOAVTEG TIIEC Ol 0kOA0VOEG 181N TEC:

L Ja-pBl=|d|- |
a|_ld
Al 1A

3. o+ p|<|a|+|A|

Ot 1010 TEg aVTEG, OUMG, UTOPOVV Vo, amodelyfodv kal pe t Ponbela tov
TPONYOVUEVOV GUUTEPACUATOV.

AIIOAEIEH
1. Ezedn kot ta 0o péEAN TG 160TNTOC |a-ﬂ| = |a|-|ﬂ| givar un apvnrikoi
aptBpoi, &xovpe dladoyIKA:
a5 =a]- 18] = e BT =(lo- | )
< o =lof- |
o (a-ﬂ)2 =a’- B, mov 1oyvEL.

2.  Amodewkvietal pe Tov 1d10 Tpdmo.
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3.  Ezmedn kat ta 800 péln tng avicodtnrtog |a+,b’| S|a|+|,8| glvar un apvn-
Tikoi apBpoi, Exovpe d1000yKA:
[+ gl <o +|B] = [a+ B < (lof +]8)
& (o+ B) <laf +|8[ +2]a] |
Sa+ 2 +2af<a’ + +2|a,B|

<:>0cﬁ£|ocﬂ

, TOV 1GYVEL.

Eivar pavepd o011 1 100tnTOl 0ff =|0c,B| oyvel av ko pévo av off 20, dnhaon
av Kot poévo av ot apfpol a kar f eivar opdonpotl N €vag Toviayiotov
oo aVTOVC eival 160G e Undév.

2X0410

e Hisémra |a‘ﬁ| = |a| . |ﬁ| 1o VEL KOl Y10 TEPLGTOTEPOVG TAPAYOVTEG. XV-

YKEKPIUEVL:
|ocl Oy ., =|a1|-|a2|-...‘ a,
2V €KY pdAloTo tepinTmon wov elval o, =a, =...=a, =, £(OVUE:
o’|=laf

e H avicomta |a + ﬁ| < |a| +|,B| LoYVEL KAl Y10 TEPLEGOTEPOVE TPOGHETEOVG.
2UYKEKPIUEVOL:
oy + oy +... 4 a | <|a| +]o, |+ ...+

aV

Amooraocny ovo apiBuwyv

e Ag mapovpe tdpa dvo aplBpovs, yio Tapddetypa Tovg —2 Kai 3, Tov ;-
plotévovtal Tdve otov dEova pe ta onueia 4 kot B avtiotoiymg.

A(-2) 0(0) B(@)

=Y

5 povaodsg

To punkog tov Tunuatog AB Aéyetal amdéotacn tov apBudv —2 ko 3. Ila-
paTNPOVLE OTL

(4B)=5=|(-2)-3|=]3-(-2)-
Ievikotepa, ag Bempnoovpe dvo apBpovc a kot S ToLv TAPLGTAVOVTAL TAV®
otov a&ova pe ta onueio 4 kot B avtictoiymg.

A(w) o) B)
d(avﬂ):|a_ﬂ|

Y
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To pnikog Tov Tunfpatog AB Aéyetal amdéoTacn tov oplbudv o kot S, oop-

BoriCetar ped (a, B) kau ivar {ion pe |o— B|. Eivar dnhadn:

d(a.p)=a—p|

Mpogavag oyoer d(a,f)=d(p,a). Tmy nepintoon pdioto mov eivo
a< f, 16te n amocTaon TOV o Kot S eival ion pe f—o Kol Aéyetol piKog

ToL dlnoTnuatog [a, F].

o Ag Bsopnoovue Tdpa £va dtdotnua [a, ] kal ag ovopdcovue 4 kot B ta

oNUEla TOV TOPLETAVOVY GTOV Aova Ta AKpo o Kol S avTioTolyme.

A(w) Mixy) B -
xr - ~ I\ ~ v f
p-a f-a
2 2

Av M(x,) eivai To pécov tov Tpipatog AB, T6TE £X0VpE

(MA) =(MB) < d(x,,a)=d(x,,)
<::>|x0 —oc|=|x0 —ﬁ|
S xy—a=pf-x,, (apod a<x,<p)
S 2x =a+f

o+ p

X, =
2

mov avtiotolyel oto péoov M tov tunpatog AB Aéyetal

p—a

KEVTPO TOV dlaoTANaTog [, f], evd o aptOudg p=T Aéyetal akTiva

Tov [a, f].

Qg unKog, KEVTPO KOl OKTIVO TOV O10GTNHAT®OV (oc, ﬁ), [a, B) kot (a, f]

O apBuog **

opifovpe To PNKOC, TO KEVTPO KOl TNV OKTIVO TOL dlaoTnuatog [a, f].

e 'Eoto topa 6t1 0éhovpe va Bpodue Tovg TPpayUaTiKodg oplduods x yio
TOVG 0moloVG 1oyvEL |x —3| <2.
d(x,3)

1 X 3 5

] AN S

=Y

g h'd
2 povédeg 2 povadeg
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And oV 0p1opd TG ATOCTOCT G EXOVLLE:
|x-3l<2<d(x,3)<2
S 3-2<x<3+2
o xe(3-2,3+2)

Tevika:

INa x, e R xar p >0, woydet:
|x—x0|<p©xe(x0—p, x0+p)

S Xy —p<x<Xy+p

Ankadn, ot apBpol x mov 1KAvomolovV TN GYEo |x—x0| <p glvar ta onueio

Tov StacTpatog(x, — p, X, + p) TOL £l KEVIPO TO X, KOL GKTIVOL p.

d(x.x)
—
Xp x X Xitp
' N\ J\ J ?

' '
p povadeg p Hovadeg
2V €01k mepintwon mov sivar x, =0, Exovpe:
|X|<p e xe(-p, p) o-p<x<p.
Mo ropdaderypa,

[x|<2 e xe(-2,2)e-2<x<2.

e ’'Eoto, tdpa, 6TL BEAovue vo Bpodue TOVG TPAYUATIKODS aplOovg x yio
TOVG 0moiovg 1oyvEL |x — 3| >2.

x 1 3 5

] AN J

=Y

' '
2 povadeg 2 povadeg

And 0V 0plopd TG ATOCTOUGT G EXOVLLE:
|x-3]>2<d(x,3)>2
Sx<3-21Mx>3+2

<:>xe(—oo, 3—2)u(3+2, +oo).

Tevika:
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INa x, e R xow p >0, woyden

|x—x,|> p = xe(—o0, x, = p)U(x, + p, +0)

SX<Xy—p N X>X,+p

Anladn ot apBpol x mTOL IKAVOTOLOVV TN GYE0M |x—x0| > p AVTIGTOLYOVV GE
onpsia M(x) tov a€ova x'x mov oméyovv amd 1o onpsio K(x,) amdcTOON

LEYOADTEPT) TOV P .

d(x,xy)
r % N
X Xo-P Xs x0+,0 R
x, N v J\ ~ J ;:
D Movddeg P Hovddeg

Xmv €81k mepintowon mov eivar x, =0,n tedevtaia wodvvapia maipver
Hope:
|X|>p ©x<—p | x>p

INo mapddetypo:
f>2ex<-2 1 x>2.

AXKHXYEIY
A OMAAAY
1. No ypayete TI TOPUKATO® TOPACTACELS YOPIG OTOAVTEG TIUEG.
i) |z-3 i) |74
iii) [3—7|+[4—1] iv) [V2-V3|-[3-+2.

2. Av 3<x<4,vaypayete yopig Tnv andAVTN T TNV TOPAGTOON

|x—3|+|x—4|

, 0Tav:

3.  Noa ypayete yopig Tnv andAvtn T TNV TOpAGTOON |x—3| —|4—x

) x<3 ii) x>4.
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4. Av a= S, va Bpeite v T TG TAPAGTAONG ‘Z_—ﬁ‘ .
—a

5. Av x#0 xary =0, va Bpeite tig TIpég mov umopel va mdpet 1 Topactocn

A= H+M
Xy
6. H dibpetpog evog diokov petpninke kat Bpédnke 2,37dm. To AdBog g pé-
Tpnong ivat 1o mohd 0,005dm. Av D givar | Tpaypotikn S1GUETPOG TOV KO-
KAov, ToTE:

i) Noa exgpdoete TV Tapandveo Tapadoyn pe tn Ponbeta g Evvolog g
andcTaong

ii) Noa Bpeite peta&d nowdv opiov Bpioketal n tiun D.

7. No COPUTANPDOGETE TOV TAPUKAT® TIVAKO OTMG SELYVEL 1| TPAT YPOLUN

TOV.
MINAKAZ
Anorvtn Twn Amo6cTaon éthf;(:ifgrxul‘rmv
|x—4|<2 d(x,4)<2 [2, 6]
|x+3| <4
|x—4]>2
|x+3|> 4
d(x,5)<1
d(x,-1)>2
d(x,5)>1
d(x,~1)<2
(-2,2)
[-5.1]
(=oe, ~2]U[2, +0)
(=o0, =5) (1L, +o0)
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B  OMAAAY

1.

Noa anodei&ete 6TL |a—ﬁ| < |a—y|+|y—ﬂ|.

Av a> [, va dei&ete OTL

i) a:w ii) ﬁ:a+ﬁ—|a—ﬁ|
2 2
T1 onpaivel yuo tovg aptBpovg x Koty :
i) H 10(’)rnw|x|+|y| =0; ii) H avicdémro |x|+|y| >0;

Eotow O<a<p.

i) No dwatd&ete amd TOV PIKPOTEPO GTO PEYOADTEPO TOVS APLOLOVG

B

o
I, — xou —.
o

ii) Noa dci&ete 611 oTOV TPOAYUATIKO AEOVA O APLONOG % Bpioketon TANGLE-
otepa 610 1 amd 6t 0 apBpodg E
a

Av |x—2| <0,1 kot |y—4| < 0,2, Vo EKTIUNGETE TNV TIUN TNG TEPIHETPOV TMOV

TOPAKAT®O CYNUATOV:




1.4 PIZEX [IPATMATIKQN APIOMON

TeTpayowvikny pida un apvytikov apiOuov
Y10 [Mvpvdolo pdBope Tnv €vvola TG TETPAYOVIKNG pilag U opvnTikov o-
PLOLOY Kol TIG O10TNTEG TNG. ZVYKEKPIUEVO LABape OTL:

OPIZMOX

H tetpayovikn pifa evoc un apvntikod apBpod o cvuPoirileton us\/;

Kot glvot o un apvntikdg aptBuog mov, otav vymbel oto TETPAY®VO, divel

TO0V O .

Mmnopovpe emopévme va movpe Ot
Av a>0,1 Ja TAPIGTAVEL TN U apvyTIKN) Adon ¢ eéicwong x' =a.
IMo tic tetpayovikéc pileg un apvnTIKOV aplOudv yvopicaue T TopuKiT®

1010TNTEC:

RNy
[ ] \/; . \/E = ’a . ﬁ
. o_ \F

JB B
v-ootij pila un apvytikod apiOuov
Ag vmobécovpe 6TL BEAOLIE VO KATAGKEVAGOVLE i
po kKupuen de&apevn yopntikdtTog 64 KLPIKOV -

LETPOV Kal {NTape v TAEVPa TG. AV x pHETPA

glvar n Tievpd tng deEapevng, TOTE 0 OYKOG TNG

Ba eival x° KuPkd pétpa Kat emopéved Ba 1oy 0- x

el x° =64.

Avalntoope Aowmov évav aplOud x mov, otav /\

vyobel otov KOPo, Oa poc dmoetl 64. O apOuode

oVTOC, aPoV TOPLOTAVEL UNKOS, TPEMEL Vo €lvor \_/
Betik6c. Me dokiuég Bpiokovpe 6TL 0 {nToduevog
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apOuoc eivat o 4, 31611 4° =64 .

O ap1Buoc 4 Aéyetar Tpitn pifa tov 64 kot cvouPolriletar pe NS Anlaodn
Y64=4. 1 tpitn pila evog apBpov Aéyetor kot kKuPikn pila tov apiBpov
aVTOoV.

Ievikevovtag TOpa T TOPATAVEO Yo KGO OeTiké aképaro v, divovue tov
akO6lovBo opiopd.

OPIZMOX

H v-o61t pia evoc un apvnrikov aptbuod a cvuPoriletor pe Ya xar

)

, , ’ 1 , , ,
givat o un apvntikdc aptdudc oL, 6Tav vVYwbel otV v, divel Tov a.

Eniong ypaoovpe
Ya=a xa Ya=a.
Mmnopovpe emopévms vo movpe Ot
Av a=>0, t6te 1 Ya TOPLETAVEL TN U apvNTIKY] AVon tng e€icmonc

X =a.

2X0A4I10
Eivar 10* =10000, ométe /10000 =10. Eivor emiong kot (—10)4:10000.

Opwg, dev emrpénetarl va ypdoovpe V10000 =—-10, 0@od, cOLEOVE pE TOV

TOPOTAvVD oplopd, N V10000 eivor m un opvnriky Adon tng e€icwong
x* =10000.
I0106TtnTes TV Pré@Y

Amod tov oplopd NG v-00TN G pilag evog un apvntikov aptbuod o, cvpmepai-
VOULUE OPECHG OTL:

e Av a=0, t0t1e:
v
({/;) =a ko A~Na' =a
e Av a<0 ko v dptiog, t0tE:

Na” =|a|.

1 , . . . ,
MAmodecvieToL 61U vrdpyel Ko eivar povadikog.
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Mo ropdderypo:

V2°=2, evo  §(-2)" =|-2|=2.

Ioyvovv dumg Kot ot akdAovbeg 1610TNTES, 0md TIC 0MOoigg 01 dVO TPDTES Eivat
OVAAOYEC T®V WO10THTOV TNG TETPAYOVIKNG pilag:

Av a,f 20, t6t¢:

. e
- 53
3. e ="la

Y Y a*

B
Ve =
8. o =X

[u—,
.

(epdoov S #0)

p

AIIOAEIZEH
1. ’'Eyovpe:

Vo o= o W) = (i)
= (Ja) (5] =a-p

So-f=a-p, 7OV 1o VEL.
2.  Amodekvietal Onwg ko 1.
3. ’Eyxovpe:
v 1w
H{/;:/l\V/EQ(/‘ {/E) :(M\V/;)‘
L " '
<[je] -
= (x/&)v =aq, OV 10YVEL
4. ’'Eyovpe:
V/’/aﬂp =<//),06“p —v /\)/(aﬂ )/’ ZW
2X0A4I10

H ¥wotnta 1. woyvel kot yio meplocdTEPOVG Amd dVO YN APVNTIKOVS TapAyo-
VTEG. ZVYKEKPLUEVQ, VLo UT apVNTIKOVG aplBpovg a;, a,, ..., a, 1oYOEL:

Yoy -Xfay ... fa, =3a,ay ..o,
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2y ekn péioto tepintwon mov gival o, =a, =...= a
- (d)
omdte, AOY® TG W10 Tog 1, Yo a, f =0 éxovpe

=a =0, woyvet:

K

Avvaueig ue pyto exbétn

u
211 ovvéyela Ba opicovpe ToPAGTAGELS TG LOPONS av, émov a>0, U oxKE-
potog kot v 0eTikdc axépalog, Tig omoieg Oo ovopdoovue dvvapslg pe pnTod EK-
0étn. O opiopdg Ba yivel pe t€to10 TPOMO, OGTE VA H1OTPOVVTOL Ol YVOGTES
pog 1010t TEC TOV duvape®v e aképalo ekBETT.

2
T1 Oa mpémel, Yo Tapadetypa, vo onuaivel to 35; Av OTTOLTCOVUE VO, 1oYVEL

516 P\ _ . pa SuVa , 0¢ . 0 ,
n wwmro (o a™ xor ywo dvvauelg pe pntd exbBétn, toTe OB givan

2\ 2 2
(35j =35 =32, Apa mpémel 0 35 va sivar AMon g séicwong x° =3°.

2

Anhody Tpémel va givar 35 = 3/3_2 . Tevika:

OPIZMOXY
Av a>0, u axéparog kot v etikoc aképaiog, Tote opilovue:

)i

a’ =X a*

"
EmmAiéov, av u, v Betikol axépatot, 1ote opifovpe 0¥ =0.

Mo Topdderypo:

2 -2 1 1 1
§ =8 =ea=4 k27 =327 =3— = =—.
27 37t 3

Me ™ Ponbela TV 1310THTOV TOV POV ATOJIEIKVIETAL OTL Ol WOLOTNTEG TOV

dVVApEDV pe aKkéPaLo ekBETN 1GYXDOVY Kal Yio SVVAUELG e pNTO EKOETT.
To yeyovoc avtd dievkoivvel To Aoyiouo pe to pilikd. ‘Etotl éxovue yia mo-
padetrypa givot:

1

1 11 7
o1t
12/ 7
JoaRa=a*a*=a*?=a2=Na.
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E®PAPMOI'EXY

1" Av a xav f givor pn apynrikoi api®poi, vo anodsiydzei n 1oodvvapia:

a<poa< {/ﬁ
AIIOAEIZEH
‘Eyovpe:
Ja <yff < (V) <(47)
Sa<f, OV 1oYVEL.

2" Na tpamodv o1 TapucTacels 6 160d0VVANES, YmPig PLiIKGE GTOVG TUPOVONA-

otéc:
o “if) 0 iif) 6
V3 V5-1 NEENCE

AYEH
‘Eyovpe

15 1543 153 153

ll) ﬁ—\/g.\/g—(\/g)z— 3 —5\/3.

o 10(¥5+1)  10(N5+1) 10(Y5+1) 5(N5+1)

" \E—l_(ﬁ—l)(ﬁﬂ)_(\g)z_lz_ s-1 2

w6 )T T e

FE BT (-

3" No amodery0zei 611

V1035440 =10.

AIIOAEIZEH

"Exovpe:
LR oL 1
V10-3/5-4/40 =102 -5 - 40° = (2-5)2 -57 (27 5)¢
1 1 1 3 1 1 1 1 1 1

:25,55,55,28,55 :25,25,55,55,55
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AXKHXYEIY
A OMAAAY
1. No vmoloyicete Tig pileg:
i) V100, /1000, /10000, /100000 .
i) V4, s, {16, 2.
iii) /0,01, 30,001, 3/0,0001 , 3/0,00001 .
2. No yphyete TIg TOPAKAT® TOPASTAGELS YOPIG pLiKa
2
. 4 2 oo -20 2 ees -1 2 . \/z
i) (r—4) ii) (—20) iii) \(x—1) iv) 1
3. Noa anodei&ete OTU \/(2—\/5)2 +\/(3—\/§)2 =1,
4. No anodei&ete OTL (\/x—S —\/x+3)-(\/x—5 +x/x+3) =-8.
5. No anodei&ete otU
D (VB-VI8):(V50++72-32)=-14.
i) (V28+7+32)(V63-32)=31.
6. No anodei&ete OTU
) V22-V22+2=2 i) V2-33+5-33-5=2.
7. Na anodei&ete OTU
) V232 =32 i) 2022 =2.
8. Na amodei&ete O6TUL
i)y 4.B=343 i) 28400 =280
iii)y V5 35450 =255
9. Na anodei&ete OTU
3 2512 _ 5 216475 _ o
V75 J50
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10.

11.

No LeTaTpEYETE TIG TAPOKAT® TOPUCTAGELS GE 1GO0OVOVAUES LE PNTOVS TTa-
POVOUOGTEG:

4 . 8 i) J7+6
NN J7-+/6

No amodei&ete 0TL

i) —M:m ii) ﬂ:3
J50 —/32 Vo +27¢ ™

@OV OVOAVCETE TO VTOPLLO OE YIVOUEVO TPDTOV TOPAYOVTIDV.

B OMAAAY

1.

Ni-na o e
NN
ii) Av a, f>0 va amodeitete 6T

= Vo .

i)  No amodei&ete 6T1

i) No Bpeite Ta avantdypato TOV (3+2x/7)2 Kol (3 —Zﬁ)z .

i)  No amodeifete 6t1: 37 +1247 —\37-127 =6.

2
i) No anodei&ete 6t 0 ap1Bpodg (\/§+ \/gj elvan pnrog.

2
1
ii) Av a Betwcog pntdc, va anodeifete 0TL O (\/E+—j glvar pnroc.

N

Noa anodei&ete 6TL

. 3 V5 i 1 1

i) + =4 ii) = 5= 83 .
NN RN W (23] (2+45)

Ye éva opboymvio tpiyovo ot kabeteg mAevpéc tov givar AB =+/a Kal

Ar =,/ .

i) No vmoloyicete v vroteivovsa BT 1OV TpLy®VOVL.

ii) Me ™ Pondeia g TPLYOVIKAG 0vicOTNTOG Vo 0modei&ete OTL:

Ao+ <\/E+\/E.

iii) Tw pn oapvnrwkovg apBpodg axor  f, va omodesiete OT1

Ja+p < \/g+\/ﬁ . [1ote woyvel n 10oTTA;
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EPQTHXEIY KATANOHXHY 1°° KE®PAAAIOY

L.

Yg KoOgpLd 06 TIC TOPUKATM TEPITTOGELS VO KVKAOGETE TO Ypapupo A,
av 0 LeVPLGNlg eival ain01g yra 61A0vg ToVG TPAYROTIKOVG apOpovg a,
f, y Kol 0. Al0QOopETIKA VO, KOUKADGETE TO Ypappa V.

1. (a=p xov y=90)Sa+y=p+9. A V¥
2. Ava’=af,t015 a=p. A ¥
3. (a+p)=da>+p. A ¥
4. To dBpowopa a+f 0o appnrev aplBpdv a Ko f etvor A P
appNTog aptdpog
5. To ywopevo a-f &0 dppnrov aplBpodv o kot S eivor ¥
appnroc apBpos.
6. Ava>p xay<d, 0t a—y>pf-0. A ¥
7. Ava’>af, 101 a>f. A Y
a o
8. Av—>1,101€ 00> f.
B
9. Ava>p xora>—f,101t€ a>0.
L
10. Ava>—, 1t6tc a>1.
a
11. Ava<p<0,16te o’ > f°.
12. Av a>-2 ka1 f>-3,101€ 0ff > 6.
13. Av a<-2 ka1 f<-3,101€ 0ff > 6. A ¥
14. 4a’ —20af+25p8% >0. A ¥
15. (a—1)" +(a+1)">0. A Y
16. (o> 1) +(a+1)’ >0. o
17. (a+ﬂ)2+(a—ﬁ)2=0<:>a=ﬂ=0. A ¥
18. Av a-£20,tote |a+,6’|:|a|+|ﬂ|. A N7
19. Av o’ =101 a=+[f . A V¥

20. Vo =a. A W
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21. AvaZO,réta(\/a)Z:a. A Y

22. Av oa-f20, 1018 pmOpovUE TAVIOTE VO YPAPOLUE

«/a-ﬁ:\/;.\/ﬁ_ A LI”
23. Av 20,101 \Jo - f=a-B. A ¥

24. o'+ B =a+p. A Y

25. Av a20, tote pmopodue mhvtote vo YPAQOLLE

A VY
o> =a.
26. Mropovpe TAVTOTE VoL YPAPOLUE Q/oc_2 =a . A ¥
27. 5% >25.
28. 117 >22".

II. No emié€ete T 6OGTI OTAVTN G 6€ KOOEULO 0O TIS TUPUKATO TEPUTTMOGCELS.
1. Av 2<x<5 t6te M Topdotaon |x— 2| +|x—5| glvau {om pe:
A) 2x-7 B) 7-2x r -3 A) 3.

|x=10| |x—20|

+—
x—-10 x-20
A) 2 B) -2 I) 10 A) 0.

2. Av 10 <x <20 10t€ M TIUN] TNG TOPAOTAOTG elvon iom pe:

3. Av az%, ,8:\/5 Ko y:i/g to1E!

A)a<p<y B)a<y<p I y<a<p A) f<y<a.
4. O opBuodg \/9+4\/§ givon io0G pe:
A)3+2J5  B)3+245 ) 2++5 A) 2+45.

III. Xtov mapaxdaro Géova to onpeia O, I, A ko B mapietavovy Tovg apiOpoevg 0,
1, a kon f avriotoiyog, pe 0<a<l km f>1, evo toonpeio I, 4, E, Z, H
2

KoL @ TapLeTavoLy Tov apBpovs Na , /B, at, B, @’ ko B, by dpog pe
™V 6€1pa wov avaypdeovral. Na aviiotoyyioetre ta onueia I, 4, E, Z, H kol O
ILE TOVG APLOROVS TOV TAPLETAVOLY.
0 a 1 p
x' O I 4 A E I Z B H @

=y

I 4 E Z H O
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IXTOPIKO *HMEIQMA

O « NIMAUGCLOGHOG TOV TETPAYMDVOLY», ONANON 1) KOTO-
oKeLN €VOG TETPOY®VOL HE gUPadd SmAdc1o evOg
dAhov d00évtog TeTpaydvov, pmopel va yivel pe pio
OTTAY] «YEWUETPIKNY KOTOOKELY. AEYOVTOG «YemLLE-

TPIKN» KOTOGKELN EVVOOVLE KOTOOKELN HE Ybpoka 4 a
Kot StoprTn.
Qc16060, | TAELPA B, TOL TETPAYDOVOL LE TO IIMAACLO

eUPado, dev TPOKHITEL OO TNV TAEVPA O LLE TOALO-
TAoolcpd ent pnTod opBpd. Avtd onuaivel 6Tt dgv
vdpyel EVOVYPOUUO TUAKA (OC HOVEADSD LETPNONC) LE TO OTOI0 LITOPOVLE VO, |LE-
TPNCOVUE OKPIPMOG TO VO CVTA TUNUATO, TAEVPE Kol SLOYDVIO TETPOUYDVOV.

H anddeién e dmapéng appntov apBuov Bewmpeital o amd Tic CToVdNIOTEPES
avokoAdyelg Tav Ivbayopeiov. (Mubayopac: 6° m. X. advac).

O apyaiot EAAnveg etyav pia abeld miomn 6Tt mévrote dvo vfoypappio TUnpaTo
&yovv kowd pétpo. '’ avtd, ota TAAIcLO TNG ETOYNG EKELVNG, 1 OVOKAALYT CLTY
tv [TuBayopeinv dev NTov amAd Kot povo pia evOlaeéPouca ootk tpdta-
o1, aALG onpove TV avatponn OepeM®OOV PIAOGOPIKOV AVTIANYE®DY Y10, TOV
KOGO KoL T1 QUOT).

‘Hrtav kevipun avtidnyn tov [MuBayopeiov 6Tt 1 ovcia kabe dviog umopei va
avayBei oe puotkovg apBpove. O veomvBayopetog PAdAn0C YOpw ota 450 w.X.,

£Ypage:

«Ipayuorird 1o kabeti wov yvawpilovue Exel Evav opiQuo (dniaon pvoiko). AAiwg
Ba oy 00bvaro va to yvwpicovue koi va to kKotoldfovus ue ™ loyiky. To éva
givat n apyn Tov TaVTOCH.

H avaxdioyn Aoutdv 0tL vdpyovv pueyédn kot pdAota amid , OTMG 1 LIOTEL-
VOLGO TETPOUYDVOD, T OOl 3EV UTOPOVV VO, EKPPOCTOVY GTA TAAIGLO TOV QUG-
KoV apBudv, Beopndnke aindvn coppopd v v Tubaydpela prrocopia. Xa-
poakTNPLoTIKoi ivar ot BpHAot mov mepiPdAiovy to yeyovoc avtd. Katd évav and
UTOVG, 1 OVOKAALYT TNG VTTapPENG TV AppNTOV aplBudv &ywve arnd tov Tuhoyo-
peto Tnacco, 6tav avtodg Kot dAdot [TuBayodpetot Ta&idevay pe mhoio. H avtidpoaon
v [MuBayopeiov Nrav va nviEovv Tov Tracco Kot Vo, GOUPOVAGOLY UETAED TOVG
va un 810600l 1 avaxdivyn tpog to EEm.

H vrépPaon tov «duokoMdvy mov pépvel oto Mabnpotikd 1 vropén appnrov
aplBuov, katéotn duvarn and tov Evdoéo (3601.X.) pe v 1dogpun «Bempio tov
Adyovy. H amddeiln yia to 611 €vag ouyKekpluévog aptBpog eivor dppnrog etvor
éva TPOPANLO TTOV aaLTeEl TOAAES POPEC TOADTAOKOVE GLAAOYIGHOVG,.



2 EZIXQSEIX

2.1 EEIXQXEIX 1°° BAOMOY

H &éicwon ax+ =0
Y10 lopvaocio pabape tov tpodémo emilvong Tov €5l0OCEMY NG HOPPNG
ox+ f =0 yia cvykekpiévoog aplbpovg a, f, pe a =0

I'evikotepa tdpa, Bo dovpe Tog pe v Pondeia TOV 1B10THTOV TOV TPAEE®V,
gmlbovue v mopoundve e&lomon, omolownToTe Kol av &ival ot apiduoi

a,p.
"Exovpe Aomov
ox+f=0ux+p-p=-p
Sox=-f
Arakpivovpe TOPO TIG TEPTTAOGELS:
e Av a#0 1018:

B

ox=—fSx=—"
a

Emopévog, av a =0 n e&icmwon éxel axkpifpog pia Adon, v x = —E.
a

e Av a=0, t6te 1 e&lowon ax=—pF yivetnw Ox=—-4, n omoia:
i) aveivar f#0 dev éxel Mo kal yu avtd Aéue OTL givarl advvaTY,
EVOD
ii) aveivar =0 éxel m popen Ox=0 ko ainbevel yio kaBe mpay-
notikd apldpd x oniadn sival TaVTOTNTA.

H Aon g eéiomong ax+ =0 «kal yevikd ka0 eEicwong Aéyetal kal pila
oVTNC.

Mo mopaderypa

v Tw v eéicwon 4(x—5)=x-5 éyovpe:
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4(x—-5)=x-54x-20=x-5
S4x-x=20-5

<= 3x=15
©x=§=5.
3

Apa, n e&lomon €xel povadikn Avon, Ty x=5.

v Tw v g€icowon 3x—x—3=2x Eyovue
3x-x-3=2x3x-x-2x=3<0x=3
mov glvat advvarn.

v Tw m eéicwon 4(x—5)—x=3x—-20&yovue
4x-20-x=3x-204x—-x-3x=20-20=0x=0
OV givol TaLTOTNTA.

2X0A4I10
Onwg PAémovpe ota mapandve mopadeiypote, KA0e Qopd KATAANyoLUE GE
e&lowon g popeng ax+ =0, g omoiag o1 cvvtereotég o Kol f eivar
oVYKeKPLUEVOL aplBpol Kol uropodue aUESME VO SOVUIE TTOl0 OO TIG TPOT|-
YOOWEVEG MEPIMTAOGELS LoYVEL. Agv cupPaivel OU®ME TO 1010, AV 01 GUVTEAECTEC
o kou f g e&iowong ax+ =0 exppdlovtar pe tn Ponbela ypappdtoy.
Y€ T€TO1EG TEPUITMOELS, TO YPAUUATA OVTA AéyovTal TapdpeTpot, 1 e&icmon
AEYETOL TAPOUETPIKI KOL 1 EPYACIO TOV KAVOLWE YO TNV EVPECT TOL TAN-
Bovg TV plodv g Aéyetal orepevivnon.
INo mapdderypa n e&icwon

(Z-1)x-4+1=0,1eR
£€xel TAPAUETPO TO A KOl YPAQEETAL 1IGOSVVALLOL

(Z-1)x-A+1=0=(F -1)x=1-1
& (A+1)(A=1)x=i-1
Emopévag
v Av A#-1ka A#1, n eEicwon &xel povadikn Avon, v
A-1 1

(A+1)(A-1) 2A+1

v Av A=-1, n ekiowon yivetor Ox = -2 kot eivar advvorn.

v Av 1=1,n ekiowon yiveror 0x =0 kot givor tavtdTnTO.
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E®PAPMOI'H

"Evag modniatng mye and pa wohn A og pia wohn B ko eméotpeye amd Tov
1010 dpopo. Xtnv petdfaon odnyovoe pe péon tayvtnte 25km/h kor Egkovpa-
oTNKE gvolapeco 1 dpa. LTy emetpoPn) 0d1yovce pe péon toyxvtnto 20 km/h
KOl 0gv £KOvVE Kapio 6TA61. AV 0 GVVOALKOG Ypovog Tov Tadotov ftav 10 opeg,
VO VTOAOYLOTEL TO P KOG TNG dradpopng AB.

AYZH

Av x km egivar n andctaon AB, 16te 0 TOdNAATNG YpELAOTNKE %d)psg Yo Vo TAEL
and 10 A oto B kat 2—);) dpec yia vo emotpéyel. Apov Eexovpdotnke kot 1 dpa ,

0 GVVOAMKAG xpOVOG TOV TaELd10V NTOV A |
G XPOVOG n 2520

Eme1dn o ypdvog avtog eivar 10 dpeg Exovpe v e&icwon:

2 hi=10

25 20
Abdvovpe v e&lcmon kot £yovpe:
X x
—+—+1=10< 4x+5x+100=1000
25 20
< 9x =900
< x =100

Apa 10 pnKog ¢ dradpoung givar 100 km.

Eéiowoeig mov avayovral o eétomoceis 1ov fabuov

21y ovvéyela Ba dovue, pe tn Ponbeia mopadelypdtov, TOG UTOPOVUE V.
eMAVGOVE EELCMOELS 0L 0Toieg dev glval pev e£loMOELG Babpov, aird,
UE KATAAANAT dtadikacia, avayovtol o elomoelg 1ov fadpov.

10‘0

ITAPAAEITMA 1I°
Na Avbei n e&icwon

2
X

NP
x—1 x—1

AYZH

H e&iomon avt opiletatl yia kéBe x #1. Me avtdV TOV TEPLOPICUO EYOVUE:
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SxP—-x=0
@x(x—l):O
< x=0, aeov x #1.

Enopévog 1 eiocwon €xel povadikn Avon, mv x=0.

HHAPAAEITMA 2°

Na Avbei n e&icwon
[2x—1|=|x+3|

AYZH

AT T1G 1310TNTEG TOV ATOADTOV TIHOV £YOVLLE:
2x—1|=[x+3|<2x-1=x+3 § 2x-1=—(x+3)

Opaog:

v 2x-l=x+3o2x-x=4<x=4

v 2x—1=—(x+3)<:>2x+x=—3+1<:>3x=—2<:>x=—§.

Enopévog n e&lowon €xel dvo Avoelg, Tovg aptBpotg 4 Kat —g.

2X0A4I10
Me tov 1010 TpOTO Ahvoupe kdbe e&icwon TG LOPONG |f(x)| = |g(x)|.

ITAPAAEITMA 3°

Na Avbei n e&icmon
|2x-3|=3x-2

AYZH
Eneidn to mpdto pérog g e&lomong eival un apvntiko, yia va, £l Avon
e&lowon avth Tpémel kot to debTEPO HEAOG TNG VO Elval pn apvnTiko. Anhia-
on, mpémet:

3x-220 (D

Me autdv TovV TEPLOPIGUO, AOY®D TOV O10TATOV TOV ATOAVTOV TILAOV, EXOV-
pe:
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[2x-3|=3x-22x-3=3x-2 M 2x-3=2-3x
&S2x-3x=-2+3 1 2x+3x=2+3
& —x=1 n 5x=5
Sx=-1 n x=1

Amd 116 Tapandve Adoelg dektn eivar povo - x =1, 61011 pOvo av
wovorotel Tov meptoptopd (1).

2X0A4I10
Me 1oV 1610 TpOTO AHvoupE EELICMGELS TNG LOPPNG |f(x)| =g(x).

AXKHXYEIY
A OMAAAY
1. Na Moete 116 €£l6DGELS
i) 4r—3(2x—1)=7x-42 i  iodx xrl_x-4.5
5 4 20 4

iy -2-X_ X 2 iv)  1,2(x+1)-2,5+1,5x=8,6.

2. Na Abogte 116 €£l0DOELS

i) 2(3x-1)-3(2x-1)=4 i) ax-2Xo 2,7
3 3 3
3. Na Abdoete tig e€lodoelg yia tig didpopeg Tiuég g mopauétpov L€ R.
i) (A-1)x=4-1 ii) (A-2)x=1
i)  A(A-1)x=21-1 iv)  A(A-1)x=7F+2
4. Xto dimhavo opboydvio tpanélilo vo Bpebei n Béom 4d 3 r
Tov onueiov M omv A4 dote yo To guPadd 4 E v\
R A A w \
E =(MAT), E,=(MAB) xa E,=(MBTI) vo y .
LoyvEL: Y4 3
i) E+E,=E, ii) E =E, v }
A 5 B

5. Anb kepdraio 4000 € éva pépoc tov Katatédnke
oe o tpamela mpog 5% kot To vmolowmo oe po GAAN Tpamelo mpog 3%.
Yotepa and 1 ypovo sionpaydnkav cvvorikd 175€ tokot. ITowo mocd Toki-
oTNKe TPog 5% Kat moto mtpos 3%;
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10.

11.

12.

13.

14.

Noa entAvBovv ot TopaKaT® TOTOL MG TPOG TNV OVAPEPOLEVT LETAPANT:

I 1 1
i) v=v,+at, a#0 (mg TPOG TO t) i) —=—+— (wg mpog T0R,).
R R R,

Na Avoete 116 e&lodoelg
i) xz(x—4)+2x(x—4)+(x—4):0.
i) (x-2) —(2-x)(4+x)=0.

Noa AMoegte T1g €l6DGELg

) x(x*-1)-x+x"=0 i) (x+1) +x’-1=0.

Na AMoete 116 €£10DGELS
i) x(x-2)=x’—4x+4 i) (x*—4)(x-1)=(x"-1)(x-2).

Na Avoete 116 €10MTELS
i) x—2x"—x+2=0 ii) x3—2x2—(2x—1)(x—2):0.

Na Aoete T1¢ e€lodoelg
by 1 . x+1 2

x—-1 x"—x x -1 x2—2x+1:

Na Avoete 115 e€lodoelg

. 1 1 2 .. 3 2 x—4

i) + S= ii) ——=—
x—1 x+1 x -1 X+2 x x +2x

1 X ) xX*-x x

iii) = iv) =—

x+2 x*—4 -1 x4l

Na Bpeite tpelg 61000y1KOVG 0KEPALOVS TETOLOVG MGTE TO AHPOICHLO TOVS VA
1G00TAL LLE TO YLIVOLLEVO TOVG.

Na Avoete T1¢ €10DGELG
i) |2x-3l=5 i) [2x—4|=|x—]|

i) |r-2[=2x-1 iv) [2x-1]=x-2.
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15. Na Moete 11¢ €€lodoELg

|x|;r4_|x|;—4:§’ i 2|x|+1_|x|—1:

16. No Moete 116 £10DGELS

3—x
i =4 ii x—1f|lx-2|=|x-1
) P ) et =fe1
B OMAAAY
1. Noa anodeitete 611 01 e€l6MD0ELG:
) (x+a) —(x-B) =2a(a+p) i) x—o_x—p
b o
£€yovv TavTa AVoN, 0To101dNTOTE KO av €ivat ot Tpaypatikoi apOuoi a, S .
2. Tlowoi mepropiopoi mpénel va woydovv yio ta a,f € R, dote va éxel Adon 0
e&icwoon E 1;
a
3. TI6co kabapd owodmvevpo mpémel vo mpooBicel évag Qoprakomolds o€
200ml StdAvpa owvomvedpatog meplektikotnTag 15%, Yo va mapet dtdivpa
OWVOTVEVLLLOTOG TTEPLEKTIKOTNTOG 32%;
4. ’'Evo avtokivnto A xweitar pe 100km/h. ‘Eva dgd1epo avtokivnto B mov
Kweitor pe 120km/h mpoonepvael to A. Xe mdéca Aemntd To dvo avToKivinTa
0o anéyovv lkm;
) . x+a : . .
5. No Moete v g€icmon =——— vyw Oheg Tig TIpég Tov a e R
— X —a
o ; x’ -8 2
6. No Aooete v e€icmon =x"+4.
7. Na Moete v g€icwon |2|x| —1| =3.
8. Na Moete Ty eéiowon v’ —2x+1=[3x-5|.




2.2 HEEIXQXH x’ =a

e ’'Eoto 1 séiooon x° =8. Onmc avapépajs 6Tov opiopd ¢ v-06THC pi-
Cag un apvnrikod apiduov, 1 eéicoon x’ =8 éxel akpiBdg pa OeTikn
Adon, v dé=2.H e€lowon avtn dev €xel un apvnTikéC ADGELS, YaTi,
yio k60e x <0 1oyvsl x° <0.

Enopévag n eéicmon x° =8 éxet akpiPdc pio Adon, v 8.

levicdtepa:

H e&icwon x"'=a, pe a>0 kar v agprrtd LOIKO aplOud, €xet

aKpIPOS plo Avon TV Yo .

e ’'Ecoto 1 éicwon x* =16. Onwc kot mponyovpévac N séicmon avth €xet

aKplfdg pwa BeTikn Avon v fe=2. H e&lowon avt Op®G €xel ¢
4 4

Mon kot v =16 =2, apol (—4 16) =(4 16) =16.

Enopévag 1 eéicoon x* =16 éyet axpifog §Ho Aoelg, T 6=2 xut

mv 16 =-2.

Ievikdtepa:

H eicoon x"'=a, pe a>0 kot v aptio uoikd apOud, £yt

aKp1fdg 600 AOGEIS TIg Yo xor Yo .

e ’'Eoton eficoon x° =—-8 Eyovus dodoyikd:
¥ =-8& —x =8<::>(—x)3 =8 —x=Y8ox=-38=-2.
Enopévag n e€icwon avth £xel akpipdg pio Aoon, Ty —3/8 = -2

levcdtepa:

H e&iowon x"'=a, pe a<0 kar v agprrtd QLOIKO aplOuod, €xet

aKpIPdG plo Avon TV —{/;|.

e ’'Eoto n séicwon x*=-4. Eneidf yia kdBs x woyver x* >0, n eicoon
eltvar advvarn.
Ievikdtepa:

H eicoon x"'=a, pe a<0 xatr v aptio euoikd apbud, sival
advvan.
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AmoO TO TOPATAVEO CLUTEPAGUOTE KOl amd TO yeYovog 0Tl M eflomon

x"=a", peve N, el mpopavi AMbon v x = a, TpokHTTEL OTL:

e Av o v megpitTds, ToTE M Eficmwon x' =a’ £xer povadikny Adon, TNV
xX=a

e Avovaptiog, tote ) eicmwon x" =a’ £yel 8V0 Avoelg, TIC X, =a Ku

X, =-a.
E®PAPMOIH
No 2v0ci ) eéicwon x* +8x=0
AYXH
x4+8x:041>x(x3 +8):0
&Sx=0 7 ¥’ =-8
Sx=0 | x=-38=-2
AXKHXYEIY
A OMAAAY
1. Na Moete T1¢ El6DoELS
i) X —125=0 ii) x°-243=0 iii) x"'-1=0.
2. Na Abogte 116 €£l0DOEL
)  X+125=0 i) x*+243=0  iii) x +1=0.
3. Na Abogte 116 e€lodoelg
) X -64=0 ii) x'-81=0 iii) x°—64=0
4. No AMogte 116 €£l0DOELS
i) X —8x*=0 ii) x*+x=0 iii) x’+16x=0.

5. 'Eva opBoydvio mapadinieninedo £xet yko 81m’ xar Stootdosic x, x kot 3x. No
Bpeite T1g 6100TACELS TOV TAPAAANAETITESOV.

6. Na Moete 116 e€lodoelg
i) (x+1)3:64 i) 1+125x° =0 iii) (x—1)4—27(x—1):0.




2.3 EEZEIXQXEIX 2°° BAOMOY

H &éicwon ax* + fx+y=0, a#0

H Mon moAlov mpoPfAinudtov e I'eopetpiag, g Dvoikng kabdg kot G-
A®V EMOTNUOV avAYETOL 6TV ENTALON Hog eEloc®ONG TG LOPPNC:

ox’ + fx+y=0, pe a#0 (1)
n omoia Aéyetal e&icwon dgvtépov Padunod.

. . , 1 . . .
I'a mopdderypa, éotw o TOmOg S =Vt +Eyt2 , 0mov S 10 S1doTnpa TOV dravD-

€L KwNntd o€ ypovo ¢, PE apPYIKN TAYVTNTO Vy Kol eXLTAYLVON p. AV Bewpn-
GOVUE MG AYVOGTO TOV XpOVo t, TOTE TpokvRTEL N e&lcwon:

1,
—yt +vt—S5=0,
5 b4 0

n omoia gival e&icwon devtépov Padpov.

211 ovvéyeto Oo emhboovpe v e&iomon devtépov Pabuod o yevikn TG
popen pe ™ nHéEB0d0 TNG KCLUTANPMOGNG TOV TETPAYADVOLY.

‘Eyovpe:
ax2+ﬁx+y=0c>x2+£x+1=0 [apov a#0 ]
a o

<:>x2+£x=—Z
a a
oxim L2
a a
2
o+t ﬁz =Ly ﬂ2
200 4o o 4a

2 2
-4
A
2a da

7 2 7 r r s
Av Bécovpe A= —4ay, t01e 1 1eAevTOia e€icmon yiveTat:

BY_ A
[}H_ 2aj 40? @)

Awaxpivoope Tdpa T1¢ €€MG TEPIMTDOGELG:

e Av A>0, to6te £yovpe:

B A B ~NA
X+—=—— 1N x+—=———
20 2a 20 20
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OMAad”
_—B+A i e —B—~A
20 20
Enopévmg n e€icmon (2), dpa kot n woodvvaun g (1), £xer 6o Adoeig
AV1oEG TIC:

_—ﬁ+JK
20
Mo cvvtopia ot AVGELG AVTEG YpApovTaL
_—pA

- 2a '

—p-A

Kol X, =
20

1

X2

e Av A=0, 16te n e€icwon (2) ypaopetot:

(erﬁjz =0<:>(x+ﬁj-[x+£j=0
20 20 20

<:>x+£=0 1| x+ﬁ=0
20 20
= xz—ﬁ n )c=—ﬁ
2a 20

Yy mepintoon avtn Aéue 0t N elowaon &xel owAn pila v —2£.
a

e Av A<0, t6te N e&lowon (2), dpa kar 1 wwodvvoun g (1), dev €xet
mpaypatikég pileg, Oniadn sival advvarn oto R.

H aiyeppicy nopaotacn A= B> —4day , amd v TIuf TN omoiag €apTdtorl To

t0o¢ Tov pldv g eéicmong ax’ + fx+y=0, a#0, ovopdletar drakpi-

VOUoa OVTNG.

Ta mapandve cvoprepdopata cvvoyilovtol otov akdAovbo mivaka:

A=,b’2—4ay H e&iowon ax2+ﬂx+y:0,a¢()
—-f+
A>0 ‘Exet 600 pileg dvioeg 116 X, , :ﬁz;\/x
' a
A=0 ‘Eyxetr po o pifo ™ x = _2£
a
A<O Etvat advvatn oto R.

Mo mropaderypa
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v H eklooon 2x*-3x+1=0 £yet A=(—3)2—4-2-1=1>0, omoTE £)El SVO

leg g x —ﬂ—l KOl X 31
p1GES TIC X, 2. 2T, Ty
v H sgéicoon x* —4x+4=0 &xel A=(—4)2—4-1-4=0, omotE el pa di-

. ~(-4)
A pila Ty x=——==2
2-1
H nopandvo e&icwon Advetal cOviopo og e&ng:
¥ —dx+4=0< (x—2) =0 < x =2 (du pila).
v Heliooon 2x°-3x+4=0 e A =(—3)2 ~4.2.4=-23<0, ondte dev
€xel mpaypatikég pilec.
Ty nepintoon mov N eélcwon ax’ + fx+y =0, a#0 éxet mpaypotikéc pileg
X, X, , EYOVUE!

:—ﬂ+\/X+—ﬂ—\/Z:—2ﬂ B

X +x, =—= Kat
20 20 20 o
2 2
—B+JA —B—~/A (=5) _(\/X) ﬁz_(ﬁz_4al’) 4oy 7y
X, o X, = . = = = ==
20 20 40 40 40 a

Av pe § ovpporicovpe to dBpowopo x, +x, Ko pe P 10 YWVOUEVO X, -X,,
TOTE £YOVLE TOVG TUTOVG:

7oL &lvol yv®oTol g TOmol Tov Vieta.

H séicoon ax’ + fx+y=0, pe v Pondsia tov tHnov tov Vieta, pstooyn-
patifetal g e€ng:
ox’ + fx+y=0x° +£x+l=0
a o«
=% —(xl +x2)-x+x1 -x, =0

S xP=Sx+P=0

H tehevtaio popen g eéicoong ax” + fx+y =0 pag divel ™ dvvatdtnta va
NV Kotookgvdoovpe, 0tav yvopilovpe 10 Afpoiopa Kot TO YIVOUEVO T®V
pov tne.

TIN'o mopaderypa n e&icwon pe aBpotopa pilldv 3 Kot yvopevo V2 sivon n
x> =3x+:2=0
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E®PAPMOI'EXY
1" Na. M0si ) e&icoon x° —2(«/§+1)x+4«/§=0

AYXH
H dwokpivovoa givat

a=4(V3+1) —4-4@:4[(6)2 —2\/§+1} =4(\3-1)
Enopévag n e€icoon €xet 0vo pileg Tig

2(«/§+1)J_r,/4(J§—1)2 ) 23+2:2(\3-1) /28

2 2 B

Xo =

2

2" "Evag Ppayog Ppicketor oty Kopuen TG yopadpog evég motapov, n omoia
éxev padog 300m. Iéocog ypoévog amarteitar péypr ™ oTiyp), Tov o Ppayos Oa
ayyi&el To vepo TOL TOTANROV, AV 0 Bpayog

i) mwéoer amd TNV KOPLOT;

ii) exko@evoovioTEl KOTAKOPVPO TPOS T KATO pg TaxOTNTO 50 m/sec;

Aidetar 6T1 g =10 m/sec’.

AYXH

i) Eivot yvooto and v ®voikn 611 10 ddotnpa S mov daviel £vo cdUo 6TV

elevBepn mtdon o€ xpovo t sec elvai: S =%gt2

Enedn S =300m kou g = IOiz, &yoovpe:
sec

1
510#=300©5t2=300@12=6o@t=i\/@@z=ﬂ,75

H apvntucn pifa dev eivar amodextn, 10Tt 0 XpOVOg GTO GLYKEKPLUEVO TPO-
BAnua dev pmopel va givatl apvntikdg. Apa ¢t =7,75sec .

ii) Otoav 10 chpa €yerl apykn taydTnTa V,, T0 S1GoTNH TOV dtavdEl 6E XPoOVo t
1
sec givor S = v0t+5yt2.
P m .
Enedn v, =50— ot >0 Oo €xovpe:
sec
1
ElOt2 +50t =300 < 5¢> + 50t —300 = 0
<2 +10t-60=0

oo -10++/100+4-60 —-10+18,43

= =4,22sec.
2 2

Apa, o {ntoduevog yxpdvog gival mepinov 4,22sec.
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2Xo410

Katd v enidvon evog mpofAnpatog, 0nwg idape Kot tapandve, dev Tpémet va
Eeyvape va EAEYYOVLLE, 0V Ol AVCELS TOV PprKape eivot EOAOYEG.

Eéicooeig mov avayovral o€ éioamoels 200 fabuod

21t ovvéyela Ba dovpe, pe ™ Ponbela mapaderypndtwv, TOG UTOPOVUE VO
emlboovpe e€lodaoelg ol omoieg dev givatl pev 2o0v Pabuod, aird, ue KoTAA-
ANAN dwadikacio, avayovtol o eElcmoglg 20V fadpov.

ITAPAAEITMA 1°:
Na Avbei n e&icwon

x*=2[x|-3=0.
AYZH
Eneidn x° =|x|2, n e&lowon ypdoetat:

i —2|x[-3=0

Av Bécovpe |x| =w, 10te N e€lowon yivetal

o —20-3=0.
H etiocwon avtn €xer pilec tic w, =3 xol w, =—1. And oavtég dektn elvar
povo mn  Betwken, agov a)=|x|20. Emopévog |x|=3, OV  OTMUOiVEL

x=-3 1 x=3.

ITAPAAEITMA 2°:
Na Avbein e€icwon:
3x-1 2 2x" +x-1

x—1 x X —x

AYZH
Mo vo opiletar 1 e€icmon mpénet x—1#0 kot x° —x#0, dMhady x =0 kot
x #1. Mg avt00¢ T0VG TEPLOPLGLOVS TOV X EYOVE:

3x-1 2 2x* +x—1

—x(x—l)—zx(x—l)

x—1 x X —x x—1 X x(x—l)

e x(3x-1)—(x-1)2=2x" +x-1

S x’—4x+3=0
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H tehevtaio e€iomon €yxet pileg x, =1 kar x, =3. And avtéc, AOyw Tov Te-
plopiopov, dektr eivon povo n x, =3.

ITAPAAEITMA 3°:
Na AvBei n e&iocmon:

2xt—=Tx*=4=0 (1)
AYZH
Av Bécovpe x° =y 1 eéicoon yivetal:

2y =7y—-4=0 (2)

1
H eiiowon 2y°-T7y—-4=0 éyeu pileg g y,=4 xou y,= 3 Emeon

y=x">0, dext| eivar péovon y, =4.
Emopévaoc, ot piec g (1) eivar ot pileg g eéicwong x° =4, dnhadn ot
X =-2 xou x,=2.
2Xo4a10
H pébodog mov axorovbfcape 6to mopondved mopddetypo spapuoletor Kot
yio v enidvon kaBe eEicwong g Lopepng:
oax* + px* +y=0, pe a#0
Ot e€lodoelg g LopPNS AVTNG ovorAlovTal SITETPaY®VES EIGADGELC.

AXKHXELY

A OMAAAY

1. Noa Moete 11 e€lohoeig:
i) 2% -5x+3=0 ii) x*-6x+9=0 iii) 3x’+4x+2=0.

2. Na Moete 11¢ e€lodoelg:
i) x> —1,69=0 ii) 0,5x°-x=0 iii) 3x°+27=0.

3. Na anodei&ete 611 01 Tapokdte eElodoelg £xovy mpaypotikég piCec:
i) A +2x—(2-2)=0, A=0 ii) ox’ +(a+pB)x+p=0, a=0.

4. Na PBpeite 11c TIwéc T weR  yio T omoieg 1 e&icwon

W +2x+u=0, p#0 éyxst i pida.
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10.

11.

12.

13.

14.

15.

Av a=#f, vo Ocifete OtL eivor addvarn oo R n  efiocwon
(a2+ﬂ2)x2+2(a+ﬂ)x+2=0. No géetdoete Vv mepintoon mov &ivol

a=p.

No Bpeite v e&iowon 2°° Babpod mov xetl pileg Tovg apBpovg
) 2 «xau3 i) 1k % iii) 5-2v6 ko 5+26.

Na Bpeite dvo apBpolc, OGOV VTLAPYOLVV, TOL VA £YOVV
i) AbBpotopa 2 Kot ywvopevo —15.
ii)  dBpoiopa 9 kar ywodpevo 10.

Na Avoete 116 €100GELS

) xz—(\/§+\/§)x+x/E=O iii) x2+(ﬁ—1)x—ﬁ=o.

No Aoete v eéicoon x° +a’ =f° —2ax, yo T SIGQPOPES TIPEC TOV
a,feR.

Na Bpeite T1c TAgVpEG evOg opBoywviov pe mepiperpo 68cm kol dlaydVIo
26cm.

Na Avoete 115 e€lodoelg
) X -7+12=0 Qi) X’ +2[x-35=0 iii) x*-8Jx[+12=0.

No Aoete v eéicmon ()c—l)2 +4[x-1|-5=0.

2
Na Avcete v e&icmon (x+lj —5(x+lj+6 =0.
X x

Na Avoete T1g e€lodaElg

. X x+1 13 .. 2 2x-3 2-x*
i) —t—=— ii) —+ +

x+1 X 6 x x=2 x*-2x

Na Aoete T1¢ e€lodoelg
i) x'+6x°-40=0 ii) 4x*+11x*-3=0 iii)) 2x*+7x*+3=0.
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B OMAAAY
1. Aivetaun géicoon a’x’ —20’x+a*-1=0, pe a#0.
i) Na deifete 611 ) Srakpivovsa ¢ eéicoong eivar A =4a’.
a’+1 a’ -1

Kot

ii)  Na dei&ete 011 01 pileg ¢ e&iomwong eivat ot
a

Atvetai m e€icwon x* — (5 —x/E)x +6-3vJ2=0.
2
i) Na dei&ete 6T M dakpivovsa tng e&icmong eivar A = (1 +\/§)

ii)  Na dei&ete 011 01 pileg ¢ e&lomwong eivat ot 3 kat 2-42.

Na Ppeite 1g Tipée tov aeR  yuwo tig omoiec m  e&locwon
2x* +(a—9)x+a’ +3a+4 =0 &el Sk pika.

Av o apudc p sivor n pila g eéicoong ax’ +pfx+y=0, pe a-y =0, va

deikete 0L 0 ap1BpoG 1 givon 1 pia g eélomong x> + fx+a=0.
p

Na Aoete 116 e€lodoelc:
1 1

i) x+—=a+—, az0 iy X898 L, pzo0.
o x a x B a

Aivetal n e€icoon x*+21x—8=0

i) Na dei&ete 011 1 e&iomon €xel mpaypotikés pileg Yo kabe 1R,

ii) Av 1 wa pifa g e&icwong 1oovTal e TO TETPAYOVO TNG AAANG, TOTE
va BpeBodv ot pileg kat n Tiun Tov A.

Noa g&etdoete av VIAPYOLVY S1AF0YIKOL AKEPOLOL TOV VA Eival UK TAEVPDOV
opBoywviov Tprydvov.

A4 & N r
H onpoia. Tov Simhavod oyfuatog £xet d
draotdoels 4m kot 3m ovtioToiyms. Na b7 oM A
Bpeite TAdtoc d TOL GTOVPOD, AV YVO- d
piCovpe o0tL 10 guPaddv tov eival ico E Z I K
pe to gufaddv Tov VITOAOTOL UEPOVG
™¢ onpoiog.
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Mo KoTaoKELAOTIKT eTatpeia dtabétel dvo punyavipata A kot B. To punya-
vnua B xpetdletar 12 dpec nepiocdTEpo amd 4Tt TO punydvnuo A yio vo te-
Aeldcel Eva ovykekplpévo €pyo. O xpdvog OV amaLTEiTOL Y10 VO TEAELMOEL
70 épyo, av ypnoipomotnbovv kot ta dvo pnyaviuoto poli eival 8 dpec. Na
Bpeite to gpdvo mov Ba yperaldtav To kabe unydvnua yio vo TEAEIOCEL TO
£€pyo avto av gpyalodTav poévo tov.

. Eival yvooté 611 pa pida g eéicoong x* —10x" +a =0 eivail o apOuoc 1.
Na Bpeite to a Kot va Avcete v e&lcwon.

EPQTHXEIY KATANOHXHY 2°° KE®GAAAIOY

Ye KaOepa 06 TIC TAPUKATO TEPITTAOGELS VO, KUKADGETE TO Ypappo A,
av 0 LoYVPLoPOG givarl aAn01g yia 60A0vg TOVS TPAYRATIKOVS apLtOpove a,
f Kol y. AloQopeTIKA Vo KOKADOGETE TO Ypappa V.

1. H e&lcwon (a—1)x =a(a—1) éel povadkn Ao mvx =a. A ¥
2. H e&iowon (|x|+l)(|x|+2) =0 sivar addvarn. A Y
3. H e&iowon (|x| —1)(|x| —2) =0 €yel dvo mpaypatikég piles. A VY

4. H e&iowon (|x| —1)(|x| +2) =0 &yet dvo mpaypatikég piles. A Y

S. H e&iocmon |x| =x—2 &yel povadikn Avon. A Y

6. H e&icmon |x| =2—x &yeL povadikn Avon. A ¥

7. Av ot 6uvteleoTéc o ko y G e€icwong ax’ + fx+y =0 eivan A ¥
gTepOON 0L, TOTE 1| e&lowon €xel dvo pilec dvicec.

s. Av dvo gllomoeig 2% Pabuod Exovv Tig idieg pileg, toTE O1

GUVTEAEOTEG TV {0V SUVAUE®Y TOL X TOV EEICOGEDY 0V- A Y
TV glvon icot.

9, H séicoon ax’ +2x—a=0 &yet 300 pilec mpaypoTikés Kot A ¥
avicec.
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II.

10. H elicoon x*—4ax+4a’ =0, pe a#0, &gl 300 piles A
TPOLYLOTIKES KO (VIGEG.

11. Heliooon «’x* —2ax+2=0, pe a#0, dev &gl mpaypat- o

Kég pilec.
12. Heséiowon 2x* +3ax+a’ =0 Sev &gl mpaypatucéc pilec. A ¥
13. . 2 1 _ . .
H e&iocowon x” —|a+— [x+1=0, pe a#0,1 &xel 600 aviceg A P
a
KoL ovTIoTPOPES TPOYLOTIKES Plles.
2
- 2
14. O g&omoelg ﬂ:o ko x> —=3x+2=0 £&ovv Tig AW
x—1
id1eg Moelg.
2x" +3x+1
IS. O etwodoerg % =5 kar (2x* +3x+1)=5(x"-1) AP
€Yovv T1G 101eGg AoELG.
16.  Ymdapyovv mpayuatikoi apiBpoi x kot y mov va Egovv dOpot- AW

opa S =-10 wot ywopevo P=16.

17.  Ymdpyovv mpayuatikoi apiBpoi x kot y mov va €govv dOpot-
opa S =10 xon ywvopevo P =25 .

18.  Ymépyovv mpaypaticol apiBpoi x kot y mov va €govv dOpot- A W
opa S =2 kot ywopevo P=2.

Na evromicete T0_AG00S 6TOVG TOPUKATO GVALOYIOROVG:

1. He&&iowon 2x—1)(x+2)=(3-2x)(x+2) yphoetor .codOvapa:
Cx-Dx+2)=C-2x)(x+2)=2x-1=3-2x s 4x=4<x=1.
Opowg kot 0 apBuds x = -2 gnainbever ) dobeica eicwon.

2. H e&iowon |2x— 1| =x—2 ypdoetot 10060V
[2x-1|=x-2&2x-1=x-2 4 2x-1=2-x & x=-1 1 x=1.
Opwg kapio amd Tig TiHés antég Tov X dev emaAndevet ) dobeica e&icwon.




74 2. EEOIEDY

I1XTOPIKO XHMEIQMA
Amo to apyoio xpoévie ot pobnuatikol ypnoipomoincay S1GQOPeES TEXVIKES
vy va, Aboovv pio e&icmon 2o0v Babpod.

Ot apyoaiot 'EAAnvec ypnolpomoinocav yemuetpikég uedddovg, icog Aoym tov
SVOKOAMV OV €lyav [e TOVG ApPNTOVS 0PpBUOVG, AAAN Kol AOY®D TPUKTIK®OV
SVOKOMMOV TOV TPOEKLTTAV OO TO EAANVIKA ynoia.

Ot Ivéoi kar ot Apafeg ypnoonoincav pio péBodo Opola pe TN GNUEPIV
S1001KaG10, «CVUTANPOONG TETPAYDVOLY», TEPLYPAEOVTAC OU®G AEKTIKA TOV
TPOTO €VPEGNG TOV AVGE®V. AvToi Bewpodoay ¢ dlaPopeTikoD THTOV KADE
pio anod tic eElodoelg
X2+pX:q, xz—px=q, xz—pxz—q.
SApepa OU®G YPAPOLUE TIG EEICMOELG QVTEC E TN YEVIKTY LOPOT
ox’ + px+y=0
O ovyypovog ocvuporiopnog apyloe va epeavifetal mepi to 1500 p.X, kot ot
dVVaATOTNTEG XPMNOIHOTTOINoNG ApvNTIKOV pdV Kol aKOUe pyadikdv piiov
npotdOnkav and tovg Cardano kar Girard. H yeopetpikn moapdotaocn tov
apvnTik®@v pilov amd tov Descartes kol TovV piyadik®v aplOudv amd to0g
Wessel, Argand ko1 Gauss ékople Tovg aplOLovg AVTOVG TEPIGGOTEPO OTODE-
Kkt00¢g w¢ pilec uog devtepofadutog e&icwong.
Opogn mowkidio tov emAVce®V TOv ovamtuyOnke ta apyoio yxpoOvia LG
EVEMVELCE VO AVATTOEOVLE LEPIKOVE TPOTOVG EEQY®YNE TOV TOTOV
_ BB —day
- 2a
7o divel Tig pileg g yevikng e€icwong 2o0v fabuov
ax’ +fx+y=0, a#0.

1,2

21 ovvéyxela napovotdlovpe tpelc pebddovg enilvong piag e€icwong 2°°
Badpov.

M£00d0c TV Ivodv

H erilvon avth mov emvondnke otnv Ivdia, amodidetal otov Sridhara (1025
pu.X. mepinov).

‘Exovpe dradoyika:

ox’ + fx+y=0

ox’ + fx =~y

[MoAlamiacidlovpe kot Ta 600 péEAN ¢ e€icwong pe 4a Kol VoTEPU TPOGHE-
tovpe 10 B Kat ota dV0 pEAT, Y10 VoL TPOKDWEL £va «TELELO» TETPAYDVO GTO
aplotepd PELOG. AnAadn
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40’ x + dafix = —day
4o’ x* +4apx+ B = 7 —4day
(20x+ )’ = p* ~4ay
2ox+ f = im, gpocov S —4day > 0.

—BE~B’ —4day

2a
Xyol10: H anlotta g pefodov tov Ivomv yapaktnpiletal and 1o yeyovog
0Tl T0 KAGopa dev gppavifetat. mapd LOvo oto televtaio Prpo.

"Etotl mpokdmtel 6Tl x =

Mé£0ooog Tov Vieta

H e&icoon 2°° Babuod ax’ + fx+y=0, a=0pnopel va Abei gvkordtepa, av
dev mepiéyel tov mpwtofabuto 6po fx, mpdypa mov umopei edKoAa vo Emi-

tevyOel pe TV avTikaTtdoTaon

x=y-L (1)

2
Tote n e€icwon yivetau a(y —2ﬁj +ﬁ(y—2ﬁj+ y=0 1 omoia 6TOV OTAOTOL-
o a

nOel yivetau:

2+_ﬂ+4ay:()
4o, )

+Jp* —day
2a

T va Bpovue Tig pileg g apykng e&icwong aviikafioTove TNV TOPOUTA-

vo T Tov y oty (1) kat €govpe:
B —day
2a

oy

Ot pilec ¢ e&lowong avTtng eival y = epocov B —4ay >0

B B
X = ——:i —_—
4 2a 2a

Onote

_PENE ey

20

X

2yoiio: H pébodog avtn tov Vieta givar evdlapépovaoa, yoti eival o mpody-
YEAOG TNG TEYVIKNG Yl TNV €miAvom Tn¢ YeVIKNG Tp1tofaduiag kabmg Kat tng
dtetpdymvng elcmong. I'a mapddeiypo, 10 Tp®d@To Prpo otnv enilvon g

g€iomong ax’ + fx’ +yx+6 =0, givol N aviikatdoToon x=y —3£ OV OTTOA-
a

Abooel v e€icmon amd to devtepofdduio dpo.
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Mé£0ooog Tov Harriot

O poBnuatwcdg Thomas Harriot (1560-1621) epdppooce ™ pébodo g ma-
poyovtomoinong, yia va Ppet Ti¢ Aoelg uag e€icoong 2°° Babupov, oto pe-
YaAo €pyo Tov Yo TNV GAyefpo «Artis Analytical Praxis». H teyvikn tov &i-
va m €éng mepinov:
Yrofétovpe 6T x, kat x, €ivar o pileg Tng devtepoPfaduiog e&liocwong
ox> + px+y=0, a#0 (D).

YynpatiCoope topo plo e€lowon pe pilec x, kot x,. Avti eivar 1
(x—x)(x—x,)=0 1 ,iIc080vopa, n

X =(x +x,)x+xx, =0 2)
Me dwaipeon tov pehadv g (1) pe a =0, Bpiockovpe:

w+lsiZog 3)
a a
Ene1dn ot e€lomoeig (2) kat (3) eivar id1eg, o1 avTioTol(0l GUVTEAEGTEG TPETEL
va givat icot. Enopévac:

X +x,=—= Kol xx, =+ 4)
a a

H tavtotnra (x, —x, )2 =(x, +x, )2 —4x,x, og cuvdvaouo pe v (4) diver

2
-4
xl—xzzig, [epocov A2 —4ay>0] (5)

Abdvovtog to shotnua Tov eéichoemv (4) Kat (5) éxovpe:

_ BB -4y _—B-ANP —4ay
20

20

X, Kol X,

2yoiio: Eivan apketd va Bewpriooope povo m Betikn tetpayovikn piCa g
(5). H apvntikn piCo andog evairacoel T didtaln tov x, Kot X, .



3 ANIZQXELY

3.1 ANIZQXEIX I°° BAOMOY

O1 avicwoelg: ax+ >0 wkar ax+ <0

I'vopicape oto MNvpvacio ™ dradikacio exilvong pag avicoong tng LopeNG
ox+ >0 f g popeng ox+ <0, ue axalr f ouyKeKPIUEVOLS aplOpovg.
Tevikdtepa Exovpe:
ax+ >0+ ->-p
Sox>—f

Awaxpivoope topa T1g €£N1G TEPIMTAOGELG:

e Av a>0, tot1e:

ax —
ax>—ﬁ©—>—ﬁ
o a

et

o

e Av a<0, to1e:

ax f—
ax>—ﬁ@—<—ﬁ
o o

o<t

o

e Av a=0, 1t6te n avicwon yivetar 0x>—F, n onoia
v alnBeder yia k4be x e R, av givar £>0, evd

V' givor adovatn, av eivar f<0.

Mo ropdderypo:
e H avicoon 4x>8ypdaopetat:

4x>8<:>x>§<:>x>2.
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Enopévmg n avicowon avtn ainbevel yuo x € (2,+x)
x' 2 5
e H avicwon —4x>8ypdoetal:
8
—4x>8<:>x<—z<:>x<—2.
Enopévmg n avicowon avtn ainbevel yuo x e (—o,-2) .
¥ 2 ¥
e H avicowon 0x>-2 aAnbevel yuo xkdbe xR, evd n avicwon 0x>2
elvat advvarn.
E®PAPMOI'H
i) Na Av0090v 01 avicooseig:
2(x+4)-(x+6)<12-x  xo 2x+%+§22(1+x)
ii) Na ppeBovv o1 Kowvég MDGEIS TOV 000 AVICADGEMV.
AYZH

i)

Mo v npo™ avicwon &xovpe:
2(x+4)—(x+6)<12—x<:>2x+8—x—6<12—x
S 2x—x+x<12+6-8
& 2x<10
2x 10
_<_
2 2
S x<s.

Apa n avicwon ainbedet yia kédbe mpaypotikd aptOpd x <5.

IMo ) devtepn aviocwon Exovpe:
2x+%+§2 2(1+x) < 12x+x+10>12(1+x)

S 12x+x+10>12+12x
Sx22.
Apa n avicoorn ainbedet yio kdbe Tpayrotikd aplOpd x > 2



3.1 Avicdoeig 1°° faluod 79

ii) Emeidn n mpdtn avicwon ainbedet yio x <5 xot n dgdTEpN Yoo x = 2, Ol OvL-
ocmoelg cvvainBedovv yio kKaBe mpaypatikd aplOud x pe 2<x <5, dnAadn ot
aVIoDGELG GLVOANBgDOLY OTOV X € [2,5).

Mo Tov Tpocdlopiopd TOV KOWOV AVGEDV TV dV0 OVICHOCEMY OGS dLEVKOAD-
VEL VO TOPACTHCOVUE TG AVGELS TOVG 6ToV 1010 G&ova (Zynpa), am 6Tov Tpo-
KOTTEL 0Tt 2<Xx <5

Y

A
)_

=y

AVICHGEIS pue AMOAVTES TIUES

Me m Ponfela TV 1310tV NG AmTOAVTNG TIUNG Kl TNG £VVOlas TNG Omo-
otaong 6000 aplOudV, UTOPOVUE Vo EXTIADOVUE OAVICMOELS TOV TEPLEYOLY OTO-
Avteg Tipéc. Ztn ovvéyeln Oa dovpe peEPIKA TapadEiypata eniAvong TETolmv
OVICDCEMV.

HHAPAAEITMA 1°

Na Avbei n avicoon: |x - 2| <3.

AYXZH
H eniAvon g avicoong |x - 2| <3, ue ™ Ponbeia g WO1OTNTAC
|x—x|<pex,—p<x<x,+p
yiveto og e&€nc:
|x-2|<3<2-3<x<2+3
S -1<x<5
Mmopovpe OIS Vo AVGOVE TNV TAPATAVE avicmon kot pe Tn Pondeia ng
1010TNTOG
I<pe-p<x<p
og egNg:
|x-2|<3e-3<x-2<3
& -34+2<x-2+2<3+2
& -1<x<s5.
Apa n avicwon ainbedet yia x e (-1,5).

ITAPAAEITMA 2°

Na Avbei n avicwon: |2x—1| >5.
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AYZH
Ao TV 1310110 |x|>pc>x<—p N x>p &yovue :
2x-1|>5<2x-1<=5 § 2x-1>5
&2x<-4 1M 2x>6
Sx<-2 1M x>3

Apa n avicwon aAndevet yua x e (—0,-2)U(3,+x).

AXKHXEIY
A OMAAAY
1. Noa AVoeTe TG 0VICDGELS:
. x—1 2x+3 «x o ox—12 x 3 eew X—2 1-2x x 2
i) —+——<= i) —+—+—>x iii) ———fe—ee,
2 4 6 2 2 4 2 5 10 5

2. Na Bpeite T1g TIHEG TOV X Y10 TIG OTOiEG GLVOANBEVOLV Ol AVICMDOELS:

3x—-1<x+5 «xo 2—£Sx+l.
2 2

3. No g&etdoete av cvvainHedovv oL avVIcHGELS:
1 x 1 x
x——>—+4+1 xar x——<—-1.
2 2 3 3
4. Noa Bpeite to x € Z yia 10 omoio GLVAANBEVOVY 01 AVICACELS:

2x—x—_l>x Kot x—4+i<0.
8 2

5. Na Adoete 116 avio®OGELG:
i) <3 i) |x—1/<4 iii) |2x+1/<5.

6. Na Avoete T1G aVIoOGELG:
i) |x>3 i) |x-1>4 i) [2x+1)>5.

7. Na Moete 116 elodoeig:
i) [2x—6]=2x-6 i) [3x—1=1-3x.
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10.

11.

B’

Na AMdoete TIG aVIoOOELS:

ii) w+§<u ii) |x|+1_M>1_|x|‘
2 3 3 2 3 3

No Avoete TV avicoon Vx> —6x+9 <5.

Na Bpeite v avicwoon TG LOPENG |x—x0| < p, IOV €Y€l ®G AMOGELG TOVG O-

p1Opovg Tov Srasthpatog (-7,3).
H oyéon mov cvvdéer toug Pabuovg Keloiov (C) pe tovg Pabuodc Gapevdit

9
(°F ) givaun F = EC +32. ¥t ddpketa pioag voytag 1 Beprokpacio og o to-

A kopavinke and 41°F péypr 50°F . Na Ppeite to ddotnuo HeTofoANg g
Oeppokpaciag oe °C .

OMAAAY

1.

Na Bpeite Tic TIHéEG X Yo TIg 0TO1EG LoyvEL:
i) 3<4x-1<6 ii) 4<2-3x<-2.

Na Bpeite Tic TIHéEG X Yo TIg 0TO1EG LoyvEL:
i) 2<[x|<4 i) 2<[x-5<4.

‘Eot® 4 ko B 1o onueia mov moptotdvouv ce Evav aova tovg aptfpovg —3

Kot 5 kot M 10 péco tov Tunqpatog AB.

i)  Ilowog apBuog aviiotolyel oto onpeio M,

ii) No dwrtvnmcete yeopetpikd to {nTovpevo g avicwong |x—5| < |x+3|
Kot va Bpeite Tig ADoELg TNG.

iii) No emPePardoete ahyeBpucd ta cvpnepdopotd cog.

‘Eot® 4 kot B 1o onpeio mov mopiotdvouy og évav agova tovg aptbpotg 1
kot 7 ko M to péco tov tTunuatog AB8.

i)  Iowog apBuodc avtictoryel oto onueio M;

ii) No dwtvnocete  yeopetpikd 10 {ntodpevo g  e&lcwong
|x—l| +|x—7| =6 Ko va Ppeite Tig A0oELG TNG.

iii) No emiPePordoete alyefpikd T GLUTEPAGUATE GOG, APOV TPONYOVUE-
V®OG GLVTAEETE TIVAKA TPOGTLOV TOV TopacTdoe®v x—1 Kol x—7 .
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Mopoés Tprwviouov

H nopéotoaon ax’ + fx+y, a#0 Aéystor Tprdvopo 2°° Badpod 1, mo amhd,

tprdvope. H Swokpivovsa A g avtictoymg eéicmong ax” + fx+y=0 Aé-

yetor kot dwekpivovso Tov Tprwvopov. Orv pileg g eficwong
—B+~JA -

A
ox’ + fx+y=0, dnhady ot x,=———— kol x,=———— ovopdlovral
2a 20

Kot pileg Tov TPLOVOHOVL.
To Tptdvopo ax’ + fx+y, a# 0 petacymuotiletar og s&Ng:

ox’ +ﬂx+y=a(x2 +£x+lj
a o«

= x2 +2.x.ﬁ+(ﬁj2 _[ﬁjz +Z:|
200 \ 2a 20 o

20 40
Enopévog:
2
A
ax’+ fx+y=a x+£ - 1).
Px+y 2a 4a’ ()

Awaxpivoope Tdpa T1¢ €€NG TEPIMTDOGELG:

2
. A>0. Tote woyver A= (\/K) , OOTE €OV E:

ax2+ﬂx+y=a[(x+£j2—[2—\/§J
S W RN o )
7 200 2o *
=alx » x

ax’ + px+y=a(x-x)(x-x,),

Emopévog:

omov x,, x, ot pileg 1oV TPpLOVOUHOL.
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Apa, 6tav A >0, 10TE TO TPLOVLUO LETOTPENETAL GE YIVOUEVO TOV o €Tl
dv0 TpwToPaduiovg TapdyovTeg.
. A=0. Tote and v wedé6TO (1) Eyovpe:
ﬂ 2
ox® + fx+y =a(x+—J :
2a

Apa, 6tav A=0, T0TE TO TPLOVLUO ULETATPEMETAL GE YIVOLUEVO TOV O
eni éva téAelo TETPAY®VO.

. A< 0. Tote woyvet |A| =—A, ondte éyovpe:
2
Al
wx’+ fx+y=al | x+L- +|—
Pty 2a 4a’

Emeon yio kaBe x € R, n mapdotacn pésa otnv aykoin eival 0etikn, to
TPLOVLUO JEV AVAADETAL GE YIVOUEVO TPOTOPAOIOV TapaydvImV.

Yvvoyilovtog To TopOTAVEO GUUTEPACHOTO Y10 TIG HOPPEC TOV TPLOVOLOV
oax’ + fx+yp, a#0 pe Srakpivovca A €xovps:

° Av A>0,101¢:
ox’ + px+y=a(x—x)(x—x,),

omov x,, x, ot pieg Tov TPLOVOLOL.

e Av A=0, torte:

ﬁ 2
ax2+ﬁx+y=a(x+—j .
2o
o Av A<O0, tote:

ax2+ﬂx+y=0{(x+£}2 +A}
2a

40

Mo ropdderypo:
1
v To tpidvopo 2x> +3x-2 &gt A=9+16=25>0 war pileg X :E Kol

x, =—2. Emopévag:
2x° +3x—2=2(x—%j(x+2)=(2x—1)(x+2).

.%:0 Ko £:—3. Emopé-

v To tpidvopo lx2+3x+2 éxer A=9-4-
2 2a

1
2
vog:
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lx2 +3x+2=l(x—3)2.
2 2 2

v To tpidvopo 2x”° —6x+5 éxst A=—4<0. Enopévac:

2
2x* —6x+5=2 (x—ij +l )
2 4

Ilpoonuo Ty TLUHOY TOL TPIOVIUOD
lNo va peletqoovpe t0  7TPOGCMUO TOV  TIUOV  TOL  TPLOVOLOV
ax’ + fx+y, a#0, 0o YPNCULOTOWGOVUE TIC HOPPEC TOV AVAAOYA HE TN
dakpivovoa.
o Av A>0, 1618 ,0n0G €idape TPONYOLUEV®G, 1GYOEL:
ax’ + pr+y=a(x—x)(x-x,) (1).
Ynobétovpue 011 X, <x, kaltomobetovue T1g pileg o€ Evav agova.

[Mapatnpodpe OtL:
v Av x<x <x, (Zyqpa), tote x—x, <0

X X
Kot x—x, <0, onote (x—x )(x—x,)>0. X X
Enopévog, Moyo tng (1), TO TPLOVLULO
gival opdonpo tov a.
v Av x, <x<x, (Zynpa), tote x—x >0
. x' X
Kot x—x, <0, onote (x—x )(x—x,)<0. X %X,
Enopévog, Moyo 1tng (1), TO TPLOVLULO
glval etepooN O TOL O .
v Av x <x,<x (Zynuo), toéte x—x >0
. x' X
Kot x—x, >0, onote (x—xl)(x—x2)>0. X X, ©

Enopéva, Aoyw g (1), to tprdvopo

gival opdonpo tov a.
e Av A=0, 16t¢ 1oY0¢eL:
2
ox’ + px+y=a x+£
2a
Enopévmg, to tptdvopo eivor opdonpo tov a yuo kabe mpoypotikd

X # £ , eV undeviletal yuoo x = £ .
2a 2a
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e Av A<0, t6t¢ 1oy0¢eL:
2
A
o+ priy=al [ x+ L +|— :
Pty 20 4

Opwg n mapdotacn péca oty aykvAn eivar Oetikn yia kabe Tpaypati-
k6 apOud x. Emopévoc to tpiodvopo givar opdonpo tov o ce OA0 TO
R.

Ta mapandve cvvoyilovtal oTov Tivoaka:

To tpdvopo ax’ + fx+yp, a# 0 yiverar:
. Etepéonpo tov a, povo otav sivor A>0 Katl yia Ti¢ TIHEC TOV X,
mov Ppiokovial peTaéd Tov priav.

. Mnoév, 6Tav 1 T tov x givor kdmolo amd TG pilec Tov TPLOVY-
LLov.

. Opoonpo tov a coe kdBe AAAN TepinTmon.

Avicdoerc TS popenc ax’+fx+y > 0 i ax’+fx+y < 0
To TponyovUEVO CUUTEPAGLATO YPT|CLULOTOLOVVTOL GTNV EMIAVCT AVICHCEMV
™G HOPONS ox” + fx+7>0 1 ax’ + fx+y<0, a#0, 11c onoieg ovopdlovue

avie®oELg 0evTéPov PaBpov. O Tpdmog enilvong avtdv Paivetol oTa TOPa-
KaT® Topodeiypoto.

ITAPAAEITMA 1°
Na AvBo0v o1 avicOoELg

i) 2x*-3x-2>0 (ii) 2x* =3x-2<0

AYXH
ZNTapE TIC TIHEG TOV X, Yl TIG OToieg To Tptdvpo 2x”° —3x—2 sivon OTikd
otV nepintoon (i) Kat apvntikd otnv nepintwon (ii).

To tpidvopo €xet pileg Tovg apBpovg —% Kot 2 kot enewdn a=2>0, 10

TPOGNIO TOL PAIVETOL GTOV TOPAKAT® TivaKa.

F2 N S S S
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Amnd tov mivaka ovtdV TPOKVTTEL OTL:
i) H avicoon 2x* —3x—2>0 &yxet AMoeic to. x € R yia o omoia 16y0eL

1
¥<—7 N x>2, dhadn ta xe (—oo,—%ju(zﬁoo) . O1 Moeig avtég

EMOMTIKA PaivOVTOl GTO TAPAKAT® GYN L.

. 5 A
x! 12 2

A B

ii) H avicoon 2x° —3x—2<0 éyel Aosig ta x € R yio ta omoia 1oydet
1 1
3 <x<2,0MAadn ta x € (_E’ 2 j . O1 AMoeig avtég emonTIKA QPaivo-
VIOl GTO TAPAKAT® CY L.

_i/z 2

A

ITAPAAEITMA 2°

No A0ei n avicwon 2x° —3x-2<0.

AYXH
Zntépe TG TWEC TOV X, TOVL sivan ADGElC g avicmone 2x° —3x—-2<0 7
pilec ¢ séicwong 2x° —3x—2=0. Emopévoc coppova pe 1o 1° mapadstypa

1
o1 Moelg g avicwong 2x”* —3x—2<0 eivorta xeR, pe =3 <x<2, dnha-

o ta xe [—5, 2 |. O1 AMoglg auTéG EMONTIKA (OIVOVTOL GTO TOPUKAT®O GY1|-

LLoL.
P * >
x! -1z 2 x
ITAPAAEITMA 3°
Na AvBo0v o1 avicrhoelg
i) x*-2x+1>0 (ii) X' =2x+1<0

AYZH

H Swakpivovsa tov tptovipov x° —2x+1 sivar A=0, omdte &yl Suthn pila
mv x=1. Apa 10 Tpt@VVUO €ivarl opdonpo tov a=1, dniadn Oetikd, yia
kabe xeR pe x=1.
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Enopévmg ot AMoelg g avicwong (i) eivotl 6Aot ot mpoypatikoi apbuol x,
pe x#1, evod n avicwon (ii) eivar addvatn.
Ot Moeig ¢ (1) emontikd @aivovial 6To ToPaKATO Gy L.

ol b
- l -~
b

h-dl il

x' i X

ITAPAAEITMA 4°
No Av0ei ) avicwon x> +x+1>0

AYZH

H Saxpivovsa tov Tptovipoy x* +x+1 givar A=-3<0, ondTe T0 TPLOVLLO
givar opdonuo tov a=1, dnAadn Oetikd, yio kibe xe R. Emouévmg ot Av-
oglg ¢ avicmong eival 6Aot ot Tpaypatikoi apOpoi.

EDPAPMOI'EY

1" No. BpeBoiv o1 Tipég Tov x € R yia T1g omoisg svvainOzhovy o1 avicdoelc:
x'-4x-5<0 ko x’—x—-6>0.

AYXH

Abdvovpe kéBe avicmon xoplotd Kot petd Ppickovpe TIg KOWVEG AVGELS.
‘Eyovpe:

vV X -4x-5<0e (x-5)(x+1) <0 —1<x<5

vV o X-x-6>0(x+2)(x-3)>0x<2 4 x>3

-
-

o A

x -2 -1 3 J

Apa ot avicdcelg cuvaAnBevovy Yo x € (3,5) .

2" Aiverau n ggicoon x’ —(a+1)x+a+4=0,aecR
i) Na PpeBei n dwokpivovsa tng eEicmwong Kol va peretn0gi To TPOGN PO
™mge.
ii) To moweg Tipéc Tov a M e€icwon €xeL dvo pileg dvioes;
iii) To moweg Tipéc 100 a M e€icmwon &yer owrAn pila;
iv) To moweg Tipéc Tov a M eéicwon givar advvatn 1o R

AYXH
i) 'Eyovue:
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A=[~(a+1)] ~4-1-(a+4)=a’ ~2a-15.
[Hapatnpodpe 6Tt N dtakpivovsa gival £va TPLOVLHO TOL o pe dtakpivovoa
N =(-2)—4-1-(~15)=64>0.
Enopévmg n drakpivovsa A €yer pilec:
_2+8 2-8

a, TZS Kat azzT:—3.

KOl TO TPOGNLO TNG QOIVETOL GTOV TOPUKATO TIVOKAL.

a —o0 -3 5 +00

A + 0 - 0 +

And tov mivaka avTtd TPOKVTTEL OTL:

ii) H e&iowon &yet 600 pileg dvicegav A>0, dnhadfav a<-3 7 a>5.
iii) H eficoon éyet pio dumdn piloov A=0, nradfav a=-3 | a=5.
iv) H &&icoon sivat addvatn av A <0, dnradn -3 <a<5.

AXKHXYEIY

A OMAAAY
1.  Na petatpéyete og yivoueva napaydviov To TpLdVOLL:

i) x’-3x+2 i) 2x-3x-2.

2.  No arTAOTOGETE TIG TAPACTACELS:

X2 =3x+2 el 2XP+8x—42 e 4X*—12x+9
—— ii) e iii) — o
2x°—-3x-2 x~—49 2x° —=5x+3

i)

3. T tig dtdpopeg Tiuég Tov x € R, vo Bpeite 10 Tpdonuo tov TpLovouOV:

i) x*-2x-15 i) 4% —dx+1 iii) x’—4x+13.

4. Tw tig 1dpopeg Tipég tov x € R, vo Bpeite to Tpdonpo Tev TpLovipov:

i) —x>+4x-3 i) —9x” +6x—1 fii) —x>+2x-2.




3.2 Avicdosig 2°° Babuov 89

5. No Aogte T1¢ avichoelc:

i) 5x* <20x ii) x*+3x<4.
6. No Mogte T aVIoOOELS:

i) x¥’-x-2>0 ii) 2x*-3x-5<0.
7.  No Mogte T aVIoOOELS:

i) x*+4>4x ii) x*+9<6x.
8. No Moete 115 avicdoels:

i) x*+3x+5<0 ii) 2x*-3x+20>0.

. , 1/,

9. Na Moete TV avicwon —Z(x —4x+3) >0.
10. Na Bpeite T1¢ Tipég Tov x € R y1a T1¢ omoieg woyvet: 2x—1< x> —4<12.
11. Na Bpeite 11¢ Tipéc Tov x € R o T1¢ omoieg cLVOANOEVOVY Ol AVIGHGELS

x'—6x+5<0 ot x* —5x+6>0.
B OMAAAY
1. i) No petoTpéyete 6€ YIVOUEVEH TAPAYOVI®V TIG TUPUCTACELS:

a> +af -2 ko o’ —af—6p>.
2 _2R?
ii) Na amhomomcete TV TopdoToon M.
a” —aff—6p
2.  No TopayOVIOTOIGETE TO TPLOVUUO 2X° +(2ﬁ —a)x—aﬂ .
2

3.  No arAomoifoeTe TNV TOPACTOC X —oxtfr-af

x* =3ox +2a°
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Aiveton 1 eélooon Ax* +3Ax+A+5=0, Le R. Na Bpeite Ti¢ Tiuég Tov A
v Ti¢ omoieg 1 e&icmon:

i) éyxet pileg loeg ii) éyel pilec aviceg iii) eivar advvarn.

Na Bpeite 11¢ Tinég Tov A e R yio Ti¢ omoisg M avicwon x> +3Ax+1>0
aAnfevel yio kabe xeR.

Alvetar o tpLdvopo (A+2)x’ —=24x+34, A#-2.

i) Na Bpeite ™ dwakpivovsa A Tov TPLOVOLOV Kol Vo ADGETE TNV Avicw®-
on A<O.

ii) Na Ppeite 7t1g Tipég 100 Ay TG omoieg M avicwon
(A+2)x* =22x+31<0, 2 # -2 oAnBevel yio kGbe xeR.

Y10 dumhavd oxynua to ABIA givar 1eTpdymvo A Z r
mhevphc AB =3 xar to M eivar éva onpeio
¢ dwyoviov AN . Na PBpeite 11c 0€oglg ToV
onpeiov M mhvo ot daydvio AT ya Tig
omoiec to dbpolopo TV gufaddv TOV OKlO- HioAr @
CUEVOV TETPAYOVOV gival pikpoOTEPO A 5. AXE B

i) No oamodeifete 611 o’ —af+ > >0 ywworata o, feR pea, f#0.

ii) No kabopicete 10 mpOONUO TNG TAPAGTOONG A=%+£—l Yy TG
a

dapopec Tinég tov a, f#0.
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Ilpoonpuo yvouévoo

‘Boto 611 6éhovpe va peletoovpe £va yvopevo P(x)=A(x)-B(x)-...-P(x)
®g TPOg T0 TPOSNUS TOV, dmov ot Taphyovieg A(x), B(x),..., P(x) eivon
™G HopeNg ax+ A (Tpotofdbuion) i g popefig ax’ + fx+7y (tpidvopa).
Bpiokovpe 10 mpoonpo kdbe mapdyovia y®PLOTE Kol 6T GLVEYELL TO TPO-
GNUO TOV P(x), OT®G POIVETOL OTO TAPASELY LA TOV AKOAOVOEL.

HTAPAAEITMA
Na Bpebei yia T1¢ dtapopeg TipéG Tov x € R T0 TPOGNLO TOV YIVOUEVOD
P(x) =(x—1)(x2 +x—6)(2x2 +x+1).

AYXH
Apykd Bpickovpe To TpdoMO TOV KABE TOpAyoVTO YOPIOTE OG EENG:
v' Eneidn
x-1>20=x2>1,
0 x—1 elvan Betikd yuoo x >1, undév yio x =1 kot apvntikd yuo x<1.
v Eneidn
x’ +x—620©(x+3)(x—2)20<:>x£—3 nx=2,
10 x° +x—6¢lvar OeTicd Yo x <-3 Koty x>2, undév ya x =-3 Kt
Yo x =2 Kol 0pvnTiKo yio —3<x<2.
v Eneidf to 2x*+x+1 £yet Sokpivovoa A=1-8=-7<0, 10 TpLdOVLUO
av1o gival Betkd yio kabe xeR.
O TPpocdloplopnds, TMPA, TOV TPOCH OV TOV YIVOUEVOD P(x) yiveton pe

BonBeia tov Tapakdto Tivaka, EPaprolovTag ToV KavOva TOV TPOCHLOV.

x —0 -3 1 2 +00
x—1 | - 0+ | +
X’ +x—6 + 0 - | - 0 +
2x% +x+1 + | | + | +
P(x) -0 o - 0 4

Qote 10 Yvdpevo P(x) glvar Betikd Yo —3<x<1 xou yio x>2, eved givar

apvnTKo yoo x<-3 xot yo l<x<2. Télog elvar undév yuu x=-3, ya
x=1 kouywn x=2.
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Aviedoels TG popeis A(x) . B(x) . ...-¢(x) >0 (<0)

Auecn QPUOYN TOV TOPOTAV® EYOVUE GTNV ETIAVOT AVIGCOCEDY TNG LOpP-

ofg A(x)-B(x)-...@(x)>0 (<0), 6mog eivar y1a apadetypo 1 avicwon
(x—l)(x2 +x—6)(2x2 +x+1)<0

[Ipokeipévov va Avcovpe TNV avicmon avt) opkel va Bpovpe Tig TILEG TOV

xeR yo TIC omoigC TO YIVOUEVO P(x):(x—l)(x2 +x—6)(2x2 +x+1) sivat

opVNTIKO.

Ao TNV TPOTN KOl TNV TEAELTAICN YPOUUUN TOV TIVAKA TPOGHUOL TOV P(x)

damioTt@vov e 4Tl 1 avicmon aindevel 0tTav x € (—oo,—3) v, (1,2).

, . A(x)
Avicaoels THS HopPijs >0 (<0)
B(x)
Onwg yvopifovpe 10 TnAiko kot To yvouevo Vo aplumv gival opOsTUa.
Emopévag:

Moo A BW>0 e A oA BR)<o.

B(x) B(x)
apov, kapia and tig Moeig g A(x)-B(x)>0 kot g A(x)-B(x)<0 dev
undeviter to B(x).
Mo Topddetypa , éotm O6TL O€hovpe va AdGovue TNV avicmon
(x—l)(2x2 +x+1)

> >0.
X +x-6

H avicwon avtn givatl icodvvaun pe v

(x—l)(x2 +x—6)(2x2 +x+l) >0,
dnhadn pe v P(x)>0, n omoia, and tov wivaka Tpocipov tov P(x) oAn-
Bevel otav x e (=3,1)U(2,+).

2X0410

Mia avicworn g popeng >0 oAnBevel yio eKeivovg TOVG TPOYUOTL-

Alx)
B(

KOVG aplOUOVG X Y10 TOVG OTOI0VG IGXVOVY GLYYPOVMG
A(x)-B(x)=0 kot B(x)#0.
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2
—4x+
‘Eocto yio mapddetypa n avicoon )c2—3c3 >0. Eyovpe:
x +3x-4
x*—4x+3

x2+3x_420©(x2—4x+3)(x2+3x—4)20 Kol x2+3x_4¢0'

I3 7 2 I3 ’ 7
Ot pifeg oV TpL®VOPOL Xx™ —4x+3 eivar ot 1 ko 3, evd TOV TPLOVOUOV

x*+3x—4 givar ot 1 ko —4.

ZUVTAGCOVE TOV T{VOKO TPOGNLOV TOV YIVOUEVOD:

P(x)= (xz —4x+3)(x2 +3x—4)

x —0 —4 1 3 +00
x*—4x+3 + | + 0 - 0
x*+3x-4 + 0 - 0 + |
PG 1 - 1 -

Apa n avicoon ainbedel 6Tav x € (—oo,—4) U [3,+oo) .

AXKHXYEIY
A OMAAAY
1.  Na Bpeite 10 mpdonpo tov ywvopévon
P(x) = (2—3x)(x2 —x—Z)(x2 —x+l).
2.  No Bpeite T0 TPOGTHO TOV YIVOUEVOL

P(x)=(—x" +4)(x* = 3x+2)(x* +x+1).
3. NaMoete my avicwon (x—1)(x* +2)(x* =9)>0.
4. Na Moete my avicwon (3—x)(2x* +6x)(x*+3)<0.
5. NaMboete v avicoon (2-x—x")(x* +2x+1)<0.

6. No Aboete Vv avicmoon (x—3)(2x2 +x—3)<x—1—2x2) >0.
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7.  No AMoETE TIC AVICDGELC:
. =2 o 2x+1
i) >0 ii) <0.
x+1 x=3
2
-x-2
8. No Avoete v avicoon xz—x <
X +x-2
B OMAAAY
1. Na Mdoete Tig aVIoHOELG:
P 23y i 272
x—1 3x+5
2
-3x-10
2. Na Aboete TNV avicoon %+ 2<0.
TP
3.  Na Abogte 11 aviohoELS:
i) X 2 M X >3
3x-5 x-1 2x-1 x+2
1
4. No Aboete TV avicwon X,
X
5. Mia gtopeia mapdysr niextpikovg Aapntipec. [a éva cuykekpluévo to-
O AOUTTAP@OV TO TUNUO EPEVVOG AYOPAS TNG ETAPEING EKTILA OTL OV 1 TL-
U TOANONG TOV AAUTTAP®V €ival x gupd avd Aopumtipa, 1ote 10 €fd0-
padiaio k6otogc K Kot ta avtictolyo £écodo E (oe yAddeg evpd) divo-
viat amd tovg tomovg K =7 —x kat E =5x—x". Na Bpeite Tic Tiég M-
ANONG TOV AAUTTAP®V Y1 TIG 0Toleg N eTapeia £xel KEPOOG.
6. 'Eva ¢4ppoko givol omoteAeGHOTIKO 0V 1] GLYKEVIP®OOT TOV 6TO KLKAOQO-

pikd ovotnpo vrepPaivel pio opiopévn Tun, mov koieitor gAdyloto Oe-
pamevTikd eninedo. YroOétovpe 0TL 1 GLYKEVIPp®ON o €VOG PAPUAKOVL, ¢

. . , , , , , 20¢
MOpeg voTEPO OmO TN ANYN TOV, divetol amd TOV TVTO O =2—4 mgr/lt .
t+

AV Y10 TO CUYKEKPIUEVO QAPIAKO TO €AGYLOTO BepamevTikd eminedo gival
4 mgr/lt, va Bpeite mote 1 cvykévipmon Tov Ba Eemepdoet 1o eninedo o.
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EPQTHXEIY KATANOHXHY 3°° KE®PAAAIOY

II.

Xg KoOepd amd TIC TUPUKATO TEPUTTAOGELS VO EMAEEETE TN 6OOTY ATAVIN-

on.

1.

Av 1 avicwon —x* +2x+7 >0 eivar addvarn toTE:
A) y>-1 B) y=-1 I y<-1 A) y>-1.

Av 1 avicwon x* —2x+7 >0 alnbedet yia ke x € R, 1o1e:
A) y<l1 B) y=1 ) y>1 A) y<I1.

Av 1 avicwon —2x* +3Ax— A <0 oAnbsvel yio k6Be x € R, ToTE:

A) >0 B) 1<0 I A=1 A) 2=0.
H e&iowon |x = 1| + |x —5| =4 ainbeovel av Kot povo av:

A) x<1 B) x>5 IN1<x<5 A)1<x<5.
H e&iomon |x—l| =x—1:

A) Eivat advvatn B) 'Exet povadikn Avon m x =1

I') 'Exet dnepeg AMdoelg A) Eivon tavtotro.

Ye kKoOgpid amé TIC TOPUKATO TEPMTAGELS VU KUKADGETE TO ypappa A,
v 0 woyvplenog givar aAndng kKol To ypappa ¥, av o woyvupiepog gival

yeLOG.
1. H avicwon x*+x+2 >0, pe 1#0, akndevel yio Hra
A Y
ta xeR.
2.  Havicoon Xx* +44x+5<0, ue 1#0, alndevel yio 6ro A
ta xeR.
3. Ot avicdoslg x> (x—1)>0 kou x—1>0 &yovv Tig idieg A W
Moetg.
4. O1 avichoelg x*(x—1)<0 kou x—1<0 &xovv Tig idieg A W
Mcelg.
S. Ot avichoelg ———>1 xor 2x—1>x+1 épovv g dieg
x+1 A Y
Moetg.
6. O1 avicooelg — 20 ko x—1>0 &ovv Tig dieg
(x—2) A V¥
Aoetc.
7. Ot avichoerg —— 20 Kot (x—l)(x—2)2 >0 éypovv
(x—2 A Y

T1G 016G ADoELS.
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, x=2 .
8. Ot avicwoelg —— =20 xor (x—2)(x—1)=>0 éyxovv TG
x—1 A Y
d1eg Moelg.
9. Ot avicmoelg x=2 <0 kot (x=2)(x—-1)<0 égovv Tig
x—1 A Y
1dteg Moelg.
10. O avichoeig x+l <X 2 Ko (x+1)2 <(x-1)(x+1)
x—1 x+1 A Y
€YoV TIG 101E¢ AMGELG.
III. No oavtietolyicete KoBéva amd 1O TPLOVLRO TG A’ opddog pe TV

1.

16000vaun pop@i Tov a6 Ty B’ opdda.

A" OMAAA B’ OMAAA
1| 2x*+6x-4 A (x=1)(x-2)
2 | x-3x+2 B —(x=1)(x-2)
3 —x* +3x-2 r 2(x-1)(x-2)
4 2x’ —6x+4 A -2(x-1)(x-2)

IV. Na evronicere 10 L4005 6T0VC TOPAKAT®O GVALOYIGNOVG:

H avicoon (2x—6)(x—1)>0 ypagetar 1codbvapo:
(2x-6)(x-1)>0=2x-6>0kat x-1>0< x>3 kar x>1 < x>3.

Opwg o apBuds 0, av kot ivar pikpdtepog Tov 3, emaindevet ) dobeica
aviocwon.

: 4 :
H avicowon x < — ypaoetot icodvvopa:
X

x<i<:>x2<4<:>x2—4<0<:>—2<x<2.
X

Opwmg o apBudg —1, av kot givor peta&d tov —2 Kot Tov 2, dev emainfevet
) dobeica avicmon.

H avicoon (x+2)*(x—1)>0 ypapstot 16050V
x+2(x-D20=x-120<x>1.

Opwmg o apBudég -2, av kot ivar pkpdtepog tov 1, emaindevel ™ dobeica
aviocwon.




BAXIKEY ENNOIEX
TON XYNAPTHXEQN

4.1 H ENNOIA THY XYNAPTHXHX

Ewoayowyn

Ye mwoAG kaOnuepva eaivoueva epeaviCovtal ovo ueyédn, ta omoio peto-
Baiiovtal €to1l, ®GTE M TIUN TOV €vOg va kabopilel v Tiun tov dAlov. H
dadwkaoia pe Tnv omoia kabe Tiunq Tov gvog peyébovug avtiotolyiletol o€ pia
akplPdg TIUn Tov GAAOL peYEOOVG, TOAAEC QOpPEC TEPLYPAPETAL ATO EVA LA~
Onuatikd tHmo, OTME PUIVETOL OTA TAPAKAT® TAPASELYLATA.

1.

O toko0¢ T o€ gupd mov amwodidel keparato 5000 gvpd ce €vo £tog e
gmnoto emtokio €%, divetal katd to yvootd and tov tomo 7 =5000——.

O t0mog avToc TEPLYpapel pla dtadikooia, e v omoia kabe Tiun Tov €
avtiototyiletar o g akpipog tipunq tov 7. I'a mopdderypo, av e=3,
tote T =150, evo av ¢ =5, tote T =250 KTA.

To didompa S 6g km wov dtovObnke amd TOONAATN GE YPOVIKO dLAGTN-
pa 2k, pe péon toyvnta v og km/h, dtvetar and tov tHmo S =2v. O t0-
TOG QLTOG TEPLYPAPEL e dladikocia, Pe TNV onoia k&be Tiun TOL © O-
viiotolyiletal og pwo akpifag T tov S. Na mapaderypo, ov v =60,
t6te § =120, evo av v =70, tote S =140, xTA.

J4 I3 /. r 4 4 4 2
To epPadd E evdg kdxAov axtivag p divetar and tov 1omo E=mp~ . O-

poi®wg Kol 0 THTOG aVTOG TEPLYPAPEL (a dtadikacia, pe TV omoin kabe
T Tov p aviiotoryiletal og po akpipog T tov E. [Na mapdaderypa
avp=1,1t01e E=m,evod avp=2,101e E=41 KT\,

Ymapyovv OUm¢ Kol TEPUTTMOELS OTOV 1) O10d01KAGI0 OVTIGTOL(IoNG UVALESH
oTIg TIHEG dV0 peyeBmv dev meprypdoetor | €0t dgv yvopilovue av mepi-
ypapeTal omd Kémolo tomo. [Na mapddetypa:

v O1 ®peg T Nuépag Kat ot avtiotoryes Bepuokpacieg Tovg.
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v Ot pépeg oV £ToVg KO 0t TIHEG evag EEvov vopiopotog (.y. Tov dola-
piov).

[Moapatnpodue 6t o€ OA0 TA TOPATAV® TOPASEYUOTO VIAPYEL KATOL0 10O~
Kooia, pe v omoia kaBe otolyeio evog ocuvorov A oavrtiotowyiletan og éva
akplfdg otoryeio kdmotov dAlov cuvorov B. Mia tétola dtadikacio Aéyetat
ovvdptnon and 10 A oto B. Anradn:

OPIZMOX

Yovaptnon and £va cvvoro A o€ éva covorlo B Aéyetar pia Sradikacio
(kavévag) pe v omoia kaBe otolyeio Tov cuvoiov A aviiotouyiletat
o€ éva akpipdg oToryeio Tov cuvorov B.

To oVvvolo A Aéyetol medio opiopov 1 6OVoAo opiopod tng /-

Ot cvvoapthoelg Taplotdvovtal cuvnlme Le To WIKpA ypaupoto f, g, A KTA.
0V AdTivikov aApapntov.
Av pe a ovvaptnon f oo 1o A oto B, to x € A avtictoyyiletal oto y€ B,
TOTE YPAPOVUE:

y=1(x)
Kot dSropalovpe «y icov fTov x». To f(x) Aéyetal tote Tipn ™G f oto x. To

YPAULO X, TOV TAPLGTAVEL OTOLOONTOTE GTOLYEIO0 TOL TEGIOV OPIGUOV TNG f,
ovopdaletal ave&dptntn peTafinty, EVO TO ¥, TOL WOPLGTAVEL TNV TIUN TNG
oLvvdpTNnong 6to X, ovopdletal eEapTnuévn petapfinty.

To 6hvoAo, oL €xEL Yio 6TOYELD TOV TIG TIEG f(X) Yo Ao Ta x € A, Aéye-
Tol 6OVOA0 TINAV TNG f Kal To cLpPorilovpe pe f(A) .
H mopondveo cvvaptnon cvppoiriletal og e&ng:
f:A—>B
x— f(x)

‘Etol m.x. n ovvaptnon f, pe v omoia kdbe un apvntikdg aptOpdg aviiotol-
yiletar oty teTpaymviky Tov pila, cvpPoriletal og e€ne:

f: [O, +oo) >R

x—>/x

Mo KaAvTEPN KATOVOTN O TOV TUPATAV® OPIGHOV 0G SOVUE TO TOpadEiypoTa
oL akoAovBoHV:

1° TAPAAEITMA
‘Eoto f n ovvdptnon pe v omoia kdBe nuépa piag opiopévng efdounddag
€VOc unva avtiotolyiletal otnv vynAoTepn Beppoxpacia g.
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INo ™ ovvaptnon avty, to edio opiopov gival 10 GHVOAO
A= {1,2,3,4,5,6,7} ,

EVM TO GVHVOAO TIU®V TO GHVOLO

FA)={9°,11°,12°,13°,15°} = B
Me agopun 10 mapddetypa avtd toviCovue to akOAOVOL YOPOKTNPIOTIKG
pog cvvaptnong f:A —B.
o Kdabe otoryeio Tov A avtiotoryiletal o€ £va axpifdc otoryeio Tov B.
e Mepikd otoryeio tov B pmopei va pnv amotehodv tipéc e f (.. 18°).

e Avo 1 meplocotepa oToryeio Tov A pmopel va avtiototyilovial 61o 1010
otoyeio tov B (m.y. ta 3 kot 7 avriotoryilovtal oto 13°).

2° IAPAAEITMA

®cwpovpe to oOvora A={a, B, v} ka1 B={1, 2, 3, 4, 5}, xabmg exiong kot ta

mopakdto oynuata (Berodiaypdupata). [apatnpodue OtL:

v To oynuo (0) mapiotdvel covaptnon, apov kabe ctoxeio tov A avti-
ototyiletal og éva akpiPag ototyeio Tov B.

v' To oynua (B) dev mapiotdvel cuvaptnomn, apod 10 o€ A avtiotoyileta
o dvo otolyeia Tov B.

v' To oynua (y) dev mapiotdvel cuvaptnomn, aeod 10 ye A dev aviiototyi-
Ceton o€ kavéva atoryeio Tov B.

v To oynuo (8) dev mapiotdvel cvvaptnon. [pdtov 816t 10 ye A dev
avtiotolyiletol oe kavéva otolyeio tov B kal devtepov d10TL T0 o€ A
avtiotolyiletol oe dvo otolyeio Tov B.
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2vvropoypagia covapTnong

Eidape mapandve oti, yio vo opiotel po cuvaptneon f, npénel vo dobovv
tpla otoryeio:

e To nedio opiopov g A

e To ovvoro B kot

e To f(x)ywkabe xeA

Ot ovvoptnocelg, pe Tig omoieg Ba aoyoinBovue oto PiPprio avtd, gival g
popong f:A—>B, omov AcRkxauBc R, gival onhadn, onwg Aéue, mTpay-
ROTIKES GUVOPTNOELS NLOS TPAYROATIKNG RETAPANTIGS.

IToAAéC popéc avapepOOGTE GE o, cuvaptnon f divovtog LOVOV TOV TUTO
Le tov omoio exppaletatl To f(x). Aéue m.y. olvetar «n cvvdptnon f, ue

f(x)=+1-4x» 1, mo cvvropa, «n cvvépmon f(x)=+1-4x» 1, axdpa,
«n ovvéptnon y=+1-4x».
Xe o tétota mepintmon Ba Bewpovpe copfaTikd OTL:

e To medio opiopod A 1ng f €ival 10 «gLPVTEPO» ATO TAL VTOGVVOAL TOV
R ota omoia o £ (x) éxet vonpa.

e To cbvoro B givar oldxAnpo 1o chvoro R 10V Tpaylatikdv aplopodv.

‘Etotl yia tn ovvépinon f(x)=\/1—4x 10 medio oplopov givar 10 GHVOAO

A= (—oo,%}, a@oV mpénel 1-4x >0, evd o oHvoro B eivar 6ho 10 R.
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ZHMEIQXH
IToAAEG Qopéc e cuVEPTNOT TEPLYPAPETAL PE Evay TOTO TTov £)El KAASOVG,
OTMC Yo TOPAdELY O 1] GLUVAPTNON:

X +1, avx<0

(%)= :

x—1, avx=>0
Mo va vroloyicovpe Tig TInéG NG f ota onueia —1, 0 kot 1 gpyalopacte
oG &gig:
v Tw x=-1<0, and Tov kL4d0 f(x) =x>+1, égovpue:

F(-1)=(-1) +1=1+1=2.

v' Twx=0, ano tov khGdo f(x)=x-1, &ovpe:

£(0)=0-1=-1.
v\ Téhog, yio x=1>0, ano tov kAGdo f(x)=x—1, éxovpe:
£(1)=1-1=0.

2X0A4I10
Av Ko, YEVIKA, YPNOLLOTOLOVLE TO YPARUA /Yol TA GUUPOMOUS Hlag cVuVap-
TNONG KoL TO YPAUUO X Yo TO cuuPoAlcud TOL TuYaioL GTolYElOV TOL TTEDIOV
0PLGHOY TNG, OGTOGO UTOPOVLE VO YPNCLULOTON|COVUE Kol GAAN YPALLLOTO.
‘Etot yia Tapddetrypa ot

f(x)=x2—4x+7, g(t)=t2—4t+7 Kot h(S)=S2—4S+7
opifovv v id1a cvvapnon.
Enmopévmg 10 x otov 1Omo piag ovvaptnong 0o mailel to polo plag «AOELNC
0éonc»y. Me avtd TO GKENTIKO, 1| TAPATAVEO cLVAPTN GO Bo UTOPOVGE va £XEL

™ popen
FO)=() =40 )+7,
omov ot mapevéoelg Exovv mapel T BEom evog YpAULATOG.
‘Etol ywo va vroloyicovpe 10 f(—2) amAd Ttomobetovpe o -2 otig Béoelc,
7ov opifovv o1 mapevhéoelc:
f(=2)=(-2) —4(-2)+7
=4+8+7=19
Oupoiwg, éyovue
f(3x) = (3x)2 - 4(3x) +7
=9x* —12x+7

Yrdpyer Opog Kot (o Topamépo amhonoincT TV EKPPACEDY LG TOV GYETI-
Covtor pe ovvaptioelc. IToAAéc @opéc avti va Aépe «1 ovvaptnon



102 4. BASIKEY ENNOIEY TON SYNAPTHYEQN

s(t)z%gt2 », 0o Aépe «m cvvaptnon s=%gt2 », dNAdT ypdgovue s VIO-

VoOVToG TO S(2). Avth N arlomoinon yivetol cuyvotata o€ S1GQOPES EXOTN-
LEC, TTOV YPTOIULOTOLOVY TN UOOMUATIKY YADGOO, Kot To LoONpatikd epyairei-
o, OT®G N PLOIKN, N YNUeElo KTA. ZuvNBWg OTIG TEPUTMOELS AVTEG VIAPYEL
KOmo10 meipapa, 6TOV To ¢ gival 1 TIUN evog ueYEO0VE, TOL VTEIGEPYETAL GTO
melpapLo, KoL To S(2) 1 avticTolyn TIUn Kamotov dAiov peyébovc.

E®APMOI'H

Na Bpebei To medio opropod TG GVVAPTNONG

AYXH
H ovvaptnon f opiletor yio ekeiva povo ta x yio to omoia 1oyvet
x=2#0 xar x-120

M, 1GOdVVALLO, Y10
x#2 xor x>1

Apa 10 medio opiopod g f eivar to svvoro A =[1,2)U(2,+) (ZyfApw)

11
C
=Y Y

AXKHXEIY

A OMAAAY

1. Na Bpeite 10 medio 0pIGUOV TOV TOPAKATO GVVAPTHCEDV:
. 4 x*—16

= — 5 ii =]
i) f(x) —t i) f(x) R
i) (x)=— iv) f(x)=
o | |x| +x
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2. Opoimg T@v GVVOPTHCEDV:

i) f(x)=Vx-1+42-x i) f(x)=vVx -4

i) f(x) =T ax 3 W ()=
=

3. Aivetol 1 cvvdptnon

f(x):{x ,avx<0

2x+3, ovx =0

No Bpeite tig Tég f(=5), f(0) xar f(6).

4. Mo cvvaptnon f opiletan wg e€Ne:
“Zréwov &vav pvoiko opibuo, mpocbeoe ¢’ avtov 1o 1, moAlamiaciace T0
abpoiouo pe 4 kar oto yivouevo tpocece 1o TETPAYWVO TOV APLBUoD .

i) Na Bpeite tov om0 TG f KAl 01N cLVEKEWM TIG TIUES TG Yoo x =0,

x=1, x=2 ko x =3 . Tvmaparnpeire;

ii) Noa Bpeite Tovg PLGIKOVS aPBLOVS X Yo TOVG OTOI0VS LoYVEL
f(x)=36, f(x)=49, f(x)=100 Kor f(x)=144.

5. Aivovtot 01 GLUVAPTHCELS:

1
24l

D f(x)=—21s, i) g(x)zxj_16

x—1 x —4x

ko iii)  A(x)=

Na Bpeite Tig TIHEG TOL X Y1 TIG OTOIEG LOYVEL:

) f(x0)=7 i) g(x)=2 KoL iii) h(x):%.
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Kapreoiavés cvvretayuéveg

H napdotaon evog onueiov tov emmédov pe €va dtatetaypévo (evyog mpay-
LOTIKOV apldudv, Bonbnoe oy enilvon Ye®UETPIKOV TPOPANUATOV PE OA-
vePpikéc pebodovs. H mapdotaon avt, 6nwg pndbape ce mponyovueveg td-
Eelg, yivetan og e€Ng:

[Mave oe éva eminedo oyedialovue dvo kdbetovg d&oveg x'x koL y'y e
Kown apyn éva onueio O. And avtovg 0 0p1ldvTiog x'x Aéyetal d&ovag TOV
TETUNUEVOV 1 AE0VOS TOV X, EVO 0 KATAKOPLYOG V'Y G&ovas TOV TETAY-
pévev i agovag TOV y.

Onwg eivarl yvootd, o kdbe onpeio M tov €nTEd0V TOV AEOVOV UTOPOVLE
vo, avtiotolyicovpe éva dratetaypévo (evyog (a,f) TPAYHATIKOV oplOpdv
Kol avTloTpopmg, oe kbe dwatetaypévo Ledyog (a,f) mpoypatikov apif-

L®V, UTOPOVUE VO, AVTIOTOLYicoVpE €va povadikd onueio M tov emmédov,
OT®G PoiveTOL OTO GYNUOL:

¥y A
e _,M (0.f9)
Be2p | A1 |
o] 1 a x
A(3,-1)

T(-3-2)

Ot aptbpoi a, B Aéyovtor ovvretaypéveg tov M. Edwotepa o a AéyeTal Te-
Tunpévn kot o f teTaypévn tov onueiov M. To onueio M mov £xel cvvte-
toypéveg a kal B ooupoiriletar pe M(a, f) 1M, ania, pe (a,pf).

Enedn n 18éa ¢ ypnoponoinong {evydv yio TV nopdotacn onueiov tov
emmédov avnkel otov Kaptéoio, to napandve {edyog tov afdvov to Aéue
KOPTEGLOVO GUOTIIO GUVTETUYREVOV 6TO ETIMEDO Kol To cvpufoiifovpe
Oxy, evd T0 €mMinedo G610 0MOi0 OPIGTNKE TO GVGTNUO OVTO TO AEUE KOPTE-

olwvo eimedo. Av emmA£ov o1 HovAdec TV a&OvmV Exouvv To 1010 UAKOG, TO
ocvotnua Oxy Aéyetal opOokavoviko.

2HMEIQXH:
Y10 emOpEVa, EKTOG OV OVOPEPETOL SLOPOPETIKA, OTAV AéE KAPTEGLAVO G-
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OTNUO CVVTETAYUEV®V, B0 evvoovue 0pBOoKOVOVIKO KOPTEGLOVO GUGTNLO, GL-

VIETAYUEVOV.

Ag Bewpnoovpe Tdpa £va cvotnua Oxy cvvietaypévav oto eninedo. Tote:

e Ta onueia tov a€ova x'x Kal LOVO oVTE €XOVV TETAYUEVT 10T WE TO UN-
0év, evd to onueia Tov dEova y'y kot LOVO avTd £XOLV TETUNUEVT iom

LE TO UNOEV

o O aéoveg ywpilovv to eminedo ce TécCEPQ
TETOPTNUOPLA, TTOV Elval TO €0MTEPIKE TV
yoviov xOy, yOx',x'Oy' kar y'Ox Kol o-
voudletar 1°, 2°, 3° kot 4°, tetaptnuodpio, o-
viotoiyws. Ta mpdonua TV cuvteToypuévmy
TovV onueiov 1ovg Qoivovtal 610 SmAavO

oxNua.

e Av A(ap) eivar éva onpeio Tov kapresia-

x<0, y=0 | x>0, y=0

po
(o}
P

x<0,y<0 | x=0,y<0

vo¥ emmédov, pe tn Ponbeia g cvppetpiog g mpog a&ova Kol wg mTPog

KEVTPO, OLOMIGTOVOVLE OTL:

v' To ooupetpikd 100 ®¢ Tpog Tov dEova x'x eival To onueio A(a,—ﬁ),

ov €xel 101a TeTunuévn kot avtifetn tetaypévn (Xy. o).

v' To ovupetpikd tov ®¢ Tpog tov dEova y'y eivar to onueio B(—a,,B),

7ov €xel 101a TeTaypuévn kot avtifetn tetunpévn (Xy. o).

v To cvpuerpikd 100 ¢ TPog TV apyn tov aEdvov sivol 1o onueio

I'(—a,—p), mov &xel avtibeteg ovvietaypéveg (Zy. ).

v To ooupetpikd Tov ®¢ mPog TN dryotopo g 1™ ko 3" yoviag tov

a&ovav givat To onpeio A'( ﬂ,a) OV £YEl TETUNUEVN TNV TETAYUEVN

T0V A Kot TETOYUEVT TNV TETUNUEVT Tov 4 (Zy. B).

by
Blef) | A(w,f) __ﬁ_)_f\fmza) j=x
0 . ¥ ’:"\#A(a,ﬁ)
E’”ifl 7777777777777 ) ,,\2:i ,”1,- T ﬁ’i
I-a-p) A(a-p) T Cs
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Arnootaocn oyuciony
‘Eoto Oxy éva oOoTnpo oUVIETAYUEVOV OTO emimedo Kal A(xl, yl) Kol

B(xz,yz) o000 onueio avtov. Oa deiovpe O6TL 01 ATOGTAGT] TOVG dIVETAL OO

TOV TOTO0:

(48)=\(x: =) +(3: =)
AIIOAEIZH:
And 10 opbBoymvio tTpiywvo K/AXBIOU VA

MmAOVOD GYNUATOG EYOVULE!

g mmmmmmmm B(x_?) ¥l
(4B)® = (KA) +(KB) &

=|x2 _x1|2 +|yz _y1|2
=(x,-x )2 +(3, -7 )2 . Al y1) K50

4 n

OTOTE: 0| «x x,

(4B)=(x, %) + (3, -0 ) -

O mopomdve TOTOG IoYVEL KOl GTNV TEPITTOON TOV 1| AB ivol TapaAAnAn pe
tov a&ova x'x (ZyMua y') N TapdAAnin pe tov déova y'y (Zynpa o).

L
F o
X

YA VA
Yap---mm - B!(xg,.lr'g.’
Afxy, y1) B(xy, 1> .
Yi<¥at-- —er (2, ¥2) 5 Afx, y1)
] I I
I | |
[ xr x2 ’x 0 xj-=x2 E
2ynuoy’ 2ynuo o’

TINo mapddetypa, av A3,1), B(3,5) kot I'(-1,1) eivoar ot kKopveéc evog TpLyd-
vov ABT, tote Qo givat:

(4B)=\[(3-3) + (5 -1 =/4* =4
(AT) =+J(-1-3) + (1-1)> =/4* =4

(BI)=J(-1-3) +(1-5) =4 +4* =42 .

A@ov, Aowmov, givar (AB)=(Al), 1o tpiyovo ABI givol 1G0GKEAEC KOL EMEL-
M emmAéov 1oyvel (AB)’ + (AN’ =32 =(BI')*, 1o tpiyovo ABI sivat kot op-
foyavio.
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E®PAPMOI'H
"Eoto C o kOkhog pe kévipo v apy O Tov a&évav yA
Kot oktive p. Na oamodeiytei 6Tv éva onpeio
M (x, y) avﬂxsﬁ GTOV KUKAO C),( av Kol povo ov l:;:{)a c L
xX+y'=p’ (Z
0(0,0) x

AIIOAEIZEH
Eivar mpogavég 6tt éva onpeio M (x,y) aviiker otov

kokAo C, av kot poévo av 1oyvel (OM):p. Opag

(OM)=x*+y* , omdte &govpe:
(0M)=p© Yy =peoxt+y=p
Enopévag to onpeio M (x,y) aviket oto kokho C(O,p), av Kat p6vo av ol GOVTE-
TOYHEVEG TOV IKOWVOTOLOVV TNV e&icmon
2 2 2
Xty =p ey
H &&iowon (1), mov kavomoteiton and Tig cvvTETAYUEVEG TOV ONUEI®V TOV KUKAOL
C(O,p) Kot povo omd ovtég, Aéyetal eEicmon Tov KVKAov pne kévrpo O Kol akTi-
va p .
o napaderypa, n e&icwon tov kokAov pe kévipo O kot aktiva  p=1 givar n

x> +y* =1. 0 xbhkhog avtdc AéyeTon Kol povadiaiog kKvkAoG.

I'pogiky mopdoracy covapTnons

‘Eoto [ po cvuvdptnon pe medio opiopovd A kot Oxy €va cOGTNUO GUVTE-
Taypévov oto eninedo. To cOvoro tov onueiov M (x,y) yio Ta omoia 1oyvel
y=f(x), <Niadn to cvvoro TtV onueiov M(x, f(x)), xe A, Aéyetal ypa-
QN mapdotaon g f kot cvpforiCeran cuvibog pe C,. H edicoon, Aot-
nov, y = f(x) enoinBedetar and ta onueia mg €, Kot povo and avtd. Eno-
uéveg, n y = f(x) eivar n e€icwon g ypaeikne mapdotacng g f. [a to
Loyo avtd, ™ ypagikn napdotacn C, g f cvpporilovpe, ToArEG QOpPES,
amAd pe v e&lomon g, onAadn pe y = f(x).

Ene1dn ké0e x € 4 avtiotoryiletar og éva povo y e R, dev vmdpyovv onueia
™G YPAPIKNG Tapdotoonc e f ue v idto teTunpévn. Avtd onpaivel 0Tt
KOs Katakdpven gvbeia £xel pe T ypoeikn noapdotacn e f 1o moAd éva
Kowo onueio (Xyx. o). 'Etot, o k0KA0OG dev amoTtelel ypagikn mopdotaot GL-
vaptnong (Xy. B
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F o

}‘J

X Q/l

Syiua B’

Otav divetal n Ypa@lkn TOpACTACT KOG GLVAPTNONG f UTOPOVUE, EMIONG,
v oYeOLAGOVE KOl TN YPOPIKY TOPASTOON TNG
ouvaptnong —f, MOIPVOVTIOG TN OCULUUETPIKN y
MG YPOUPIKNG Tapdotaong g f g mpog Tov
aEovo x'x kat TovTO d1OTL N YpAPIKY TOpdoTa-
ong ¢ —f oamoteAgitoan amd TO onueia

M'(x,—f(x)) mov &ivol GLUPETPIKA TOV ON-

peiov M (x, f(x)) ™S YPOQIKNG TOPACTOONG
™m¢ f ©¢ mpog Tov dEovo x'x .

!

M'(x, -f{x))

T~

E®PAPMOI'H
210 umAavVO oynfpuo 0ivovTal ol YPuQIKEG ma- A
pactacslg 6v0 cuvvapticewv f Kou g, TOV \ Y I/

gival opiopéveg 6 6ho to R.

i) No Bpeite Tig Tipég g / ota onpeio: y=ifix) . /f
-3,-2,-1, 0, 1 kv 2 1 / N
ii) Na Moete TIC eElodoeig: o x

f()=0, f(x)=2 & f(x)=3g(x).
iii) Na AVoete TIC avicDoEIg:
f(xX)>0 kv f(x)> g(x).

AYXH
i)  Eivou
F(=3)=2, f(=2)=0, f(-1)=-1, £(0)=—1, £(1)=0 xon f(2)=2.
i) Ot pileg g e&lowong f(x) =0 eivatl o1 TeTuNUEVEG TOV KOWVAOV ONUEIOV TNG
Ypagikng mopdotacng g f kot tov d€ova x'x, dniadn ov apBuol x, =-2

kat x, =1.
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Ot pileg ¢ e&iomong f(x) =2 eival ot teTunpéves TV onuelov g YPAQLKNG
napaotaong g f mov £xovv tetayuévn 2, dniadn ov apbuol x, =-3 Kot
x,=2.

Ot pileg g e€icowong f (x) =g(x) elvar ot TeTuNUéVEG TOV KOWADV onpeiov
TOV YPOPIKOV TOPUCTACEMV TOV GLVOPTHCE®V [ Kol g, dnAadn ot aptBuoi
x=-1, x,=0ka1 x;, =2.

iii) Ot Aoelg g avicmong f(x) >0 gival ol TeTuUNpéveg TOV onpeiov g ypapt-
KNG mapdotacng g f mov Ppiokovial Thve and tov dEova x'x, dniadn ola
0 x € (—0,-2)U(l, + o).

Ot Moelg g aviocwong f(x)>g(x) elval ot tetunpéveg tov onueiov g
YPOUPIKNG Tapdotacns g f mov Ppiokovial mave and TN Ypaelky mopdota-

on Mg g, oniadn ora ta x € (—0,—1)U(0,2).

AXKHXYEIY

A OMAAAY

1. No onuewdoete o€ va KOPTEGLOVO EMITESO T oNUEin:
A(-1,2), B(3,4), 0(0,0), I'(3,0), 4(0,-5) xar E(-2,-3).

2. ’Evo onueio M (x,y) xweiton péco oto opboydvio

ABI'A tov duthavov oyfuatog. Ilolol meptopiopoi
1GY0OLY Y10 TAL X, )

3. Nao Bpeite o coppetpikd Tov onpeiov A(—1,3), H(x;y)
i) g mpog tov dEova x'x H—
ii) ®gmpog tov d&ova y'y A B

iii) ®g mpog ™ dryotdNO TG YoViag x6y

iv) o¢ mpog v apyn O 1oV aEdvov.

4. Na Bpeite 11 0m0GTAGELG TOV ONUEIOV:
i) 0(0,0) xau 4(4,-2), i)  A(-11) ko B(3,4),

iii) 4(-3,-1) ko B(1,-1), iv)  A(1,-1) ko B(1,4).
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10.

Na anodei&ete Otu:

i) To onpela 4(L,2), B(4,-2) xar I'(-3,5) eivar kopupés 1600keA00G
TPLYDOVOV.

ii) To onpeio A4(L-1), B(-L1) xar I'(4,2) eivar kopoeég opboymviov

TPLYDVOV.

Na oyedldoete T0 TOAVY®VO [ KOPLPES TO onpeia:
A(Z,S) , B(S,l), F(2,—3), A(—l,l)

Kol 0Tn cLVEYELD v amodeifete 6TL avTo givar popfoc.

Ye kofeptd and T TAPaKAT® TEPIMTOOELS va Ppeite v iU 0V £ Yo
Vv omoia 10 onpeio M aviKeEL GTN YPOPIKN TAPAGTACT TNG GLVAPTNOTNG.

i) f(x):x2+k, M (2,6)

ii) g()c):loc3 , M(—2,8)

iii) h(x)zk\/x+l , M(B,S).

Ye kabgpd amd TIC TAPUKAT® TEPMTAOCELG, VO, Ppeite TIG GLUVIETUYUEVEG
TOV KOW@V onpeiov e ypaeikng moplotaons TG GLVAPTNONG LE TOVG
a&ovec.

i) f(x):x—4 ii) g(x):(x—Z)(x—3)
iii) 2(x)=(x-1)° iv) g(x)=x"+x+1

V) q)(x):x«/ﬁ vi) w(x):x\/x2—4.

Alvetar n ovvapmon f(x)=x"—1. Na Bpeite:
i) To onueio topfig g C, pe tovg agoveg.
ii) T tetunuéveg tov onuelov mg C, mov Ppickoviarl Tve amd tov G-

Eova x'x.

Atvetar ot suvapthicelg f(x)=x>—5x+4 ko g(x)=2x-6. Na Bpeite:
i) Ta kowd onueio Twv C, xa C, .

ii) Tig tetunuéveg tov onpeiov mg C, mov Bpickovtal kéto and my C, .
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2vvredeotis dievOvvong evleciog
‘Eoto Oxy éva chotnpo cuvietayuévov 6To eminedo Kal & pio gvbeio mov

téuvel tov aovo x'x 610 onueio 4.

Ay

N~

~A 0 x 0 A\x

Tn yovie o mov dtaypdper n nuievbeia Ax, dtav oTpagei Yopw and 10 A
katé ™ Oerrsi popa™ péypt va mécer mave oty evbeia & ™ Aéue yovia
mov oynuatilel n & ue tov déova x'x. Av n gvbeia ¢ givar TapdAInin mpog

Tov dEova x'x M ovumintel pe avtodv, TOTe Aéue O0TL 1 gvbeia ¢ oynmuotilet pe

Tov dEova x'x yovia w=0". Xe kdbe mepintwon yio ) yovia o 1oydeL
0" <w<l180°.

Q¢ ovvreieotn) devBvvong 1 g KAion pag gvbeiog ¢ opilovue v gpa-
nTouévn NG Yyoviag @ mov oynuatiCel n & pe tov d&ova x'x. O cvvteleothg
dtevBuvong piog gvbeiog & cvpPoiriletar cvvnbog pe A 1M ankd pe A. Eivau
@avepd 0TL 0 cvuvteleaTtng dievBuvong g evbeiag & eivar Betikdg, av 1 yo-
vio @ elvar o&ela, apvntikds, av n yovio @ sivar apPieio kot undév, av n
yovio @ gival undév. Lnv nepintmon mov n yovia o gival ion pe 90°, dnla-
oM otav 1 evbeia ¢ sivar kaOetn otov dEova x'x, dev opilovue GLVTEAESTN
devBovong yuo v e.

I'pagixy nopdotoacy s covaptnons f(x)=ax+ f

Ag Bewpnoovue T cvvapmon f(x)=0,5x+1. Onwg mpaKTiKd S10TIGTOCO-
pe oto Nopvacio, n ypaeikn mapdotacn g f eival evbeio ypapun pe eéicw-
on ¥y=0,5x+1 (Zyqua).

M Q¢ BeTichy Popd TEPIGTPOPNC EVVOODLIE TN GOPE KATE THY OTOT0L TPETEL VOL TEPIGTPAPEL
o nuaovog Ox yio va couméoet pe tov nuagovo Oy, apod TPoNYOLHEVOG dLoypayeEL
yovia 90°.
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PA

B(0,1)

w

~A(-2,0) 0(0,0)

2y

H gvbeio avtn:

v Tépvel tov Gova x'x oto onueio A(-2,0), apod yuo. y=0 Bpickovue
x=-2, ka1 tov agova y'y oto onueio B(0,1), apov yia x=0 Bpickov-
pe y=1 xat

v Eyet xhion:

_(OB) 1

(0A) 2

[Moapatnpodpue, dniadn, 6Tt N kAhion 4 g evbeiag ¥y =0,5x+1 eivar ion pe to

A=epw

b

GUVTEAEGTN TOVL X.
T'evikd, 0nmwc Bo amodeiEovpe otnv B Avkeiov, n ypagikn mopactaon Tng
ovvdptnong f(x)=ox+ S eivar pio gvbeia, pe eEicwon y=ox+ S, n onoia
téuvetl Tov aova tov y oto onueio B(0,B) kot éxel khion A=a. Eivar pave-
po Ot

e ova>0,10te 0 <w <90’

e oava<0,1tote 90° <w <180°

e ova=0,1t6te ©=0".
2y mepintowon mov givar a =0, n covaptnon maipvel v popoen f(x)=,4
Kot Aéyetol otaBepn cvvapTnon, 610TL N TN NG €ivar n da yio Kébe
xeR.
Ac Bswpricovpe topa Vo tuyaio onpela A(x,,y,) kot B(x,,y,) tng evbeiog
y=ox+p.

yA

A(x1y1) K(x2,y1)

)
=Y
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Tote Qo woydet:
y=ox+p xa y,=ax,+p,
omdte Oa Exovpe:
¥y =y =(ox, + ) — (o, +,b’)=a(x2 -x).
Emopévmg Ba givat:

o)
a=22"N
Xy =X

Mo mopddetypa, n gvbeia mov diEpyeton and to onueia A(-1,3) kar B(3,6)
-3
3—(-1)

éyel KAon o= =0,75. Enopévmg, n evbeio avtny oynuatifel pe tov

GEova x'x yovia o pue epw =0,75, ondte Oa eivar o =36,87°.

H ocvvaptyon f(x)=oax
Av =0, tote n f maipver ™ popon f(x)=ax, ondTE N YPAPIKN TNG TAPA-
otaon givar n evbeia y =ax Kkal mepvast and v apyf tov a&dévov. Eidiko-
TEPAL:

v Tw a=1 éovpe v gvbeio y=x. lNa A
m yovio o, mov oynuotifer n evbeia
avt] pe Tov  Géova x'x, 1oyvel y=-x y=x
epw=0=1, nladn w=45". Etouévocg

—~
~
tad 4

n evbeia y=x eivar n dyyotdpog TOV

yoviov xOy kot x' 0Oy’ 1ov a&dvav .

v Tw a=-1 &ovpe v gvbeia y=—x.
Mo m yovie @, mov oynuotifel n gvbeio avtn pe tov déova x x, 1GYVEL
epw =0 =—1, Mhadn @ =135". Enopévog n evbeia y =—x eivor 1 dt-

YOTOUOG TV Yoviov yOx' kol y'Ox tov aovov.

2yetinés Oéoeils 0vo evbeimv

Ac Oeopnoovpe dvo evbeieg & kol & pe eflomwoelg y=ax+f, kai
y=o,x+f, avtictoiyog kot ag vrobécovue OtL o1 gvbeieg avtég oynuati-
Covv pe Tov d&ova x 'x yovieg w; kal w, aviioToiymg.

o Av g, =a,, 10TE gpw, =€pw, , OTOTE W, =®, KOl Apa o1 gvbeieg &; kot &;

elvar mapdiinieg | ovunintovv. Edikotepa :
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v Av a,=a,ko f, # f,, tote o1 gubeieg givan mapdrinieg (Zy. o),
EVD
v Av g, =a, kot f, = f,, 101€ o1 gvbeieg Tavtifovrat.

o Av ag #0a,, T0TE £pw, #£Q®,, OTOTE O, # 0, KOl Apa ol gvbeieg &; kot &;
téuvovtat. (Zy. B)

yj\ 81 y
&1
&2
Bi
®; 0 @, ®w; O 2
/ﬁz :

2ynuo. o 2ynuo
ZOUQOVO [E TO TOPOTAVED GUUTEPACLOTO:
e O evBelec Tng popeng y=ax+1, pe A

oeR, 0nwg eival ylo Topadetypuo ot
gvbeieg: y=x+1, y=-x+1,
y=2x+1 KTA., S1épyovtor Oreg amod

70 1010 onpeio, to onueio 1 tov d&o- J \

va y'y o 1 ¥

levikd, o1 evbeieg ™G HOPONC
y=ox+f, 6mov S otobepd kol a
HETAPANTO Siépyovial OAEG amd TO

onpeio B tov d&ova y'y.

e O evbeieg g popeng y=2x+4,
peR, 6mog eivar Yo mapaderypo ot
gvbeieg: y=2x, y=2x-1,
y=2x+3 «KTA., givar mwopdAiniec

ﬁk

UETAED TOVG, APOV £X0VV OAEC KAloM

«V X
o=2
levikd, ot evbelegc ™g pOpPONG

y=ox+f, 6mov a otabepd kar S
petaPanto, eivar Olec mapaAANAEg
pueTa&y TOvG.
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H covaptyoen f(x)=|x|
ZOUQOVO LE TOV OPLGUO TNG OTOAVTNG TIUNG EXOVLE:
—x, ov x<0
X)=|Xl =
S () =H {x, av x>0 ya

Enmopévog n ypagikn mapdotocn Tng
oVvapTNOoNG f(x)=|x| amoteAEiTAl OO

, . y=-x, x<0 y=x, x>0
T1g 000 Muevbeiec: X
v y=—x, ue x<0 ka1 x' o X
v y=x, pex=0
OV OYOTOHOVV TIS YWOViES x'éy Kol
xOy aVTIoTOlY™C.
EDPAPMOI'H
2XT0 TAaVO oo OIVETAL 1] YPOUQOIK Ta- A
paoTOocn pog ouvvdptnong f mov givan
opwopévn o€ 6o 10 R.
i) No Ppeite v e€icoon g gvbeiog gy

mov diépyetor and to onueia 4 ko B n YY)

KOl 6T1] ovvéyela va ogigere 6TL N €v- B

Ocia avti) SépyeTonl Ko amd TO on- \

peio I ol 1—A o

ii) Na Mboere ypa@kd TNV avicmon
f(x)>-0,5-x+1.

AYXH
i) H evBeio AB éyel e€icmon g popeng
y=oax+f kot enedn diépyetal and to
onpeio A(2,0) ko B(0,1) Ba woyde:
0=a-2+p xoau 1=a-0+4,
omdte Ba Exovpe:
a=-0,5 xau p=1

Apan e&lowon g AB eivau:
y=-0,5-x+1.

Mo va dei&ovpe tdpa 611 10 onueio I’

b
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avinkelr oy gvbeio AB, apkel va dei§ovpe 6TL 10 Levyog (—2,2) TOV CLVTE-
Toypévov tov gmaindevel v e&icmon avthg, dnAadn apkei vo dgiovpe 0Tl
2=-0,5-(-2)+1, mov woydet.

i) Ot Aboelg ¢ avicmong f(x)>—0,5~x+1 glvar ot teTunpéveg TOV onpeiov
™me Ypagikng mapdotacng tg f mov Bpickoviol wdve ond tnv gvbeia pe e&i-
coon y=-0,5-x+1, dnhadn tdve and v gvbeio AB. Enopévag, n avicoon

avth adnbedet yia x € (—2,0)U(2,+).

AXKHYEILY
A OMAAAY
1. Na Bpeite ™ yovie Tov oynuatiletl pe tov dEova x'xn gvbeia:
i) y=x+2 i) y=3x-1
iii) y=-x+1 iv) y=—3x+2.

2. Nao Bpeite v khion tn¢ evbeiag mov diépyetatl and To onueios
i)  A4(1,2) xou B(2,3) ii) A4(1,2) xar B(2,1)

i) A4(2,1) xou B(-1,1) iv) A(1,3) ko B(2,1).

3. Na Bpeite v e€icwon g gvbeiag n onoia:

i) 'Exeit kMon a=-1 kot tépver tov agova y'y oto onueio B(0,2).

i) Zympoartifer pe tov d&ova x'x yovie o =45° «xal téuvel Tov agova
y'y oto onueio B(0,1).

iii) Eivot mapdAAnin pe v gvbeia y =2x-3 kot diépyetatl and to on-
peto A(L1L).
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4. No Bpeite v e€icwon ¢ gvbeiag mov diépyetatl amd o onueios
i)  A4(1,2) xou B(2,3) ii) A4(1,2) xar B(2,1)
iii) A4(2,1) ka1 B(-1,1) iv) A(1,3) ka1 B(2,1).

5. No anodei&ete 611 M e&icwon ¢ evbeiog Tov ToPLGTAVEL TN GYEON HETAED
m¢ Beppokpaciog C oe Babuovg Celsius kat g Beppokpaociog F og Pabd-
povg Fahrenheit eivain

5
C==(F-32
oL )

I'vopilovue 611 t0 vepd maydvel oe 0°C 1 32°F kor Bpaler oe 100°C 1,
212°F.

Yrdapyet Oeppokpacio mov vo ekepaleTat Kot oTig dV0 KAIHAKES HLE TOV 1010
aptipo;

6. No TapacTNoeTe YPUQIKE T cLvAapTHOoN:
—x+2, av x<0
f(x)=42, av 0<x <1
x+1, av 1 <x

7. Xto dumhavo oynuo divovior M ypoeikn
napdotacmn pog cvvéptnong f mov givon
oplopévn oe 6ko to R kot m evbeia
y=x.

Na Avcete ypapikd:
i) Tice&iomnoeic:
f(x)=1 xou f(x)=x.
ii) T avichoelc:
f(x) <l ko f(x)=x.

8. i) 210 1010 choTnUe cVVTETAYUEVOV VO YOPAEETE TIC YPAPIKES TAPACTA-
GELG TV CLVAPTNOEMV

f(x)= |x| kat  g(x)=1
Kot pe ) Pondeta avtdV vo AMHGETE TIC AVICHOCELS:
|x| <1 «xo |x| >1.

ii) No emPePoidoete alyefpikd TG OMOVINGEL GAG GTO TPONYOVUEVO
EPOTNLLOL.
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B OMAAAY
1. H nolvywviky ypappn ABTAE 1tov mopokdte oxfuotog eival n ypoeikn
TAPACTACT] PO GVVAPTNONG f 7oV €ival OplGUEVN GTO dLAGTNLA [—6,5] .

}J

A I A

I~ TN

-6 \3/01 \s";

i) No Bpeite v Tiun g cvvaptnong f o€ Kabe axképato x € [-6,5].

ii) Na Adoete 116 e&lomoElc:
f(x)=0, f(x)=-1 ka f(x)=1
iii) No Bpeite v eEicwon g gvbeiog BA ka1 otn cvvéyeia va Avoete
YPOOIKE TNV avicwon
f(x)<0,5-x.

2. Muw potevy axtiva Kiveital kKotd pfikoc g gvbeiag y =1—x kot ovoakAd-
tot otov a&ova x'x. Na ypdwyete v e€icmon g gvbeiag Katd PRKog g
0Tol0G KIVELTAL 1] AVOKADEVT OKTIVA.

3. Xe o deapevn vrapyovy 600 Aitpa PBeviivng. ‘Eva Butiopopo mov mepié-
xet 2000 Aitpa Bevlivng apyilet va yepilet T deapevn. Av n mopoyn Tov
Botoeodpov givar 100 Aitpa 10 Aentd kot 1 de&apevn yopdet OAn ) Bevii-
v 10V BuToPOpOoUL:

i) Na Bpeite T1c cuvapToelg Tov ekPPALoOVY, GVVOPTHGEL TOV YPOVOV ¢,
Vv Tocotnta ¢ Peviivng:
a) oto Butiopdpo Kot B) ot de&apevn.

ii) No mopacToeTe Ypapikd T1G TOpATAVED GLVAPTNGELS Kot vo. Bpeite )
XPOVIKY oTIyU Katd tnv omoia T0 Putiopopo kat 1 de&apevy Exovv
mv 10t mrosoTnTa PEviivng.

4. Xr10 dumhavo oynua to onpeio M dioypdeet To 4
gvBvypappo tuqpe AB and to A mpog 10 B.
YopPorilovpe pe x 10 UNKOG NG SLAdPOUNG r
AM 10V onueiov M kot pe f(x) o gupfadov * ‘2
TOL rptydwovM?Yt. Na Bpeite to medio opt- Ax M B
GHoV Kot ToV TOmO TG ovvaptnong E=f(x) 4

KOl GT1 GLVEYELD VO, TNV TOPACTIGETE YPAPUKAL.
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Avo xeprd K, kot K, , dyovg 20cm 1o kaBéva, dpyioav va xaiyovtal tnv
1010, ¥POVIKN GTIYUN KOl TO TPAOTO KePl KANKE G 3 DPEC, EVD TO deHTEPO
kénke oe 4 wpeg. Ta vyn tov keprov K, kat K, , cuvaptioet tov ypoévov

t, KOTQ TO XPOVIKO dldoTnuo Tov Kabéva amd avtd Kotydtov, TopleTavo-
vtot e ta evfvypappo tuqpoto & kot k, TOL TOPUKAT® GYNHATOG.

\i(oe cm)

o (e n’)pa‘:,:)

i) No Bpeite Tig ovvaptioes h=h () ko h=h, () Tov ekepaovv, cv-
VOPTNGEL TOL POVOVL ¢, Ta VYN TV Keplov K, kat K, aviictoiyms.

ii) No Bpeite mote T0 kepi K, eiye durhdoio vyog and 1o kepi K, .

iii) Na Moete 10 1810 TPOPANO KAl 6T YEVIKT TEPIMTW®GN TOV TO APYLKO
Vyoc TV keplav Ntav ico pe o. T mapatnpeite;




4.4 KATAKOPY®PH — OPIZONTIA METATOIIIXH
KAMIIYAHXY

Karaxopvon ueraromon kaumving
) Ag fewpricovpe ™ cuvapmon f(x)=|x[+1. Eneidq

f( ) —x+1, av x<0
x)= ,
x+1, avx=>0
N YpoQlKn mopdotacn Tng ov- YA
vapmong f(x)=[x[+1, 6a a-
noteleiton amd Tic Nuisvdeisc y=ivl+ ]
v y=—x+1 pe x<0 kot
v y=x+1, puex>0, ! 1
, , , 1
mov €yovv apyn to onueio 1 y=lx
Tov aéova y'y kot eival mo- = o T >
pAAANAEG pE TIC O1XOTOLOVG

TOV YOVIOV x'éy Kol xéy
and T omoieg, OMmG €ival Yv®OTO, AMOTEAEITAL 1 YPAPIKY TAPAGTACT TNG
o(x)=|x (Zxmpa).
Emopévag, av petatonicovpe tn ypo@ikn Topaotacn g (p(x) =|x| KOTOKO-
pvoa’ kat Tpoc to Thve katd 1 povada, Tote avth Ho cuUTEGEL pE TN YPO-
QKN TapdoTooT TNG f(x) =|x|+1 . Autd, GAA®OTE, NTAV AVOUEVOUEVO, QPOD
LOYVEL :

f(x)=p(x)+1, yuxabe xeR,
wov onuaivel 6t Yo ke xeR 10 f(x) glvar xatd 1 povada peyarivtepo
OV (p(x).

Tevika:

H ypaoikn mapdotaon tng cuvaptnong [, Ue:
f(x)=0(x)+c, omovc>0,

TPOKVTTEL OO W10 KATAKOPLPN UETATOTION TNG YPOPIKNG TOPEoTUONG
™G @ KOTA C LOVAdES TPOG TA TAVE® (Zynua o)

M Anhadn TopdAinia pe Tov GEova y'y.
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r=o(x)+c

c
y=p(x)
2ynuo o

B) Ac Bempfoovpe T cuvdptnon f(x) :|x| —1. Emedn

f(x)={

N YPOPIKY] ToPAoTOCN TNG
f(x)=]x-1, 6a omotedeitar y=|x|

—x—1, ov x<0

b
x—1, avx=>0
VA

omo TG Nuievbeieg 1 1
v y=—x-1, pe x<0 kot

v y=x-1, pex>0, !
mov £yovv apyf to onueio —1 v=x|_NVI
Tov déova y'y kol gival mo- ]

padAANAEg pe TIG OLYOTOLOVG

=Y

TOV YOVIOV x'éy Kol xéy
oo TIG OTOieg AMOTEAEITOL 1) YPAPIKT TAPAGTUCT) TNG go(x) = |x| (ZymMua).
Enopévag, av petatomicovpe ) ypo@ikn Topactacn g go(x) :|x| KOTOKO-
pLEO KoL TPOG TA KAT® Katd 1 povdda, tote avty Ba counéoel pe t ypapi-
K1 TopAcTocTn NG f(x)=|x|—l. Avto, GAA®oTE, NTAV AVOUEVOUEVO, 0OV
LOYVEL :

f(x)=p(x)-1, yxabe xeR,
oL onuaivel 6TL yo ke xeR 10 f (x) glvar kotd 1 povada uikpotTepo
o0 ¢(x).
levika:

H ypagikn mopdctacn g cuvaptnong f, UE:
f(x)zgo(x)—c, omov ¢ >0,

TPOKVTTEL OO W10 KATAKOPLPN UETATOTION TNG YPOPIKNG TOPAoTUOTG
NG @ KATA ¢ LOVAOES TPOS TO KATO (Zynua B)
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Zynuo B’

Opilovtia pueToTomion Kaumving

a) Ag Bewpnoovpe T cLVEPTNON f(x) = |x —1|. Emedn
—x+1, av x<1

{ x=1, avx>1

(%)=

N YPOUPIKT] TOPACTACT TNG Ay
f(x)=|x—l , 0o amoteleiton

and Tig nuevdeieg y=‘x‘

v y=-x+1, pe x<1 kot 1 1 _v=‘x—1‘
v y=x-1, pex>1,

mov &xovv apyn 1o onpeio 1

=Y

Tov G&ova x'x kot givor mo-
plAINAeg pHe TIC OLXOTOUOVG

Tov yoviov x'Oy xoa xOy

amd T1G omoisg amoteleital n ypagikh mapdotacn g ¢(x)= |x| (Zypa).

Emopéveg, ov petatomicovpe Tn ypoeikn mopactacn TG go(x):|x| op1o-

VTI(X(Z)

Kol TPog Ta 0e&1d Katd 1 povada, 1ote avtn Bo counécel pue ™ ypopl-
K1 TopAcTOcT NG f(x)=|x—1|. Avt0o, GAA®OoTE, NTAV AVOUEVOUEVO, 0OV
1o(VEL

f(x)=p(x-1), yuxabe xeR,

mov onpaivet 6Tt M Tip g f(x)=|x—1| o Oéon x eivar i pe ™V TP
mg ¢(x)=|x| o Béonx—1.

Tevika:

@ Anhadn mopdAinia pe Tov GEova x'x .
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H ypoagikn mopdotacn g cvvaptnong [ Ue:

f(x)zgo(x—c), omov ¢>0,
TPOKVTTEL OO pio OpllOVTIO LETATOTION TNG YPAPIKNG TAPEGTACNG TNG
@ KATd ¢ Lovadeg TPog To. 0eELG (Xynpa ).

Hpéypatr enedn f(x)=¢(x—c), n g mg f ot éon x eivar 8o pe
™V TIUN ™S @ o1n Béon x—c, mov Pploketal ¢ LOVAdES APLOTEPOTEPA TG
0éomng x. Apa, 1 ypaeikn tapdotacn ¢ f Ba Pploketal ¢ povadeg de&lote-
POL TNG YPAPIKNG TaAPAcTAGNS TG ¢ (ZYNKa Y).

=Y

B) Ag Bempncovpe T cuvapTNON f(x) :|x+1| . Eme1on

f(X)={

N YPOQKN mapdotocy TG
f(x)=|x+1

amd Tic Npuevdeieg 7 y=‘x‘

—x-1, av x<-1

x+1, avx>-1~

VA

, 0o amoteieiton

v y=-x-1, pg x<-1 ko
v y=x+1, pex>-1,

oV €Yovv apyn to onueio —1
oV GEova x'x Kot gival ma- -1 0 1

=Y

plAANAEC pE TIC O1XOTOHOVG

TOV YOVIOV x’éy Ko xéy
amd TiG omoisg anoteleital n ypaikh mapdotacn g ¢(x)= |x| (Zypa).
Emnopévag, av petatomicovpe ™ ypoeiky mopdotocr Tng go(x):|x| op1Lo-

VTKL KOl TPOG Ta aplotepd Katd 1 povada, tote avtn o cuumécsetl pe tn ypo-
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QKN TaploTooT TNG f(x) =|x+1| . Autd, GAA®OTE, NTAV AVOUEVOUEVO, QPOD
1oVEL
f(x)=p(x+1), yuxabe xeR,
7oL onuaivel 6TL N TN TG f(x):|x+1| otn 0éom x elvor 0o pe TNV TIun
™mg ¢(x)=|x| o Oéonx+1.
levika:
H ypoagikn mopdotaon g cuvaptnong f, Ue:
f(x):go(x+c), omov ¢>0 ,

TPOKVTTEL OO pio OpllOVTIO LETATOTION TNG YPAPIKNG TAPEGTACNG TNG
@ KOTO C LOVAOEC TPOG TA APLETEPA (ZyMua d).

Hpaypote enedn f(x)=p(x+c), n upf mg [ ot B€on x eivar S pe
v T ™¢ @ ot 0éon x+c, mov Ppioketal ¢ povadeg 6e&lotepa g 0€-
ong x. Apa, n ypopikn mapdotoon g f Oa Bpioketal ¢ povddeg apiotepo-
TEPQL TNG YPUPIKNG TopdoTacng g ¢ (Xxnpa &7).

=Y

E®PAPMOI'H

Noa napactafei ypogika 1 covaptnoen f(x)= |x + 3| +2.

AYZH
Apyikd xopAcCovUE TNV ) = |x +3

, TOL OTMG €ldOUE TPOKVITEL ATO UL0 OPL-
CovTio petatémon g y=|x| Katd 3 povadeg Tpog Ta aploTEPE. XTN GLVE-

YEWL YOPAOGOVUE TNV Y =|x+3|+2,7r01) OT®G €ldape TPOKVTTEL OO L0l KO-
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TOKOPLOT HETATOMION TNG YPAPIKNG TOPACTACNG TNG V = |x + 3| Kot 2 povd-
deg TPOG TO TAV®.
Emopévaog, n ypoapikn mopd-
GTOCT NG

f)=|x+3]+2
wpokOTTEL amd SVO S0y l-
KEG HETATOTIOELS TNG GLVAP-
mong y =|x
Koté 3 povadeg mpog T opt-
oTEPA KOL LLOG KATAKOPLONG 2

y=et3 ‘+2

, wag oplovTiag

KOTé 2 HOVASEC TPOG TO TAV®D
(Exuo).

w
S
Py
wy

2HMEIQXH:
Me avaroyo Tpomo, S0VAEDOVUE Y10, VO TOPACTHCOVIE YPUPIKE TIG GLVOAPTN -
GE1G TNG LOPPTG:

f(x)=p(xtc)td, pe ¢,d >0
AnAradn, a&lomotovpe T6G0 TV 0pllovTd OGO KOl TNV KATOUKOPLPT LETUTO-
O KOUTOANG.

AXKHXYEIY
A OMAAAY
1. 210 1010 GVOTNUE CLVIETAYUEVOV VO TOPUCTHCETE YPUPIKA TIS GLVOPTN-
oAl

o(x)=|x, f(x)=|x+2 xm g(x)=|x-2.

2.  Opoilmg ywa TG GLVAPTNGELG:
(p(x):|x|, h(x):|x+2| Kat q(x):|x—2|.

3.  Opoilmg ywa 116 GLVOPTNGELG:
(p(x):|x|, F(x):|x+2|+1 Ko G(x):|x—2|—1.
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4. BASIKEY ENNOIEY TON YYNAPTHYEQN

210 mopokdTO oynua divetor M yYpaElKY TAPAGTACN KOG CLVAPTNONG @
oV amoteleital amd TV S1X0TONO TNG deVTEPNG YOViag Tov a&dvov Kot
amd 10 MUIKOKAO 7oL avikel 6to 1° teTaptnudplo Kol £xel SIGUETPO TOV
opifovv ta onueia O(0,0) xor A4(2,0).

PA

&

=Y

210 1010 CVUOTNUA GLVTETAYUEVOV VO TOPOCTICETE YPAPLKA TIG CLVOPTN-
oElG:

i) f(O)=0(x)+2 kar g(x)=p(x)-2
ii) 2(x)=p(x+3) xar g(x)=p(x-3)
iii) F(x)=p(x+3)+2 ko1 G(x)=gp(x—3)—2.

Aivetar n cvvéptnon ¢(x) =2x’ —1. Na Bpeite tov tOm0 TG GLVAPTHONG
f g omoiag M YpAQIKY TAPAGTAGT] TPOKVTTEL ATO dVO SO0 IKEG LLETO-
TOT{GELS TNG YPAPIKNG TAPAoTAONG TNG ¢!

i) «atd 2 povadeg mpog to de&id kot kKatd 1 povada mpog ta Tave.

ii) «xatd 3 povédeg mpog to de&id kot Katd 2 LovAdES TPOg Ta KATM.

iii) xatd 2 povédeg mpog Ta apiotepd kot Katd 1 povadec mpog ta TAVe.

iv) «katd 3 povdadeg Tpog To aplotepd Kol Katd 2 povadeg mpog To. KATM.




4.5 MONOTONIA-AKPOTATA-XYMMETPIEX
2YNAPTHXHY

Movotovia covaptyons

2T0 TOPOKAT®O OyYNHo SlveTOol 1 YPOAQIKY TOPACTACN TNG OCLVVAPTNGMG
T:f(t) wov exkppalel ™ OBepuoxkpacia T evog TOTOV GLVOPTHGEL TOV YPO-

VOV ¢ KOTG TO YPOVIKO SLAGTNUA OO TO, LECAVLYTO ULOG UEPAC (t = 0) pé-
YPL TA LEGAVLYTA TNG EMOUEVNC LEPOAG (t = 24).

A T(OC)
11

0 4 16 24 k)

a) [Mopoatnpodue 6T 610 ddoTnua [4,16] N YPOQIKN Topactact g Oepuo-

Kpooiog ovépyeTal.
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Avto onuaivel 0Tt 6To SLAGTNUO AVTO, UE TNV TAPOSO TOL YPOVOL, N Bepo-
Kkpoocio avéavetat, SnAadmn yio onoladnmote ¢, t, € [4,16] pe ¢, <t, woyvet

f(t)<f(n)
Mo to A6yo avtd Aépe 6TL 1 cvvaptnon 1 = f(t) gtvat yvnoilng av&ovoa oto

Siaotnpoa [4,16]. Tevika:

OPIZMOX

Mo cuvaptnon fAéyetatl yvnoiog avéovea ce £va ddotnua A tov tediov
0pPIGUOD TNG, OTAV Y10 OTOLAdINTTOTE X;,X, €A HE X, <X, LOXVEL:

S(x)<f(x)

TI'o va dnidocovpe 611 1 cvvaptnon f eivol yvnoimg avéovoa 610 ddoTnpa
A ypd(povusfﬁA .
T wopadetypa, 1 ocvvaptnon f(x) =2x-3 elvar yvnoing avéovoa oto R.
pdypatt éotm x,,x, €R, pe x, <x,. Tote &xovpe:
X, <X, =2x, <2x,
=2x,-3<2x,-3
:f(x,)<f(x2)

Tevika:

H ovvaptnon f(x) =ax+ f, ne a>0 givar yvneiog avéovea cto R.

B) Zto 810 oyApa, Tapatnpovue emmAiov 6Tt oTo Sdotnua [16,24] 1 ypa-

QKN Tapdotaon g Beppokpaciog KatépyeTat.

A T(OC)

fit)
f (t:)

0 4 15 1 t, | 24 1)
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Avt6 onuaivel 0Tt 6To ddoTNUO AVTO, UE TNV TAPOSO TOL YPOVOL, N Bepo-
Kpoocio peldveTal, OnAadmn yio onoladnmote ¢, t, € [16, 24] ne ¢, <t,oy0et:

f(t)>f(t)

Mo to Adyo avtd Aéue 6TL  cLVAPTNON Tzf(t) eivar yvnoimg @bivovca
ot0 Sidompa [16,24]. Tevikd:
OPIZMOX
Mo cuvdptnon f Aéyetor yvieing @0ivovca ce éva diactnua A tov TTe-
diov oplopov G, GTaV Yo OTOLdNTOTE X,, X, €A e X, < X, IoYVEL:

f(x)>f(x)
Mo va dnAodcovpe 6TL 1 svvaptnon f eival yvnoiog pdivovca 1o didotnua
A ypboovpe fo

Mo mapddetypa, n cvvépnon f(x)=—2x+5 gtvar yvnoiog @bivovoa oto

R . Ipaypatr éoto x,,x, € R, pe x, <x,. Tote éovpe:

X, <X, = =2x, > -2x,
= -2x,+5>-2x,+5
= f(x)>f(x,)
Tevikd:
H ocvvaptnon f(x) =ax+ f, pe a<0 givar yvnoiog ¢divovca oto R.
Mo cuvaptnon mov givan gite yvnoiong avéovoa eite yvnoing edivovca oe
évo dtaotnuo A Aéyetal yvnoimg povotovn oto A.

Elayioto kat uéyieto covaptnong
Ag Bewpnoovpe Kol TAAL TN YPAEIKY TAPAGTACT TNG cvvdaptnong 7 = f(t).

A T( DC)
11
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ITapatnpodpe oOtL:
a) Tn ypovikn otiyun ¢ =4 n Beppoxpacia tov TOTOL TAipvEL TNV EAAYIOTN

TN ™G, oL elvarn f (4) =3 Babpoi KeAoiov. Anradr| ioyvet:
f(1)=2f(4)=3, yw«abe t€[0,24]

T'o t0 A0y0 autd Aépe 1L n ovvapmon T = f (1) mopovoidlel oto 1=4 &-

AbyloTo, To f(4) =3. levikd:

OPIZMOXY

Mo cuvaptnon f, pe medio opiopov Eva cOvoro A, Aéue 6TL TAPOVGLALEL
670 X, €A (0MK0) ghdyroTO OTOAV:

f(x)=f(x), naxdibe xeA

To x, €A Aéyeton Bfom ghayioTov, eved 10 f(x,) 0AKO EAGYIGTO 1) ATADS

gAaY16TO TNG cvvaptnong f kat to cvpPorilovpe pe min f (x)
o mopadetypa, ag Oeopioovpe t ovvapmon f(x)=3x"+1. Enedn

x* >0, yi0Kk60e xeR,
Oa givat
3x* >0, T kéBe xeR,
omote Ba Eyovpe
3x*+1>1, yiakdfe xeR.
Enopévog:
f(x)=1(0), yaxabe xeR

Apa, n frapovsidlel eddyioto 6to x, =0, 10 f(O) =1

B) Tn xpoviky octiypny ¢, =16 n Beppokpacio Tov TOTOL TaipvEL TN HLEYIOTN

TN NG, TOL Elval M T(16) =11 BaBpoi Keloiov. Anradn woydet:
f(1)<f(16)=11, vy k&b te[0,24]

Mo to A0yo avtd Aépe OTL M GLVAPTNON T=f(t) nopovotdlel oto =16

Léyloto, 1o f(16) =11. T'evika:

OPIZMOXY

Mo cuvdptnon f, pe wedio opiopov éva cvvoro A, Aéue OTL Tapovcilalel
670 X, €A (0AKk0) péyreTo 6TOv

f(x)Sf(xO), Yo kGbe x € A
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To x, € A Aéyetan Béon peyioTov, evd 10 f(xo) oMK péyieTo 1| amAmg pé-
Y16T0 TG f Kal to cvpPorilovpe pe maxf(x) .
o mopadetypa, ag bewpfoovpe t ovvapton f(x)=-3x"+1. Eneidn

x* >0, yi0Kk60e xeR,
Oa givat
-3x* <0, v kdbe xe R,
omote Ba Eyovpe
“3x*+1<1, yuakdfe xeR.
Enopévog:
F(x)<£(0), ywokabe xeR

Apa, n frapovoidlel péyioto oto x, =0, 10 f(O) =1.

To (ohKd) péyioto Katl To (0AKO) EAAYIGTO HIOG CVVAPTNONG AEYOVTOL OMKE
oKpOTOTO VTG,

2X0A10:

Mo cuvaptnon evogyetal va £xel Kol HEYIGTO Kol EAYIGTO (. o) | HLOVO
eldyoto (Xy. B) N nuévo péyroto (XZy. v) N va punv €xet ovte PEYIOTO 0VTE
glaytoto (Zy. d°).

y A
1 )
o =
1 X
2ynuo. o 2ynuo
y A YA
/{ _\y=f(x) yx)
ol 1 X o\ 1 r
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Aptia covapTyon
a) 210 Simhlavo oyfua divetarl N Ypoelkn Topa- y
otaon C, pog ovvaptnong f mov €yet medio

opiopod 0o to R. Tlapatmpodue 611 n C, £xet

a&ova ovppetpiag tov afova y'y, aeold TO

ovppETPIKO KaBe onpeiov g €, ©g mpog oV

G&ova y'y avikeromyv C, .
Emeidn, opog, 1o ovppetpikd tov toyxaiov onueiov M(x,y) g C, og mpog
tov a&ova y'y eival to onueio M '(—x,y) kal emewdn ta onueia M(x,y) Kai

M'(=x,y) avikovv omv C,, Oa woyder y=f(x) kar y=f(-x), ondte o

€xovpe:

f(=x)=f(x)
H cuvéptnon f pe v mopondve 1610t Aépue Aéyeton aptia. [evikd:
OPIZMOZ:

Mo cuvdptnon f, pe medio opiopod éva cuvoro A, Ba Aéyetal apTia, otov
v KGBe x € A 1oyvetL:

—-xeA ko f(-x)=f(x)

H ypaogikn mapdotoon pog aptiag suvaptnong £xel aSova coppeTpiog tov
a&ova y’y
Mo mopdderypo, n cvvépnon f(x) =2x* —x* +1 elvar Gptia cvvéptnon,

a@ov £yetl medio optopov 640 to R kot yia kédbe x € R oydet:

f(—x) =2(—x)4 —(—x)2 +1=2x"-x" +1=f(x)

YUVETAG, M YPOPIKN TNG TapdoToon £xel dEova cvpupetpiag tov dEova y'y .

IlepitTy cvvapTyon y oy
. , , , . M

B) Xt0 durhavo oynua diveton n ypaeikn Topd- I 2

otacn C, pwg ovvdptnong f mov &xel medio g )
;g =X 1

opiopov 6io 10 R. o x pe

Mapotnpovpe 6Tin C, éxst kEVIPO GUUPETPiaG L

mv apyf tov a&évav, agod T0 GLUUETPIKO Ké- a7

Be onueiov g C, g mpog v apyfi twv ago-

vov aviket oty C, .
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Emedn, opog, to ovppetrpikd tov toyaiov onpeiov M(x,y) g C, og mpog
™mv apyn tov afdvov eivar 1o onueio M'(—x,—y) KoL €medn to onpeio
M(x,y) wou M'(-x,—y) avikowv oty C,, 0o wyder y=f(x) xo
-y = f(—x) , omote Ba Eyovpe:

S(=x)==1()
H ovvéptnon fpe v mapondve 1010t Aéyetal meprrtn. 'evikd:

OPIZMOZ:

M cuvaptnon f, pe medio opiopov éva cbhvoro A, Ba Aéyeton meprrTyy,
otav Yo kabe x € A oybet:

—xeA o f(—x)=—f(x)

H ypogpikn mapdotoacn poc TePLTTNG SLVAPTNONG £XEL KEVIPO GUUNETPILOG
v apyn Tov aEovov.
Mo mapdderypa, n covaptnon f(x) =2x" —x elval mep1TTH GLVAPTNHOY, d16-

TL £yl medio opiopov 60 10 R kot yio kaBe x € R woyvet:

f(—x) = 2(—x)3 - (—x) =2x +x= —f(x)
ZUVEMMC, M YPAPIKN TNG TAPAGTACT £XEL KEVIPO GULUUETPIOC TNV apyn TOV
a&ovav.

2HMEIQXH:

O 6pog “aptia” TPOEKLYE apYLKd 0o TO YEYOVOS OTL Ol GUVAPTHGEIS Y =X,
y=x", y=x" x1k., mov &govv aptio kBT, Exovv GEova GLUUETpiaC TOV
agova y'y, gival dnAadn apTieg CVVOPTNOELS, EVD 0 0pOg “TeEPLTTN” TPOEP-
YETOL GO TO YEYOVOS OTL Ol GUVAPTAGE, V=X, Yy=X', V=X KTA., TOV £-

YOLVV TEPITTO €KBETN, ExOoVV KEVTIPO GLUUETPIOG TNV apy) TV advov, gival
dNAad1| TEPLTTEG CLVAPTNOELG.

E®PAPMOI'H

2T0 TOPUKAT® oYfNpa 0ivovTtal 0pLopéve TUNRATE TNG YPOPIKNG ToPa-
0TOGG NOG dpTIag ovvapTnong f mov €xel TESI0 0pLoNOV TO dLGGTNNG
[-6,6].

Na yapayfovv ko Ta VIOAOVTE TUNNATO THG YPOUPIKNS TAPAGTAONG TNG
cuvaptnong f ko pe 1 fondsra avtig:
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a) Na Bpeovv 10 dwastipate 6to omoia 1) covapTnen f:
i) eivor yvnoiog avéovoa,
ii) eivar yvnoiong gdivovoa
iii) eivol oTaBepn.
B) Na BpeOei n péyrotn kot n ehdytetn Tipn s f, KaOog emiong ol 0£-
GELS TOV UKPOTATMV GVTAV.

yA

=Yy

AYXH

Eneidn n ovvaptnon f eival dptia, n ypaeikn tng mopdotoaon Oa £xet agova
ovppetpiag tov agova y'y. Emouévag, ov mépovpe 10 GUUUETPIKA ®C TPOG
Tov dEova 'y TV S00EVIOV TUNHATOV TNG YPOQIKNG Ttapdotaons TS f ,
Ba &yovpe OAOKANPY TN YPOQIKY TAPGOTACT TNG f , TOV €Ival 1] TOAVY®VIKY|
ypaupn A'B'T"OT'BA (Zynpa).

A
A o 4
f 4 |
| |
| |
| |
| |
| |
- \B’ I r Bl |
| |
|| | i |
6 -3 -2 I7) 2 5 6 x

And TV TOPATAVEO YPOUPIKN TOpAoTAcT TPOKVATEL OTL:
o) H ocvvéptnon f:
1) elvar yvnoiog avéovoa o kabéva and ta dtuotnuata [0,2] kot [5,6],
i) elvor yvnolog @Bivovca oe kabéva and ta dtootnpato [—2,0] kot
[—6,—5], to omoio gival cLUUETPIKA WG PO T0 O TV SUGTNUATOV
[0,2] xou [5,6] avtiotoiymg ota omoia £ elval yvnoimog avéovaoa.
ii1) elvor otabepn oe kabéva and ta Swwotiuata [—5,—2] kar [2,5] ta
omoia givol CUPUETPIKA peTa&d Toug g Tpog to O.
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B) H péyrotn tiun tg f eivar ion pe 4 kol tapovcidletor 6tov to x mTapet
TG TIMEC —6 Kat 6. AnAadn| toyveL:
max f(x) = f(=6)= f(6)=4
H eldytotn tiun g f elvan ion pe 0 kot Tapovotdletal 6tav To x TAPEL
v T 0. Aniadn woyvet:
min f(x)= f(0)=0.

AXKHXYEIY
A OMAAAY
1) No Bpeite to daotApoto 6to onoio KoOeUd omd TIG TAPUKAT® GLVOPTH-
oelg elvat:
a) yvnoing avéovoa Kot B) yvnoiong ebivovoa.
J.'.l\ y4 ¥ A
y=x
=15 y=8(x) y=h(x)
ON 1| X : X - 1 X
1] a /1\
2 '__—;:"'

2) Na pocdilopicete Ta OAKE AKPOTATO TOV GLVAPTNCEMV TNG TPONYOVUEVNG
aoknong, Kabmg Kot TIg 0E0EIC TOV OKPOTATOV AVTOV.

3) Na dei&ete Ot
i) H ovvapmon f(x)=x" —6x+10 mapovcidlet eLdyloTo yioo x =3 .

2
ii) H ocvvdaptnon g(x) :2—x1 napovctdlel péytoto yioo x =1.
X+

4) Na Bpeite moleg amd TIC TAPUKAT® GLVOPTHCELG EIvVaL GPTIEG KL TOLEG Elval

TEPLTTEC:

i) f(x)=3x"+5x* i) f,(x)=3[x|+1 i) f,(x)=|x+1]
3 5 : . 2

iv) f4(x)2x —3x v) fs(x)zlj_x v1)f6(x):x2f_1.
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5) Opoing yia tig cVvapTHOELG:
. 1 -
i) fl(x)=H i) f,(x)=vx-2 i) f;(x)=|x—1]=|x+]|
1
X+—
iv) fi(x)=— = V) £ (x) =l vi) f,(x)=1—-x".
6) No Bpeite moleg amd TIg TOPAKAT® YPAUUEG Eival YPUPIKEG TOPACTACELG
QPTG KOL TOLEG TEPITTHG CLVAPTNONG.
).'J\ Vv }-,i
V=ftx) y=gx) /\ y=h(x)
@ X 0 x 0 x
7) Opoing ylo Tig TapaKAT® YPOUUUES
y y
y=g(x
/ \ =1t o
ARV MR IR
8) No cvuminpdoere Tig TAPUKATO YPOUUEG DOTE VO TAPLGTAVOLY YPUPIKEG

TOPUCTAGELG
a) Aptiag covaptnong kot P) Iepirtng cvuvaptnong.
VA yA [ 1T T ye
e e
X 0 x

0 \;‘ 0
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EPQTHXEIY KATANOHXHY 4°° KE®PAAAIOY

I) Xe kaOgpid amd TIC TOPUKATO TEPIATAOGELS VO KUKAMDGETE TO Ypappa A,
av 0 oyVpPLopo6s ivar aindig kar 1o ypappa ¥, av o woyvpiopdg ivar

YeLONG.

1. Ymapyer cvvdptnon g omoiag M YpPAEKY] TOPAGTOCON
ditpyetar ano ta onpeia A(1,2) ko B(1,3).

2. Ouevleieg y=a’x—2 ka1 y=—x+1 tépvovral.

3. Av uio ovvéptnon f eivar yvnolog advéovca, tote  —f
gival yvnoiog ebivovoa.

Mia yvnoimg povétovn cuvaptnon £xet to ToAL pia pia.
Ynapyet yvnoiwg povotovn cuvaptnon mov SEPYETAL Amd
o onpeia A(1,2), B(2,1) xa I°(3,3).

6. Av pa cvvapmnon f eivar yvnoiog eivovca kot éxet pila
Tov apBud 1, tote Ba woyvel f(0)<O0.

7. Av plo cuovaptnon f eivol yvnoiog povotovn Kat 1 ypo-
@kn g mapdotaon diépyetar omd ta onpeia A(1,2) wou
B(2,5),t0te n f eivon yvnoing avéovoa.

8.  Avn péyrom Ty pag cvvéptnong f eivar ion pe 1, tote
n e&icmon f(x) =2 elvar addvatn.

9. Hovvapmon f:[-1,2] >R pe f(x)=3x" eivon dpra.

10. Av pwo svvaptnon gival dptio | Tepiry ko £xet pilo tov
apOpo p, 10te Ba Exet pila kot Tov apBud —p.

11. Av pia ovvéptnon f eivor ptia, tote n f dev givor yvn-
clwg povotovn.

12. Av pio cvvaptnon f eivar Gptio, t0tE N —f €ivan TepirTy.

A

A

II) No emiéete TN 6OGTH OTAVTINON Y10 TNV TEPAKAT® cvvapTnon f.
H ovvaptnon £, g omoiog n ypa@ikn mapdotacn tpokvdrtel amd 600 d1ado-

YIKEG UETOTOTICELS TNG YPOUPIKNG TTAPAGTACNG TNG GLVAPTNONG (p(x)=3x4,

prog optlovriag Katd 1 povada mpog o aploTePd Kol Hiog KaTaKOpueng Ko-
Té 2 povadeg TPog Ta TAV®, £YEL TOTO:

A) f(x)=3(x-1*+2

D) f(x)=3(x+D)"+2

B) f(x)=3(x-1*-2,

A) f(x)=3(x+1)" -2
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IXTOPIKO XHMEIQ2MA

H wéa g xpnowonoinong drotetaypuéveov {evydv yio to onueio vog emt-
TEOOV KOl TNG TEPLYPAPNG KAUTVA®V pe eElodoelg, avikel otov Rene Des-
cartes (1596-1650) ka1 otov Pierre de Fermat (1601-1665).

O Descartes (Kaptéoiog) yevvnOnke otn La Haye (onpepiv Ntepkat) g
Touraine kot méBave otn Ztokyoiun. e niikia 10 ypdvov eyypdonke oto
Baowiikd KoAréyio tneg La Fleche, 6mov didackav Incovitec. Amd ekeivn
™ otyun apyilel Kot 1o evolaeEpPov Tov Yo To pabnpatikd. Xtn (on tov
vanpée LOG0Qog, ALl Eva pHeEYAAO UEPOC TOL XpdvoL Tov To d1ébete Yia
TO LoOMNUOTIKA.

Ta anoteréopato kat ot uéBodoi tov, mov dnuocievce 10 1637 oto Pifirio
tov Le Geometrie, dnpiovpyncav éva v€o KAGOO TOV HAONUATIKOV TOL Op-
v6tepa ovopdotnke Avarvtikn leopetpia.

O Koptéolog dieide ™ ovvaun g Alyefpag yio ™ ADON YEQUETPIKOV
TPOPANUATOV KOl 1| OKEYT TOL OVTITPOCHOTELE Uia Pk amdKAlon oo
™mv péxpt 16te emkparovoo droyn yio T 'eopstpio. O dpog «Kapteoia-
VEC CUVTETOYUEVESY, OQEIAETAL GTO OVOUD TOV.

O Fermat, mov é{noe otnv Toulouse tng votiag ['adriag, av kot HTav vopu-
KOG 67O emAyyeApa, VINPEE Evac amd TOVC LEYAADTEPOVE OO LATIKOVG TOV
170v awova.

Tig 10€eg Tov Yo cvvietayuéveg ot I'eopetpia, Tvmomoince oTig apyEC TOV
1629 xat t1g kvKAo@OpNGE Ue aAAnAoypaia, aAld dev dnuociedTnKay TPV
and to 1679. O Fermat cuvédece 10 GVOUA TOV UE TOV IOYVPLOUO:

«l1o kabe v>2¢eivar advvaro va fpodue Betikode arxépoaiovs o, f, y wov
Vo IKOVOTo100V TNV ayéon a’ =" +y" »
7oV &lval YvmoTo¢ ¢ T0 «televtoio Bedpnua tov Fermaty. Tov ioyvpiopnd
T0V avToV £ypaye o Fermat oto mepiBdplo evdg Bipriiov Tov mpocshHétovtag
Kol To €ENG:

«Exyw Pper wio mpoypatika Gavudoia anddeiln v omoio to mepiBwpio
QVTO €lval TOAD GTEVO Y10 VO YWPETELY.

O oyvplopodc avtdg tov Fermat amodeiytnxe aindng to 1994 and tov Avy-
Yo paBnpatiko A. Wiles, apod vanpée yia 350 xpévia éva and ta dloomn-
potepa divta TpofAiuata g Ocswpiog Aplopov.



MEAETH BA2ZIKQN
2YNAPTHXEQN

Ewcaymwyn

210 Ke@AAato avtd Ba dovue TOG, pe TN Pondela TOV TANPOPOPLOV TOV O-
TOKTNOAUE PEYPL TOPO, UTOPOVUE VA YOPAEOVUE LE OGO TO dLVATOV UEYO-
AVTEPT aKkpifela T YPOPIKN TAPACTOCT) TV GLVAPTCED®V

fin=a®,  fi(x)=ax, f3(x)=% Kot fi(x)=ox + B+,

H mopeio tqv omoia akoAovBolue Aéyetalr HEAETN GVVAPTNONG KOl TEPL-
Aappavet Ta akdoiovbo fpoto:

1. Bpiokovpue 10 medio 0plopoD TG GVVAPTNONC.

2. Ilpocdiopilovpe ta S10GTHHATO LOVOTOVING KOl TO OAIKH OKPOTATO TNG
oLVVAPTNONG.

3. Meketovpe 1N “ocopumepPLPOopA”’ TG GLVAPTNONG OTA AKPO TOV dACTN-
LAtV Tov TEdioV 0plopov TG (“oplokéc TIHES” KTA.).

4. Xvvtdooovue Evov MIVOKO TILOV TNG CLVAPTNONG Kat, UE TN Ponbeia
aVTOV KOl TOV TPONYOVUEVOV CUUTEPACUATOV, YOUPEOGOVUE TN YPOUPL-
KN TNG TOPAGTACT.

2X0A4I10

Onwg eival yvootd, av pa cvvaptnon f e medio opiopod €va cdvoro A
glvan dptia, TOTE N YPpAQIKN TNG Tapdotaon Exel a&ova cvppeTpiog tov a&o-
va Yy, eved oav eival zeprrr, £xel KEVIPO GLUUETPIOG TNV apyf TOV aovmv.
Emopévmg, yia tn peAétn plog t€Totog cuvapInong apkel vo mePLOPLoTOVLE
ota xeAd, pe x>0 kot va yoapagovue TN YPOPIK TG TopaoTacn 610 OV-
VOAO aVTO. XTN cLVEXELD O TAPOVIE TO GUUUETPIKO TNG KAUTOANG TOV Y-
paape ®¢ mTpog Tov dEova V'y av m cuvapInon eival GpTio Kol ¢ TPog TNV
apyn TV aEOvav av 1 cvvaptnon eival meptttn) Kot Ba PydAovpe To GYETL-
K& ovumepacuota. '’ avtd, cvvnbwg, Tpv mpoympnoovue oto Prpata 2
£€wg 4, eAéyyovpe amd TNV apyn av 1 GLVAPTNON Elval APTIO 1| TEPLTTN.
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5.1 MEAETH THX XYNAPTHEHZ: f(x)=ax’

2

H ovvaptyon g(x) =X
Ag Bewprioovpe T cvvapmon g(x)=x’. Mapampodpe 6tL N cvVapTNON

avtn, £xel medio oplopod 6A0 to R kot eivor dptia, 516TL Yoo kébe x e R
o0eL :
2
g(=x)=(=x) =x"=g(x)
Enmopévmg, n ypapikn mapdotacn g g €xel dEova ocvppetpiog tov agova
y'y. Apa, cOUE®VA LE OGA AVUPEPULE TPONYOVUEVMG, OPYLKE Ba pLeAeTn -

covlE Kal Ba TaPAGTHGOVHE YPAPIKA TNV g 6TO S1AoTNU [0,+oo) .

‘Exovpe Aomov:

e Movorovia: 'Eoto tyoia x,x, €[0,40) pe x <x,. Tote O eiva
X, <x;, omote Ba &ovpe g(x,)<g(x,). Apa 1 cvvapmon g(x)=x>
eivar yvnoing av&ovoa 6to [0,+00).

o Axpéraza: ' k6e x €[0,+00) oyvet:

g()c)zx2 20=g(0).
Apa 1 ovvéptnon g moapovotdlel 6to x, =0 grdyloto, TO g(O) =0.

o vurmepipopd tns g yia “ueydiec” tuéc tov x: Ag Bswpncovpe tov

TOPOKATO TIVOKA TILAV TNG g Y10 “TOAD PEYAAES” TIUEG TOV X!

X 1010 1020 1050 10100 101000 . —> 400
g(x) — x2 1020 1040 10100 10200 102000 . —> 400
Hopammpodpue 0611, Kabdg 10 x av&dveron y
ameploplota, N OmMOg Aéue “reivel oTo '
4+00”, T0 Xx* OLEAVETOL KOl AVTO OmEPLOPL-
07TO, Kol HaAloTta ypnyopoTtepa Kal dpa “tei-

I3 s y , v='~2 X
veEL 6T0 +0 7. Autd onpaivel 0tL 1 Ypaeikn y=, x20
TOPACTACT] TNG g MPoeKTEiveTOl ameplopt- 5

1 X
07O, TPOC TA TAV®, KAODG T0 X omouoKkpv-

VETOL TPOG TO +00 .
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AapPdavovtag vroéyn o TopATAVE Kol TaipvovTag £vo TivaKa TILOV TG g
Yo 1N OPVNTIKEC TILEC TOV X, UTOPOVIE VO YOPAEOVIE TN YPOAPLIKY TNG TTO-
pAGTOCT GTO SLAGTNUA [0,+oo).

Av Tpo TAPOVUE TO CUUUETPIKO TNG
TOPOTAV® KOUTOANG O TPOG TOV
agova y'y, tote Ba Exovpe ™ ypo-

y

ok mopdotacn e g(x)=x" o€ ey

olo R, amd ™v omoio cvpmepaivov- '

pe ot

H ovvéptnon g(x)=x": o 1 g

e Fivawt ryvnoiog ¢Bivovca oto
(—oo,O] kol yvnoiong adéovea 6To [O, +oo)

o Tlapovoidlel ehdytoto yio x=0, 1o g(0)=0.

e ’'Eyel ypaoun mapdotacn mov mpoekteiveTal anePLOPIGTO TPOG TA TAV®,
kabdg 10 x teivel eite 010 —00, giTE GTO +00.,

H ovvaptnon h(x) =—x’
Ag Oswpnocovpe TOpo TN CVLVAPTNON AY
h(x)=-x". Hapotnpovpue 6Tt Y10 k6O
x € R 1oyver

h(x)=-g()

Apa, 6mog pabape oty §4.2, n ypo-

g()=x?

@ mapdotaon Mg h(x)=—x" eivar
GUUUETPIKN TNG YPUPIKNG TAPECTUOTG
mg g(x)=x" wg mpog Tov GEova x'x.

Emopévag 1 cuvapmon h(x)=—x:

e Eivar yvnoiong avéovoca oto
(—oo,O] Kol yvnoimng eoivovoa 6to [0, +oo) .
e Topovoialet péyoto yio x=0, 0 h(0)=0

o 'Eyetl ypagikn mapdotoon Tov TPoeKTEIVETAL ATTEPLOPLOTA TPOS TO KATW,
kg 10 x Teivel gite 010 —0 €lT€ GTO +00.

2

H ocovaptyon f(x) = ox

Alaxpivovpe 000 TEPUITMOCELS:

e Av a>0, 16t epyaldpaocte OM®MG EPYUOSTNKOUE YlOL TN GLVAPTNON
g(x) = x> kol Katodjyovpe oto 110 cvumepdopata. Ta cvpmepdopota

VT cuvoyilovtal 6ToV TOPAKATO TivaKa:
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X —00 0 400
+oo +on
S =ax \ /
a>0 0
min

210 oyNUo oL aKoAoLOEL divovTal Ol YPaPIKEG TAPAGTAGELS TNG CLVAPTN-

ong f(x)zax2 yia =0,5, a=1 kor a=2.
¥V

0] 1 x

o Av a<0, 16t epyaldpaocte OM®MG EPYOOTNKOUE YO TN GLVAPTNON
h(x) = —x’ Kol KoTaA|yovE oTa 110 cvpmepdopota. Ta copmepdopoTa

avtd cvvoyilovtol 6ToV TopaKAT® Tivoaka:

by —00 0 +00

max
0

f()=ax’
a<0 / \

-0 oD

210 oYAUO TOL AKOAOVLOEL divovTal Ol YPUPIKEG TAPAGTAGELS TNG GVVAPTI-
ong f(x)=ox’ yo a=-0,5, a=-1, a=-2.

YA
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H ypoown mapdotacn g cuvAaptnong f(x) =ax’, pe a# 0, givol po Ka-
umOAN mov Aéyetal mwapafoin] pe Kopv@ TV apyn Tov afdévov kot aSova
ocvppeTpiag tov a&ova y'y.

210 TOPATAVE® GYNLOTO TOPATNPOVUE OTL:
Ortav 10 o &l TIKO, TOTEN T N el ™M’ T To TV,

v' Otav 10 a givar Oetikod, tote N TOpaBOAN givarl “avoikti” Tpog Ta TAVE
eV 0TV TO a glval apvnTikd, T0Te N TapafoAn gival “avolkt” Tpog Ta
KOTO.

v Kabaocn |a| peyoravet, n mapafoin yivetor 6Ao Kal mo “kAelotn”, On-

Aadn “mAnociélel” tov agova y'y.

E®APMOI'H

No pehetn0ei ko va mapactadei ypa@ikd n cvovaptnon h(x) =ax’.

AYXH
H ovvapmon h(x)=ox’, pe a =0, eivar
TEPLTTN, OLOTL:

h(—x) = (-x)’ = —x" = —h(x)
Emopévemg, apkel va ) pereticovpe Kot
Vo TNV TOPACTHOOVUE YPOPIKA GTO O1d-
otnua [0,+%) Kot o cvvéyew va Pyd-
AOVLE TO GYETIKO CUUTEPAGUATO Y10 OAO
0 R.

Av epyaotodpe pe TtpOTO avaroyo e

eKelvo Le TOv Oomoio £PYOCTNKALE YO TN
2

HEAETN TNG GLVAPTNONG f(x)zax , OL-

UTEPALVOVLE OTL: R

H ovvéptnon h(x)=ax’, pe a#0: l'._ A

e Ava>0,
v Eival yvnoing avéovoa cto R.
v' "Eygl ypa@ikn TopdoTacn mov Siépyetal amd Ty apyfi tov aEOvov Kal &-
ktelvetal ameplopLoTa TPOg o TV, dTov To X TEIVEL GTO +00 KOl ATEPLO-
PLOTA TPOG T KAT® OTOV TO X TEIVEL GTO —0 .
e Ava<0,
v Eival yvnoiog pdivovsa oto R
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v' "Eygl ypa@ikn TopdoTacn mov Siépyxetor amd TNV apyf Tov aEovov kal &-
KteiveTal anepldplota TPog To KAT®, OTOV T0 X TEIVEL GTO +00 KOl ATEPLO-
PLOTA TPOG TA TAV® OTOV TO X TEIVEL GTO —© .

AXKHYEILY
A OMAAAY
1. Na Bpeite v e€icoon ¢ Tapaporfg tov dimla- y
voU GYNILOTOG.
A(1,2,
o %

2. X170 1610 6VOTNUE CLVIETAYUEVOV VO TOPOOTHGETE YPOUPIKE TIG GLVAPTN-

CEIC:
i) q)(x):O,sz, f(x):0,5x2+2 Kot g(x)zO,5x2—3
i) y(x)=-0,5x", h(x)=-0,5x" -2 «xat g(x)=-0,5x" +3.

3. Oupoimg T1g CLVOPTNOELG:
i) o(x)=05x, f(x)=0,5()c—2)2 Kol g(x)=0,5(x-|r2)2
i) t//(x):—O,sz, h(x)z—O,S(x—2)2 Kot q(x) :—0,5(x+2)2.

4. i) Xto 810 oVOTNUA GLVTIETOYUEVOVY VO XOPEEETE TIG YPAPIKES TAPAUCTA-
GELG TV GLVOPTHCEMV

f(X)=x" xa gx)=1
Kot pe ™ Pondeia avtdv vo AMOGETE TIC AVICOOELS:
<l ok x*>1.

ii) No emPepardoete alyePpikd To TPONYOOUEVE GVUTEPAGUATO.

B OMAAAY

1. Na yapda&ete ) Ypa@ikn TopdoTOcT TG GLVAPTNONG:
S (x)=x.
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5.1 _Meiény e sovdpTnons f(x)=ax’

Na yapd&ete T YpoQIKN TAPAGTOCN TNG CLVAPTNONG:
-x, x<0

f(x):{xz, x20

Kol pe ™ Ponbelo avtig va PyAAeTe T0 GUUTEPAGUATO TOL GYETIKA UE TN

2.

povotovia Kol To aKpOTaTa TNG CLVAPTNONG f-

Y10 Owhavd oynua divoviar ot YA r

3.
YPOUPIKEG TOPOUCTAGELS TOV GLVAP-
L
[

TNOE®V:
f(x)=x, g(x)=x7,

hx)=x k. o(x)=+/x
ot0 dibompa [0,+0), TG omoieg / y=4/x
yapaéape pe T ponbeww H/Y. 1[4 7A(1,1)

i) No dwtdéete and tn pkpoTepn

“y

oTN LEYOADTEPT] TIG TIHEG
x, ¥, ¥ xam Jx (0] 1

TV cvvaptoenv f, g, h koig:

a)yiw 0<x<1 xat B)ywo x>1.

TPOTYOLUEVMC.

A
4. Xt0 dumhavd oyxfua 1o tpiyovo OAB
eivar woomhevpo. Na Ppebel 1 teTun-

pévn tov omnpeiov 4.

ii) No emBepaidoete alyeBpikd Ta GLUTEPAGHOTO GTA OTTOi0 KOTAAREATE

=y




5.2 MEAETH THX SYNAPTHZHE: f(x)=2
X

H ocvvaptyon g(x) = 1
X

A¢ Bewpnoovpe ™ cuvaptnon g(x)z . Hopatnpodpe 6t1, N cvvapInon

o=

avtf €xel medio opiopod 6o 10 R* =(-00,0)U(0,4+0) Kot gival TepLTT,
31011 yia kébe x € R oyden :
1
g(-x)=—=-¢(x)
-X
Enopévag, n ypaeikn g napdotoot £xel KEVIPO GLUUETPiAG TNV apyr| TOV

agovov. I'’ avtd apywd Bo tn peletnoovpe kot Ba v TapacTAHCOLUE
YPOPIKA GTO S1AGTNHO (O, +oo).

‘Exovpe Aowmdv:
e Movorovia: 'Ecto toyala x,x, €(0,+0)ue x, <x,. Tote Ba oydet
11 1
—>—, ondte B éxovpe g(x)>g(x,). Apa n cvvapon g(x)=—
X X, X

gtvar yvnoiong ebivovsa cto (0,+0).

] , . , 1
o Ilpoonuo twv tuwyv tne g: INo kabe x e (0,+o) oyver g(x)=—>0.
X

Emopévmg, oto didotnpa (0,40) n ypapikn mapdotaon tg g Oo Ppi-

OKETAL TAV® amd Tov aSova TV X.

o oumeprpopd tng g yio “uikpéc” tiuéc tov x: Ag Bewpncovue Tov mwo-
POKATO TIVOKO TILOV TNG g Y10 “TOAD UIKPES” TIEG TOV X!

X 1 Oflo 1 0720 1 0*50 1 0400 1071000 ....... - 0

g(x)= 10 | 10 | 10 | 10'™ | 10" | ....... — +00

1
X

[Hapatnpodpue 611, KAOMG TO X UELDVETAL AMEPLOPLOTA KO TAIPVEL TIUEG
ocodnmote kKovia oto 0 M, 6mwg Aépe, “reiver oto 0”7, 0 — ovEdvetal
X

amEPLOPIOTA KOl TEVEL 6TO +00. AVTO onuaivel 0Tl KoOdg T0 x “7TAN-
owaler” 1o 0 amd to 0eld, M YPOPIKN TOpAoTOoN TNG g TEIVEL VO GL-



5.2 Meiétn tng ocvovaptnons fix)=o/x
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umécel pe tov nuidéova Oy . ' avtd o aovag y'y AéyeTdl KOTOKO-

PVON AOVUTATMOTY TNG YPAUPIKNG TOPAGTACNG TNG g TPOS TA TAVE.

Zouneprpopd Ty g via “ueydlec” twéc Tov x: Ag Oewpnoovpe Tov ma-
POKATO TIVOKO TILOV TNG g Y10 “TTOAD UEYOAES” TIUEG TOVL X:

1010

1020

1050

10100

10|000

—> 40

g(x)=

1
X

107"

107

107

1 0—100

10—1000

—0

AapPavovtac vroyn To TOPOTAV® KOl TOIPVOVTOG
évo mivaoka TILOV TG g Yo OeTikéc THéG TOL X,

UTOPOVUE VA XApAEOLUE TN YPAPIKN TNG TAPACTACT
oto ddotnua (0,+w) .

Av tOpa TAPOVUE TO GUUUETPIKO TNG TO-
PATAV®D KOUTOANG ®OG TPOC TNV opyn TOV
a&ovov, Tote Ba Eyovue TN YPAQIKN TOPA-

1 4 , ’
oTOOM TNG g(x) =— og 0ho 10 R", amd Vv A

X ;
omoia cvumepaivoope OtL:

H ovvdaptnon g(x) = 1 :
X

[Moapatnpodue 611, KaBDOG TO X OVEAVETOL OTEPLOPLOTO KO TEIVEL GTO
1 . . . . C

+00, T0 — pel®VETOL OmeEPLOPLoTO Kot Teiver ato 0. Avtd onpaivel Ot
X

KaOdg T0 X “OmOpaKPOVETAL’ TPOG TO +00, N YPUPIKN TAPAGTACT TNG
g 7telvel va cvumécel pe tov nuidéovo Ox . 't avtd o a&ovag x'x Aé-
yeTal opiOvVTIO AGOUTTOTY TNG YPOPIKNG TAPAGTOONG TNG £ TPOS TO
oe&ia.

y 1

p=-x

Eivar yvnoiong pbivovoa oe xabéva and
to oot (—©,0) kot (0,+0) .

‘Exetl ypoaouwr| mapdotacn 1 owoio:

v amotekeitar and dvo kAddove, Evav oto 1° kot évav oto 3° tETOPTN-
pHopto,

v éyel kévipo copuetpiog Ty apyf Tov aEovov,

v éyel GEoveg ovupetpiog Tig gvbeieg y=x ka y=-x, mov diyoto-
podv TI¢ Yovieg Tov a&Ovev Kal TEAOG
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v éyel oplloviia acOUTTOTN Tov GEove Xx'x Kol KOToKOpLen acv-
UTTOTN TOV dEova y'y.

1
H ocovaptyon h(x)z —-—
X
Ag Oswpnoovpe TOpA TN GLVAPTNOT
h(x)z—l. [Mopatnpovpe 61t yia kéde
X

x e R woyvel

h(x) = —g(x).

Enopévog, n ypaeikn mapdotacn Tng

1
h(x)=—— eivol coppetpikn g ypapr-
x

KNG TOpPACTACNG TNG g(x)zé WG TPOG

. . . 1
tov GEova x'x, ondte, 1 svvapton h(x)=——:
x

e FEivar yvnoiog avéovca ce kabéva amd ta dwactipote (—o0,0) Kot
(0,+00) .
o ’'Eyetl ypoown| mapdotocn n owoia:
v amoteheitarl amd dvo kAadovg, Evav oto 2° kat évav oto 4° TeTapTn-
pnopto,
v €yel kEvipo cupueTpiog TV apyf ToVv aEovov,
v éyel aEoveg ovppetpiog Tig gvbeieg y=x ka1t y=-x, mov d1y0to-
LOVV T1G YOVIEC TOV AEOVOV Kl TEAOC
V' éyel oplloviia aovumtotn Tov Gova x'x Kol KOTAKOPLON acV-
unto tov dEova y'y.
a

H ocovaptyon f(x) =—
X

Awokpivoope 800 mepTTOGELC:
o Av a>0, t6te epyalOpaote OTOG EPYUOTNKOUE YO TN GLVAPTNON

1
g(x) =— KOl KATOANYOVUE GTO 1010 CUUTEPAGLOATA.
X

, ;oer . . a
210 oyfpo o divovtar ot ypagikés mapactaoelg g f(x)=— v
X

0=0,5, a=1 xon a=2.
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’ y=§, a<0
=0.5

] x
2ynuo o’ Zynuo B’

e Av a<0, téte epyaldpacte OT®G EPYOOTNKOUE YO TN GLVAPTNON

h(x) = 1 KOl KOTOAYOUUE GTO 1010 COUTEPAGLLOTAL.
x

Y10 oyfua B° divovial ol YpOoQIKEC TUPUCTAGELS NG f(x)zg yio
X

oa=-0,5, a=-1 kot a=-2.

H ypaown mapdotoacn g cvvdpinong f(x)zg, pe a =0, Aéyetol 160-
X

okeMg vaepPorn pe KEVTPO TNV apyn TOV AEOVOV KOl CVUTTOTES TOVG

a&oveg x'x kot y'y.

E®PAPMOI'H

Y10 duthavo oyfpae o onueio M Kiveiton oto 1° teTOp-
TNUOPLO TOV CUGTNHOTOS GUVTETUYREVOV, £TCGL MOTE TO
eppadov tov opBoydviov OAMB va mapopével otabepd
Kal ico pg 21.n. No amoderytei 6TL 70 onpeio M dwaypd-
PEL TOV £VaV KALGO0 P0G 1606KELOVS VTEPPOITC.

AYXH

Av pe x ovpforicovpe T0 PAKOG KOl LE ¥ TO TAGTOG TOL
opBoywviov, enedn to guPfaddv tov eival ico pe 2Ty, Ha
woyvel xy =2 kot x,y >0, ondte Ba Eyovpe:

2
y=—, unex>0
X

Apa 10 onueio M Ba dtoypdeet Tov KAGSO NG VIEPPOANG

2
y =— mov Bpioketat o6to 1° teTaptnudpo.
x
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AXKHXYEIY

A OMAAAY
1. Na Bpeite v e&icoon ¢ vaepfoing
TOL SMAAVOD GYLLATOG.

2. 210 1810 6HOTNUA GUVIETAYHEVOV VO TOPAGTHGETE YPAPIKA TIG GLVAPTN-

GELC:

1 1 1
i) (0()6):;, f(X)=;+2 Kot g(x):;_g
) y()=-t.  h()=i-2 km g(9)=-t43,

i) (p(x):;, f(x): Kat g(x):

x+3

i) y(x)=—, h(x)=- Kat q(x):—x+3.

4. i) 210 id10 GVOTNUA CLVIETAYUEVOV VO YOPUEETE TIG YPAPIKES TAPUCTA-
1

oclg Tov ovvaptnoemv f(x)=— katr g(x) =1 kot pe ™ Ponbeia avtdv
X

va AMOGETE YPAPLKA TIG OVICDGELS:
1 1
—<1 xar —>1
x x

ii) No emPePaidoete kot adyePpikd Ta TOPATAVE® GUUTEPAGLATO.

5. Opoing yia tig cuvaptioslg f(x) = 1 kat  g(x)=x" Kol TIC AVIGHOGELG:
X

—<x* ko —=>x
x x
6. Ot kGbetec mhevpéc AB kot AT evog opBoydviov Tprydvov ABT UETA-
Barrovian €tol, ®ote to gRPaddv Tov va mapapével otabepd Kot ico pe 2
TETPAYOVIKEG Hovades. Na exppdoete to unkog y g Al cuvaptnoel Tov
pnkovg x g AB kot 01N cuvEYELD VO TOPOCTNGETE YPAPLKA TN GUVApP-
™o auT.




5.3 MEAETH THX SYNAPTHZHZX: f(x)=ox’+fx+y

B0 HEAETHCOVUE APYIKA TN GLVAPTNON g(x) =2x>+12x+20 mov &ival 1d1-

KN mepintoon me f(x)=ax’+ fx+y pe a=0.

Mo ™ pedén g ovvaptnong g petacynpatifoope Tov TOmo NG ®¢ e&€Ng:
g(x)=2x" +12x+20=2(x" +6x+10)

=2[x2+2-x-3+32—32+10]
=2[(x+3) +1]

2(x+3>)2 +2

‘Etot éyovpe
g(x) = 2(x+3)2 +2
Emopévag, yio vo TapacTiGOVUE YPOPIKA TNV g, XOPACCOVUE TPDOTH TNV
y= 2(x+3)2 7OV TPOKVTTEL 0O [ optlOVTIa HETATOTION TNG ¥ =2x° KOTA
3 uovadeg TPOC TO OPLOTEPE, KOl OTN GCULVEXEWD YOPAGCOLME TNV
y= Z(x + 3)2 +2 mov TPoKVTTEL A [ KATAKOPLPN UETOTOTIOT TNG YPOPL-
, . 2 . . .
KNG TapaoTacnG TG ¥ = 2(x+ 3)” kotd 2 povadeg mpog To TAV.

Apa, M ypaeikn mopdotoctm NG
g(x)=2(x+ 3)2 +2  mpoxdmTEl

y=2(x1+3)*+2

amd 00 Sl0dOYIKEG HETUTOTIGELG
m™me mopaforic y=2x", pag opi-
CovTiog katd 3 povAadec mPog To
0ploTEPE KOl UI0G KOTOKOPLONG
KOTé 2 HOVAOEC TPOG TO TAV®.
Eival oniadn puo mapafoin avot-
KT 7POS Ta Aved HE KOPLEN TO
onueio K(-3,2) xar d&ova ovp-

petpiag v evbeio x =-3.

®0 LEAETNGOVUE TMOPO T1 GLVAP-
mon f(x) =ax’ + fx+y, pe a=0. Onog sidape oty §3.2 (LOPPEC TPIOVY-

pov), n f(x)maipver m popen:
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f(x):a[x+£j —%

Enopévog n ypaowm g mapdotocn npokOntel and 400 dadoylkég HeETATO-
nicelg g mapaforic y =ax’, piog optldvTiag Kol Plag KoTaKopueng, £Tot
p

A
MOTE 1 KOPLPN TNG VO CVUTEGEL L TO onpeio K(—z—,—4—j . 2uvenmg eival
a 4o

. . . , : A
Kol avt o wapaforn, mov £xel kopven to onueio K "2’ da Kot
a a
B

agova cvoppeTpiag Vv gvbeia x = 5,
a

34

y=ax?+fx+y

“y

-
" 2a

Apa, n ovovapon f(x)=ax’+fx+y:
e Ava>0,

B

v' Eivatl yvnoiog ¢bivovca oto didotnua (—oo,—z—} Kol yvnoing ab-
a

&ovoa 6To ddoTnua [—2ﬁ,+oo)

a
. . A
v Tlapovoialel eEldyioto ylo x = —ﬁ, 0 f _bA =——.
20 20 4o.
Ta counepdopata ovtd cuvoyilovial 6ToV TAPAKAT® TiVoKa.

=

+00

2a
+eoo —+eoo
f(x)=ax’ + fx+y \ /
4o

X —00

a>0

min
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e Av a<0,n ovvéptnon f(x)zax2+ﬁx+y:
B

v Eivat yvnoiog avéovoo 6to dtdotnuo (—oo,—z—} , Yvnoing edivovoa
a

oTO 010G TN LA [—zﬁ, +ooj

a
A
v' Tlapovoialel péyloto yio x= A , 70 f A I
2a 2a 4a
Ta cvpnepdopato avtd cuvoyifovtol 6ToV TivaKa.
. o -5 o0
2a
2
f(x)=ax" + fx+7y Ao
0 <0 max

Téhog 1 ypaikn wopdotoon g f eival pia wapapoin mov téuvetl Tov déo-
va y'y oto onueio T'(0,y), dott f(0)=y, evd yua T onpela Topng e pe

tov a&ova x'x mapotnpovue OtTL:

e Av A>0, 10 TpIOGVLHO ax’ + Bx+7 éxel dvo pileg x, KAl X, Kol EXOE-
vog N mapaPolt] y=ax’ + fx+y téuvel tov GEovo x'x o€ dVo onueia, Ta
A(x,,0) kot B(x,,0) (Ix. a’).

p

e Av A=0, 1o tptdvopo &xel dumAn pilo v v 2NV TEPITT®OTN VT
a

B

Aéue 6t M mapaPorn epdmntetal tov afova x'x o6TO onueio A(—z—,O)
a
&x- B).

e Av A<O0, 1o tpidvopo dev éxel mpaypatikég pileg. Emopévag n napafo-
AN dev éxel kowva onpeia pe tov aéova x'x (Zy. v).

H ypaewn mapdotaon g f e€aptdtor and 1o Tpdonuo tTov o Kot A Kot

QaiveTaol KOTO TEPITTOON CTO TOPUAKATO CYNUATA:
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Ay \
a>0

A>0

hy Ay
a=>0 a>0
A=0 A<0

ol YN _/* % o  p2a * 7 %
2ynuo o’ 2ynua B’ 2ynuo y’
Ay y y
/\ P 2a
o ;X3 * 17) x 17) x
a<l a<0 a<0
4>0 4= A<0
2ynuo o’ Zynuo B’ 2ynuay’

Ta cvpmepacpota g §3.2 yo

TO TPOGTIO TOV TPLOVOLOL TPOKVTTOVV (pLE-

oo Kot pe ™ Pondeta TV TOPATAVEO YPOPIKOV TAPACTACEDV.

E®PAPMOI'H

No pehetn0ei ko va mapactadei ypa@ikd n cvovaptnon

f(x)=x2—4x+3
AYXH
I'a m ovvépon f(x)=x" —4x+3 sivan
a=1>0, —=2 koo —=f|—1|[=f(2)=-1,
2a 4a 4 2a ‘f( )
Emopévmg £yovpe tov mivaka petaforidv:
X —00 2 +00

fx)=x"-4x+3

=-J

S

min
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“y

AnAadn n cvvaptnon f,
v' Etvat yvnoiog ¢bivovsa oto (—o,2] kat yvnoing adéovsa oto [2,+x),

v Iapovoidtet yio x =2 ehdyioto, to f(2)=-1.

EmmAiéov, n ypagwn mopdotaon g f eivar pio mapafoAin n oroia:

v' "Eyel GEova cvppetpiog TNV gubeiox =2 kat

v’ Téuver tov Gova x'x oto onueio pe tetpunuéveg 1 kot 3 aviiotoiywg, mov &i-
vat ot pileg Tov Tpiovopov x° —4x+3, kot tov d&ova y'y oTo onueio pe Te-

Taypévn 3.

AXKHXYEIY

A OMAAAY

1. i) Na 1ypayete ™ ovvapmon f(x)=2x"—4x+5 ot popey
f(x)=a(x—p)* +q ka1 6T cuvéxelo vo Ppeite pe moto oplovTia Kot
TOl0L KOTAKOPLPN UETATOTION M YPOPIKY] TOPAGTACT TNG GLVAPTNONG
g2(x) =2x" O cCLUTEGEL PE TN YPAPIKY TAPASTACT TG f-
ii) No kévete 1o 1310 kot yo T cvvapton f(x)=-2x"+8x—9, Beopd-

viag o¢ g v g(x) =—2x7.

2. Na Bpeite T puéyrom 1 eLdylOTH TIU TOV GUVOPTHGEDV:

a) f(x)=2x"-6x+3 ko B) g(x)=-3x"-5x+2.
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N x
‘G
SN
fif / V2
Tpicdvouo fi 1 13 fs fs /7
a +
b 0
Y +
A _
B' OMAAAY
1. Aivetar  mapaforyy y =x" +(k+1)x+k . Na xoBopicete t1¢ Tipég tov k, yia

No PELETNOETE KO VO TOPACTHGETE YPOPIKE TIG GUVAPTNGELG

o) f(x)=2x"+4x+1 ko

210 TOPAKATO GoYLATe SvOVTOL Ol YPOPIKES TAPUCTACELS EXTE TPLOVOL®V,
MAadN cuvaptioeav g pnopehic ¥ =ax’ + fx+y. Na couninpdoete Tig
GTNAEG TOV Tivako TOV 0KOAOVLOEL e TO TPOGILO TOV GVVIEAECTMOV Kol TNG

dlokpivovsos ToV avIicTo®V TPLOVIL®V.

VA {

B) g(x):—sz +8x-9.

TIG OTOieg M AP POAN:

i) Eoedanteton tov d&ova x'x.

ii) 'Exettov y'y Géova cvupetpiac.

iii) ~
™mg KOpPLONG;

210 dumAavo oyfpa SIveTAL 1 YPAPIKN TOPACTOCN EVOG

tprovopov P(x)=oax’ + fx+y. No Bpeite:
i) To mpoéonpo tov a.
ii) To mpoonpo g dtakpivovcag A Kat

iii) Tovg ovvteleotéc TOoL TPLOYLHOL, AV diveTal OTL

B=6.

y

)

Eyet yia kopvon| éva onueio pe tetaypévn —4. IHowa elvar n tetunpévn

\
=)

oy
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3. Ot dwaotdoeic x,y €vog opBoymviov petafdilovtal, €10l ®GTE M TEPipE-
TpOG TOL Vo Tapopével otabepn kat ion pe 20 w.
i) No ekppdoete T0 y cLVAPTHGEL TOV X Kol 6TN cvvéyela vo Bpeite tov
tono E = f(x) mov divetr 10 epuPfadov E tov opboywviov cuvaptioel Tov
X.

ii) Na amodeifete 611 t0 epuPaddv peylotomoleitar yioo x =5 kot va Bpeite
™ KEYLGTN TIUN TOV. p
4. "Evo onueio M kweital mtdveo oto gu0vypappo
tunpo AB =6cm . Me mhevpéc ta MA «xor MB
kataockevalovpe 1oomigvpa tpiyova. o mola
0éon tov M 1o dBpoopa TV gpPfoaddv TOV
300 Tprydvov gival ELdy1oTo;

5. 'Evag xtnvotpoog £xel cvppo 200m
Kot BéAel va mepippaetl d00 cuveydpe-
voug opbBoymdviovg vraibplovg xdpovg
pe d00TAcES X Kot y, OTMOG QoiveTon
oto owmAavo oynua. o mwoleg Tipég
TOV X KOt y T0 gUPaddv Kol T@V dVo
YOPOV peyloTOTOLEITAL,;

EPQTHXYEIY KATANOHXHXY

I. X& koBegmd amd TG TUPUKATM TEPITTAOGELS VO KUKADGETE TO Ypapupo A,
av 0 wWYVPLoNo6g givar aindg ko 1o ypappo ¥, av o wyvpiopog givor
YEeLONG.

1. Av n mopaPory y=ox’,a#0 Siépyetar omd t0 onueio A P
A(1,2) , téte Bpioketar oto 3° kan 4° TeTOpTNUOPLO.

2. Av 10 TprdHVVRO f(X)=ax’ + fx+y, a#0 Exel pilec Tovg
apOpovs x, = -1 ko x, =3, to1€ €1 AEOVA cvpUpETPioG TV A Y
evbelo x=1.

3. T omoovodnmote a, f € R* n mapoPfory y =ax® xar 1 v-

mepPorn y = s £€YOuV £va Kot Lovadiko Koo onueio.
X

4. HovmepBorf y _L Kot 1 evbeia y = —x TéPvovTaL. A Y
x
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II. No copmANpAOCETE TO KEVA OTIC TOPAKATM 000 TEPTTMOGELS UE TA VRO
NG 166TNTAS 1] TG OVIGOTNTAG.
1. Av o tpudvopo f(x)=2x"+fx+y éger piles tovg apiBpovg x, =—1 kot
x, =3, t61e Ba oydel:

F(=5) .0, f(1).0,  £(5)...0, s B..-4.

2. Av 10 TpédVOPO | (x) =—x"+ fx+y &gt pileg Tovg appods x, =3 Kot
x, =1, Ba 1oydeu:

F(=5)..0,  f£(=2)..0,  £(5)..0, yo 0, B2

III. Aiveran 0 TpLr@vVLpO f (x) =ox’+ fx+y, a#0. Na emArélere ™) oot
amdvTnon o€ KeOEULE a6 TIC TAPUKATO TEPIMTTOCELS:
1. Av a=2 xoi1o Tpidvopo f éxel Kopuen To onueio K(l,—3) , TOTE
A) f(x)=2(x-1) +3 B) f(x)=2(x—1)" -3
) f(x)=2(x+1)"+3 A) f(x)=2(x+1)"-3.

2. Av f(1)<0, f(3)>0 ko f(5)<0, 18
A) A=0xora>0 B)A>0kata>0 T)A>0kma<0.

3. Av 10 1prdbvopo £yl kopuen To onueio K(l,2) Kol o >0, 161€:
A)A>0 B) A=0 N A<O A) y<0.

4. Av 10 Tp1dVLRO £YEL KOPLPT TO onpeio K(l,O) , TOTE
A) =0 B) A<0 N A>0 A) A=0.

IV. Ot mopokdtm kouroreg C;, Cs, C; kar C, ival oL ypapikég TOPACTAGELS TOV CL-
vapticeov f(x)=x" —4x+y, f,(x)=2x"-8x+yp,, fi(x)=—-x"—4dx+y, Ko
fi(x) ==2x> —8x+7y,, 6yt Ouog pe ™V ido oepd. Na avrictoryicete kadewd
OO TIG TOPATAVE® GUVOPTICELS LLE TN YPUPIKT THG TOPACTOOT).

L b A fa




6 2Y2THMATA

6.1 'PAMMIKA XYXTHMATA (Emavalijyeig-Louminpaoceig)

H &icwon ax+ fy =y
210 IN'vuvaotio dramotdoape pe v fonbeia tapaderypndtov 6Tt | e&icwon
ox+py=y, pea=0 n p=0,

mov Aéyetan ypappikny e€icwon, mapiotdvel vbeio ypapun. Xtn cvveéyeld
0o amodei&ovpe T0 cuuTépacUa aVTO ®C eENG:

Alaxpivovpe 000 TEPUITMCELS:
o Av f#0, t6te n eiocwon yphoeTot:
ox+fy=y fy=—ax+y

eym Lyl

BB

Enopévmg 1 e&icmon avtf mapiotdvel gubeio mov €yel GLVIEAESTN

d1evbvvong A= —% ko tTéuvet tov aova y'y oto onueio % .

y
ya

g exify=p a=0
0 X
Zynua B’

Ewwotepa:

v Av a#0, 1t0te 1 evbeia tépvel kat tovg dvo dEoveg (Zy. o), evd
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v Av a=0, t01e M e&lowon maipvel T popoen ¥ =% KOl ETOUEVEOG
naplotdvel gvbeio mov eival mopdAinAin otov d&ova x'x Kot Té-
pvel Tov agova y'y oto onueio % Zyx- B).

e Av =0 (omote a=#0), t6te N e&lcmwon

yphoeTon

wreyox=L. by B0
a

Enopévmg n e&lomon vt mapiotdvel go-
Osia mov eival mapdAinin otov aova y'y

Kot Tépvetl Tov a&ova x'x oto onpeio v
a

IMo ropaderypo:

v H ekicoon x—-2y=2 naipver ™ popen y

1 , , , y=-x-1
y :Ex—l n omoia moplotdvel evbeio mTov /

1 0 2 x
éyel ovvteheotn devbvvong 4 ZE Kol Té- //
puvet tov agova y'y oto onueio —1.

v H eklowon y=2 mapiotdvel gobeio mov

givor mapdAinin otov dEova x'x kot Té- 2 y=2
uvel tov agova y'yoto onueio 2.

v H eg&iooon x=2 mopiotdvel gvbeio mov x=
elvar mapdAinAn otov aéova y'y kot Té-

pvet tov aEova x'x oto onueio 2.

KéBe (evyog aplOpodv mov emaAinbevetl pia ypappkn eicwon Aéyetatr Adon
TG YPUppIKiG eSicmaong.



6.1 I'pourae Zvetiuora 161

Mo mopaderypa, to Levyog (4,—1) gtvar Aon g e§icwong x—2y =6, apov
4-2(-1)=4+2=6. Awmotdvoovpe, Oumc, 61t Kar to {evyM (16,5) ,

(-10,-8) eivor Adoelc ¢ e&icwong kat yevikd 6t kdbe {ebyog g Lopeng

(k, %k—?}], keR givar Aon g e&lowonc.

TI'pouuixo coornuo 2x2

Otav éyovpe 800 ypappikéc eglodoelg ax+pfy =y ko a'x+pfy=y" xa
{ntape T KOwéC ADGEIC avTOV, TOTE AEUE OTL £YOVLUE VO ADCOVUE €va
YPORRIKO cVoTNHE 000 €E1I6ADGEMV PHE VO UYVAOGTOVS 1M, TO CUVIONC,
£va YPORPIKG cvoTnua 2X2 Kol YpAQOLUE
ox +fy=y
{a x+py=y’

Ka0e evyog aplBumdv mov emrainbevel kot T1g 600 €£IGMGELG TOV GLGTNUA-

T0G AEYETAL AVOT TOV CLGTINATOS .

Y10 [Mvpvéaolo pdBope pebddovg emidvong ypopukov cvotnuitov. H emi-

Avom evOG YPOUUIKOD GUOGTNHOTOC YIVETAL LE KATAAANAN LETOTPOTN TOV GE

GAAO YPOUUIKO GVGTNUO TO 0TTol0 €xel akpipm¢ Tig 1d1eg AVoELG LE TO apyL-

k0. Ta 600 avTd cvoTHuaTe AEYOVTOL 1IGOOVVANE GVGTIATA.

H petatponn evog cvotnuatog 6 16000Vvoprd Tov yivetal cuviBwg pe évav

and Tovg €€NG OVO TPOTOVG:

. Abvovpe ™ po e&lomon Tov GLGTANOTOS MG TPOS VOV AYVMOOTO Kol
Tov avtikadiotovue otnv AL eicmon.

*  AvtikaBiotovpe pa and 1ig e€lomoelg (¢) M (¢') Tov cvoTNUATOC, T.Y.
mv (e), pe mv e&lowon «i-(e)+4"-(&")» mov mpokvmTEL, 0V oTAL PEAN
™m¢ (¢) moAhomhactacuéve pe A#0, npocBécovue ta uéAn g (')
noAlomAactlacpéva pe A'.

H e&iowon A-(e)+1"-(e") Aéyetor ypappikdg cvvdvacpés tov e&i-
ocmncewv (g) kat ().

H an6dei&n tov 6TL 10 GLGTHRATO TOV TPOKVATOVV AT TIG TMOPATAVE® LE-

TOTPOTEG Eival 160dVVaU0 GTNPILETOL OTIC TAPAKAT® O1OTNTEG TNG 1GOTNTAG

nov gidape oto 1° keparato:

v Avy#0,1t0t8: a=Bf S ay=py
v Av a=p8 xor y=0, 1018 a+y=L+96.

‘Ecto, ywo mapddetypa, 6Tt 0EAovpe vo AOGOLVE TO GVGTN AL
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x—=2y=6 (1)
{3x+4y=8 (2)

®a Avocovue To GVGTNUO UE TIG OV0o ueBddovg mov pabape oto Mpvacio,
néEB0do TNC avTIKeTASTAONS Kal TN HEB0O0 TV avTIOETOV GUVTEAEGTAOV
(7 néBodo g amaAolpng)

MéBodoc TnS avTiKATAOCTACHS

Avvovpe ™ pia amd Tig 600 e£loMGElC ¢ TPOg £va AyvwaTo, T.y. TV (1) g
wpog x. Etol 10 shotnpa ival 1G000VOUO UE TO
x=2y+6
{3x +4y=28
Avtikafiotovpe ot devtepn e€icmoN TO X pE TNV TOPAGTAGT] TOL PBprKape
Kol Advovope v €£lcmon TOV TPOKVTTEL
3(2y+6)+4y=8<:>6y+18+4y=8
<10y=-10
S y=-1
‘Etot to ovotnpa gival 1lcodvvapo pe to
x=2y+6
{y =-1
Avtikafiotovpue v T Tov y otny npatn e&icmon katl vwoioyilovpe tov
dAlo dyvwoTo:
xX= 2(—1) +6=4

Apa AVomn Tov cuoTHHaTog eival To (gVY0g (4,—1).

2X0A4I10

Emedn kdvoovpe moAld Prpoato péxpt va Avcovpe évo cOoTNO, €ivol ToAD
mhavo va kdvovue AaBog otovg aplOunTikovg vroloyiopove. o to Adyo
oVTO €lval KOO VO VTIKOOIGTOVUE TIG TILEG TOV AYVAOOST®MV TOV PprKa-
UE OTIC apPYIKEG EEIGADGELS TOV GUGTNUATOC KOL VO EAEYYOVUE OV TIG ETOAN-
Bgvovv, OnNradn va kavovpe Erai)Bgvon TOL GVGTRATOG.

210 ovykekpévo cvotTnua, Yo x =4 ko y=—1, &yovpe:

In e€icwon: 4-2(-1)=6
21 e€icwon: 3-4+4(—1)=12—4=8

MéBodoc Tty avtifetwy cvvreleoTy (1] TS omalolpnc)

[MoAlamAaocialovue To uEAN TV 600 e€loMOE®VY pe KATAAANAOVG aplOpovg,
MOTE Ol GVVTEAEGTEG TOV €VOG 0YyVAGTOV OTIG £61000GELG TOoL B mpokdyovv
va glvan avtifetol:
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—3x+6y=-18
3x+4y=8

{x—2y=6 ‘-(—3)

N 16000V
Swtdy=8 1 : {

IIpocOétovpe katd péAn tic e€lomoelg mov Pprkope, onodte Tpokvrtel €i-
omon [e £vav AyveooTo, TNV OTold Kol ETADOVLE:
—3x+6y+3x+4y=-18+8<=10y=-10< y=—1.

AvTiKa01GTOOE TNV TIU TOL AYVAOGTOL MOV BPNKALE OE Lo amd TIG apyl-
Kkéc e€lomoelg Kal fpiockovpe TV TIUR ToL dAAOL:
x=2(-)=6=x+2=06=x=4.

Apa 1 ADGT TOL GLGTAUATOG Elval TO Csf)yog(4,—1) (n 1010 pvowka Tov Ppé-

Onke kat pe TNV Tponyovpevn HéB0d0).

I'pogikny exiivon ypapupuikod coeTUATOS2 X 2
Ka0e e&icwon tov ypapupKod GUGTANOTOG
x=2y=6
{3x +4y=8
oL ADcape TPoNyovuEVMS Taplotdvel pia gvbeia ypappun. To onpeio Topung
TV evhel®V aVTOV TPocdlopilel T ADGT TOV GLGTNUATOC, APOV Ol CUVTE-
TOYHEVEG TOV EMOANOEVOVY GUYYPOVMG TIG dVO €EIGMGELG TOV CVGTNLATOG.

N\
%’}1:8 x- 2y= 6

=y

7

Tevikd, pmopovpe vo EMAVGOVLE YPOUPIKA VO YPOUUIKO CUGTN L0

ax + fy =y

ax+py=y’
UE TO VO, 6YE01AG0VUE TIG 600 gvbeieg mOV TAPLGTAVOLV 01 EEICMGELC TOV KO
va Bpovpe, epOcOV VTAPYEL, TO ONUEIO TOUNG TOVC.

H ypogpikn emilvorn evog ypoupikod ovothuotog 2x2 divel AOGEIS mov
umopet va givar mpooeyylotikés. Ilapd v advvopio avtf, 1 ypoelKn emi-
AVGN €VOC YPOAUULKOD GVOTAUOTOC 2X2 J1EVKOAVVEL TAPA TOAD ©E TEPL-
TTOCELG, OMOV LOG EVOLLPEPOVLY LOVO TPOGEYYIOTIKEG ADGELG TOV GLGTHLO-
T0G 1, aKOun, 6tav 1 alyefpikn tov emilvon sival dvoyepng
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Ot dvo e€lomoelg evog YPOUUIKOD CLGTHUATOG 2% 2 TaPloTdvouy V0 €v-
Oeieg o1 omoieg pmopel va téuvovrtar 1| va givot TapdAAnieg 1 akOUo Kot vo
GLUTITTTOLV.

Mo wopdderypo:
__2 +1
, 2x43y=3 N , ,
v To chomnpo yYphoetat Kol €yel povadikn
4x-9y =1 4 1
y=sX-3
9 9

AVoT, Aoy ot dvo gvbeieg mov maploTdvovy ot eEICMGEL TOV TEUVO-
VTal, ETEON EXOVV SLOPOPETIKOVG GLUVTEAEGTEG O1EVOVVGTC.

Av yapd&ovpe tig gvbeieg mov mapi-
otdvouv ot eElomoelg, PAémovpe Ot
TPOCEYYIOTIKA 1 AVGTN TOL GLGTNLO-
to¢ eivar to Cevyog (1, 0,3). Av 6-

L®G AVGovUE TO cVOTNUA aAYEPPIKA,

¥4
|
1 &
Ba PBpodue 6Tl M axpiPng Avon TOL / 1 Y
N
w

1
ovoTpoTog ival to Levyog (1, 5).

. x+2y=3 ;
v To cbomua ypapeTot
2x+4y=-5

, omdte gival advvVaTo,

y=——x—=

y
2 4 )
Aoy o1 Vo gvbeiec TovV TOPLGTAVOLY
g

o1 e£16MGELG TOL elval TopUAANAEC.

v T : y+1=2x )
0 ovoTNUO dpeTon
ny 4x—2y=2 Ypao® y
y=2x-1___ ,
, omoTe €yl amepo mAnbog &
y=2x-1

\
tadd

MoV, a@ov ot dvo gvbeieg mov ma-
PLOTAVOLV Ol EEICMOELS TOV GLOTHLO-

\\‘\kc

to¢ ovumintovy. Ilpogavac kdbe Avon
TOV GLOGTNNOTOG &lval NG HOPONG
(k,2k-1), keR.

Ievikd, and v enilvon evog YpaUUIKod CUGTAUOTOG 2% 2 aAVOUEVOVUE [LdL
LOVO amd TIC TEPIMTOCELS:
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v To chotnua va €xel povadikn Avon
v To cbotnua va gival addvato
v To cbotnua va €xet drepo TAndoc Aoenv.

Avon — diepedvnon ypouuIKod cOTHUATOS 2% 2

21 mapdypo@o avty 8o mapovsidcovpe TNV eniAvon €vOg YPAUUKOD GV-
GTNUATOG 2X 2 GTN YEVIKN TOVL LOPON.
‘Ecto Aowmdv 10 Ypappkd cOGTNLO
ox +fy=y
ax+pBy=y’
Apycd Ba eEetdoovpe v mepintwon mov givor f#0 kar S =0. Tote 1o

cvoTNUO YpApeTaL:

g B
y:_;_',“;—', ()

Kot 01 eEI6ADGELS TOL TOPLoTAVOLY eVBeie € KOl &, e AVTIGTOLLOVG GLVTE-

AeoTég devbuvong 4, =—% Kol A, = —a—,.

a a’ , . . , .
o Av ——=# _F’ onradn avap’ —a’f #0, 10te 01 eVOeieg & Ko &, £xovv

Ol0POPETIKOVG GVVTEAEDTEG OlevBuvong, omdTte TEUVOVTAL GE €Vl OT-
peio tov omoiov 1 teTUNUEVN Tpocdlopiletal amd v Abon ¢ eéicw-

ong
_a_’x+£:_1x+1©[ﬁ_a_'jx:1_y_’
g B BB BB BB
< (ap —aB)x=y8"~ypB
o B vE
of —a’'p

H tetaypévn tov onpeiov toung eivat:

yz_ﬁ(M}rl:_“Vﬂ'+aﬁ?'+?aﬁ'—ya'ﬂ

B\ap' —a’B) B B(ap’ ~a'p)
_Play’—ay)
Blaf -a'p)

oy —a’y

Emouévo =
2 ey o —a B
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Apo, TNV TEPITTM®OT OVTY, TO GVHOTNUA EXEL LOVOOIKN ADoT TNV

(B =yB oy’ —aly
(x’y)_[aﬂ'—a'ﬂ’aﬁ'—a'ﬁ]

a _ a . L . ] .
e Av __:_F’ dnradn av af’ —a’f =0, t6Te o1 evleieg ¢ xkou &, é-

YOVV TOV 1010 cvvteleotn devbuvong, omdte N gival TapAAANAEg 1
tavtiCovtat. Avtd onuaivel 611 1o ocvotnua 1| eivorl addvato N €xetl d-
TELPEC ADGELG OVTIOTOLY G,

Y10 1010 CLUTEPAGUATA KATAANYOVUE Kol 6TNV wEPinTOon mov givar S =0
np =0.
Yvvoyilovtag To ToPUTAVED CUUTEPACUOT Y10 TO YPUUUIKO GOGTNUA
ox + fy =y
ax+py=y’
"Eyovpe:
e Av af —a’f#0 10 cvomua £xel povadikn Aborn v

(B =B oy —aly
(x’y)‘(aﬂ'—a'ﬁ’aﬂ'—a'/fj

e Av af —a’f =010 cOomua £xel dnelpec AVoeLg N gival addvaro.

Yvvnbog n Ttapdotacn af —a’f, copPforiletor pe

o
D=| ﬁ,
a’ B
Kot AEyeTal 0pilovca TOV GVGTHHATOG
Anhodn:
o
p=|" Pleap-ap.
a’ p

Tnv opilovca mov wpokvTTEL OMd TNV D, av otV B£01 TOV CLVTEAECTOV
Tov x 0écovpe Tovg otabepovg dpovg, cupPorilovpe pe:

y b .

. LTV VB
v
Ouoiwg, v opifovoa mov wpokvTTEL Ad TNV D, av otn 0€on TV cvvie-
AecTOV TOV Yy Bécovpe Tovg aTabepoig Opovg, cuuPorilovpue pe:

D =

X

o
D =

., ; =ay —a’y.
o

,
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Ta mponyovuevo cvumepdopoto To omoio, a@opobv otnv emiilvon &vog
ypaupikob cvotnuatog cvvoyifovtal, pe v Ponbeia tov opilovodv, wg
egng:

To ypappukd cootnpo

ox + fy=y
ax+py=y’
D D
. av D=0, é&el povadikn Avon, v (x,y) pe x = DX Kot y=——
. av D=0, eivor adbvato i €xel dmelpo mAn0oc Avoewv.
Mo ropdderypo:
x—=2y=6
v To chotnua 7 éxet
3x+4y=8
1 2
D= =1-4-3(-2)=4+6=10=0,
3 4
omdte €xel povadikn Avorn. Emedn
6 2 1 6
D = =24+16=40 Kot D = =8-18=-10
8 4 308
gyovpe:
D -
D 10 D 10
Apa, 1 povadikh Aven Tov cuetipatog eivat to {edyog (x,y)=(4,-1).
2x—-3y=40
v To chotnuo Y éyel
4x—-6y =280
2 3
D= 4 6 :2(—6)—4(—3):—12+12:O

KOl EMOUEVMC TO GUOTNHO OVAUEVETAL 1| Vo glval adhvato 1 va €yt d-
nepo mAN0oc Aboewv. Av dtupécovpe Kol ta dVO UEAN TNG dEVTEPNG
e&lowong pe to 2, 10te TO GVGTNUA YPAPETOL
2x-3y =40
{2x —3y=40"
onAadn €xet povo pia e&icowon v 2x—-3y=40. Avtd onuaivel 6Tt ot
ADCELS TOV GVGTHIATOC Elval 01 AVGELS TG e&lomong
2x—-40
3

2x-3y=40& y=
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Apa to ovoTnue £(elL anelpo TAN0oc Avceemv to (YN TNG LOPPNC
(k, @j, keR

3x+y=11
v To chotnua Ty éxet
O9x+3y=
31
D= =9-9=0
9

KOl EMOUEVMC TO GVOTNHO OVAUEVETAL 1] Vo glvatl adhvato 1 va €yt d-
nepo tAnBog Aoewv. To cvotnua avTd YpapeTal

3x+y=1
3x+y=2
oL glval Tpoeavadg adHvarto.
E®APMOIH
1" N hv0si 10 cOoTnpa
x—y=1-1
Ax-2y=1

AYXH

[Mopatnpodue OtL 01 GLUVTELEGTEG Kal 01 6Tadepoi OPOL TOL GLGTNLATOC OEV Eivatl
oLot cvykekpipévol apBpoi, aArd egaptdvior and to A. Ilpémer emopévms yia Tig
d1dpopec TInéG Tov A, va g€gtdoovpe TOTE TPOKVITEL GUGTNLO TOV EXEL LOVAIIKT
Avon v omoia Kat vo Bpodue N TOTE TPOKVTTEL GUGTNUO ASVVATO 1| GUGTNLO ULE
anelpeg Avoelc. Onwg kol oTig €EI0DCELS, 0 A AEyETAl MAPARETPOG KL 1] EPYOCia
avTh AéyeTal drepedvion.

"Eyovtag vroyn tov mapandve wivaka, akolovbovpe v e&ng mopeia.

. YrohoyiCovpe 11 opiCovoeg D, D,, D, . 'Exovpe:

A -1
D= =2+ =2(1-2

Vo (i)

A-1 -1
D, = =2A-D)+4=2-1

A =2

Ao A=l 2 2 2 2
Dy: ; =L -X(A-D=21-2+D)=4X(12-1)
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. Bpiokovpe tig Tipé ™G TapapéTpov, yia Tig omoieg eivor D =0 . 'Eyovpe:
D=0 A(1-2)=0<=1=0 N A1=2
AlaKpiVOULE TIG TEPIMTMOELS:
v Av D=0, dniadf av A= 0kor A#2, 10T T0 GOOTHUO £YEL LOVADIKT
Aoon (x,y), pe:
D, 2-1 —(A-2) 1
L= = =—= Kot

D  A(A-2) MA-2) A
&: 72-7) _ -2 (A-2) _
D  2(1-2)  M1-2)
AnAadn, yio A#0 kot A#2, 1 HOvadik) AVCH TOL CLOTNHUATOG £ival

t0 {evyog (—%, —/lj.

v Av D=0, dkadf av A1=0 1 A=2, 10te T0 cvotnua 1 elvar addvato
N €€l ATEPEC AVGELG. ZVYKEKPIUEVQL

] Av 1=0, 16t€ T0 OGO YPAPETAL
Ox—y=-1 y=1
=
Ox-2y=0 y=0
Katl dpa givar advvarto.
] Av A=2, 161€ 10 cHOTNUA YpAPETAL
2x—y=1 2x—y=1
y o X=y
4x-2y=2 2x—y=1
Kot apo €yl angpo tAN0og Avcewv. Enedn
2x-y=1y=2x-1,

Ot Aboelg tov ovotqpotog eivar Oha to Cedyn ™G HOPONG
(k,2k-1), keR.

I'poppixo Xvortnua 3x3

Mia g&icwon ¢ popeng ox+ fy+yz=0, pe &vav TOLAAYIGTOV OTd TOVG GL-
VTEAEOTEG @, f, ¥ O14popo Tov Pndevos, Aéyetan ypappuiki eEicwon pe TPELg
AYVAOCTOVG.

AYon pag ypoppkng e€lcmong pe Tpelg ayvmotoug Aéyetal kdle tpuada apld-
LAV oL TNV emaAnOevEL.

INo mapdderypo n e&iocmon 2x+3y+z =6 eivon o ypoputkn eéicmon pe tpeig
oyvOOTOLE Kol 1M TPLada (2,—1,5) glvor g Avon g e€lowong, oapov

2-2+43(-1)+5=6.
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Otoav éyovpe TPELS YPOUUIKES EEIGOOELS LLE TPEIC OYVAOGTOVG:
ox+pBy+ypz=0,, ox+p,y+y,z=0, Kol ox+pfy+y,z=0,
Kot (NTapE TIG KOWEG ADGELS TOVC, TOTE AEUE OTL £OVUE VO, AVGOVUE EVOL YPOUIIL-
KO GUGTNLO TPLOV EEICOCEOV IE TPELS UYVMOOTOVS 1], TLO GOVIOUO, £VO, YPU-
K6 cveTnpe 3x 3 Kol YpAeovue
ox+py+yz=9
0,x+ By +7,2=0,
0, X+ By + 752 =0,
IMa v enilvon evog T£€T0100 GLGTAUATOG ¥PNCIUOTOOVUE UEBOOOVG aVAAOYES

pe 11 uebdd0vG OV YPNCYLOTOCALE Y10 TNV EMAVOT VO YPOUUIKOD GUGTH-
HaTog 2x2 .

"Eoto yio mopddetypa 6t1 6EAovpe va AOGOLLLE TO GUGTNLLO

2x-y+3z=-9 (1)
x+3y —z=10 (2)
3x+y —z=8 (3)

®a ypnoonomacovpe T HEBodo TG avTikaTdotaons. AVvovpe T po amd Tig
Tpelg eEloMOEIS MG TTPOG £va, AyvmaoTo, T.Y. TNV (3) ®g TPog z, Kot avTikafioToOE
oTiG GAAeg V0. 'ETol €yovpe:

3x+y-z=8<z=3x+y-8 4)
omdte o1 e&lomoetg (1) ko (2) ypdoovra:
v 2x—y+3z=—9<:>2x—y+3(3x+y—8)=—9<:>11x+2y=15 (5)
v x+3y-z=10x+3y-(3x+y-8)=10= —x+y=1 6)

O (5), (6) opilouv 10 Ypoupkd cuGTHLO

1lx+2y=15
{ —x+y=1
oamd v enilvon tov omoiov Ppickovpe 01t x=1 Ko y=2.
AvTikoO16TOOUE TIG TIHEG OWTEG TV X Kot ¥ otnv (4) kot Bpickovpe z=-3.

Apa 1 Ao Tov apyikod cuothpatog ivorn péda (1,2,-3).

2X0AI10

Enedn n emilvon evdg ypappikod cvotiuotog 3x3, omwg gidape mopamdvo,
avéyetor otV eMiAVoT VO YPOUUIKOD GUGTAUOTOS 2 X 2 , TPOKVTTEL OTL Kot £val
ypoputkd cvotnua 3x3 1N €yel povadtkr Avon M sivan adbvato 1 €xel AmEPO
TN0og Acewv.
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AXKHXYEIY
A OMAAAY
) , x-—y=4
1.  NaMboete 10 chotmpa
x+y=2
i)  olyeBpca i) ypagucd.
2.  No Adoete 1o GLCTAUATO
x_Y x-1_y-2
i) 7 8 i) 3 4
x+y=45 4x+3y =38
3.  No Moete Ta cuoTiuaTo:
x—5+2y+l+2:0 2x—1: _y+2
. 2 7 - 3 4
i) ii)
x+6 y-6 _ x+3_3_x—y
3 2 2 3
4 Noa A0ceTe To. GLOTHHOTO
x-3y=3 2y=x+2
i ii
) g_y:_z ) —x—-y+1=0

5.  Na Moete ta cvotipota pe ) péhodo towv opllovodv:

2x+y=7
3x-5y=4

. 2y =3x-8
ii)
x+3y+1=0

6. Na mpocdiopioete 10 TANOOG TV ADOEDOV TOV TOPAKAT® GLOTNUATOV, XOPIG

Vo, ToL AOGETE.

2x-5y=4
6x+7y =100

7.  Na Mogte To GUOTHUATOL:

(\/g—l)x+2y=—2
x+(\/§+1)y:—1—\/§

{

3x+ y=11

2x-3y =40
iii
—9x-3y=2

4x—-6y =280

(J§+Qx+4y=7

%x+(\/§—l)y=1
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8. N Moete ta cvothpoTa:

X+Z-20=3
3x—2y-w=11 Sx—y+3w=4 X 2
i) 2x-5y-2w=3 ii) x-3y+w=2 iii) 7x+y+a)=5
Sx+y—-2w=33 3x-2y4+2w=2 Sx+3y—2w=16
B OMAAAY

1. i) Na Bpeite 11¢ e€lobdoeic TV gubeidv
& KOl &, TOV SwAavoy GYNUOTOC.
. 2

ii) Iloto cvompa opifovv o & kat &, f\
Kot TTole vt 11 AVOT TOL GLOTLO-
106,

; {1 4“

2. 'Eva &evodoyeio &xel 26 dwpdtia, dAla dikiva kot dAla tpikAive kot Guvolt-
K 68 kpePdria. [Tooa eivar ta dikAva kot oo To TpiKAve ST,

3. Ze évav aydva to toudikd siortiplo kootilet 1,5 € kot o glo1tiplo evdg evi-
ko 4€. Tov aydva mapaxorovdncov 2200 dtopa Kot EOTPAYTNKOAY
5050 €. Na Bpeite moca oV To Todld Kot TOGOL Ol EVIAIKEG TOL TOPUKO-
Aovbnoav Tov aydva.

4. H avtictoon R evdc ohpuatog mg cuvaptnon g Oeppokpaciog 7 umopel
va Bpebel pe tov tomo R =al + f. Av otovg 20° C n avtictacn ftav 0,4 Q

kat 6tovg 80° C n avrictaon firav 0,5 Q, va Ppeite ta a kot f.

5.  ’Evog ynpkoc éxet 600 dodlvpata vépoyAmpikol 0Ewme, T0 TPAOTO EYEL TEPLE-
ktikotnta 50% og vopoylwpikd o0 Kor to dedTEPO EYEL TMEPLEKTIKOTNT
80% oe vdpoyrmpkd 0&V. ITown mocdTa amd kébe Stdlvpa TPEMEL VoL ova-
pei&el dote va mapet 100 ml didAvpo tepiektikotntag 68% o€ vopOYA®PIKO
o&v;

6.  Aivovton o evbeieg ¢ :2x+4y =3 ko &, :x+2y=a, aeR.
i)  Nao Bpeite Tovg cvviereotég Sievbuvong tmv & Kkat &, .
ii)  Ymdpyovv tipég g mapapéTpov a yio TG omoieg o1 evbeieg TépvovTal,

iii) T moleg Tipég g mapapétpov o ot evbeieg elvar TapaAANAES;
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10.

11.

12.

Noa Bpetite yia 116 Sdpopes Tyég Tov o € R ta kowvd onpeia Tomv evdeidv:

) g:ax+y=a’ ko g :x+ay=1.
i) grox-y=a Ko g ixt+ay=1.
Noa Aoete To. GuoTHLOTA:

D (/I—l)x—Zyzl 1eR i (,u—2)x+5y:5
4x—(A+1)y=-2"

Ot KOKAOL TOV SITAOVOD GYNLATOG EPATTOVTOL
eotepwd avéd dvo xa woyver 00, =6,
0,0, =5 xat 0,0, =7 . No vrnoloyicete T1g

OKTIVES TOV TPV KOKAMV.

Y10 dimhovo oypo Exovpe Eva tpiywvo ABIT ko
TOV EYYEYPOUUEVO TOV KOKAO TTOL EQANTETAL TOV
T evpoV ota, onueia 4, £ kot Z. No vroloyicete
to tpqpota AZ =x, BA=y xalE =z, cuvap-

TNOEL TV TAELVPDOV @, f Kovy .

‘Evag ynpukdg éxet tpia Staddpota omd to 010 0&d. To mpdto mepiéyet 50%

o0&V, to devtepo 10% o0&V kar to tpito 30% 0£H. O yMuikog Bélel va mapa-
okevaoet 52 lit didAvpa wepiektikdmTog 32% og 0&0, ¥PNCIUOTOIDVTOS KO TO.
Tpia SteAdpaTo Kot LAMGTO 1) TOGOTNTO TOL TPMOTOL SIAVUATOS VoL givat Ot
TAAOL0 ATd TNV TOGOTNTO TOV Tpitov dteAvpatog. No Bpeite méco Altpa amd
Kk@0e drddlopo Oa ypnoonomoet.

210 TOpAKATO GYUOTA SIVOVTOL Ol YPOQPLKES TAPAUCTAGELS TPLOV TPLOVD-
nov, dnhady cvvaptHoE®V TG HopeHS ¥ =oax’ + fx+y. Na Bpeite ta

TPLOVLLO AVTA.

v ! K(1,4) \ g

V=) d e
— y=h(x)

'w_’./-"‘"'

o \/ ¥ o X o I~ =x
K(2,-1)
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H emidvon moAddv mpoPAnpudtov odnyel ocvyvd oe €va chvoro eEloDGE®V
TOV 0moilVv {NTaue TI¢ KOWEG AVGELg, aAAd o1 e€lodaelg avTég dev gival OAeg

YPOUHIKES.
Mo mopaderypo, €éotm 6TL {ntape dvo apBuodg pe afpotopa 13 kot dOpot-
oua TETpAYOVOV §9.
Av x,y eivatl ot Vo apiOpoi , Tote mpémet x+ y=13kar x*+y°> =89 . Eneidn
{ntape ka1 Kowvég Aol TV 800 e£16DGEMY, £YOVUE TO GUGTN LA
x+y=13 )
{x2 +y* =89 (2)
Mot Abon Tov svoetipatog epyalopacte og e&Ng:
Emdbovpe v (1), o¢ mpog évav AyvemoTo, Y. ®G TPOG X, Kol avTikadi-
otovue otn (2).
‘Eyovpue
x+y=13< y=13-x 3).
Enopévag
x> +(13-x)" =89 < x* +169—26x+ x> =89
< 2x7 —26x+80=0
& x* —13x+40=0.

H televtaio e&icmon givar 2°° Babpod pe draxpivovso A=9. Eropévac:

132378
2 Ny

And ™mv (3), yio x=8 &yxoope y=5, evod yio x=5 €povpe y=8. Apa 10
ovoTNUO £YEL OVo Avoelg Tig (8, 5) kat (5, 8).

H andvinon PéPaia oto mpdPfAnpa eivar 6Tt ot {ntovuevor apBpoi givar ot 5
Kot 8.

21t ovvéyelo Ba dovpue, pe t Pondeta mapadelypdTov, d1GQopeg TEPITTO-
o€1g EXLAVONG U YPOUUIK®OY GUGTNHLATOV.

HHAPAAEITMA 1°
x+y=5 (1)

Noa Avbel to cOoTnUO .
" {xy=6 (2)
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AYZH
a’ Tpémog
Emivovpe v (1) og mpog x kot avtikabiotodue otn (2). ‘Exovpe:
x+y=5&y=5-x 3).
Enmopévog
xy=6=x(5-x)=6

S5x—-x"=6

S x-5x+6=0

Sx=2 71 x=3.
And v (3) yio x=2¢&yovpe y=3, evod Yy x=3€&yovpe y=2. Apa 10 60-
oTnua £xel 0vo Avoelg Tig (2, 3)kat (3, 2).

B tpoémog
E&etalovtac to cvotnua PAEmovue O6TL avalntovpe dVo aplBuovg Yo TOvg
omoiovg yvopilooue 611 éxovv dBpolopa 5 kat ywvopevo 6. Emopévog, amd
TOVG TOTOVG Tov Vieta ot apBpoi avtoi gival pileg g e&icwong

o —50+6=0.
Ot pileg e e&lomong avtng gival o1 2 kot 3 0wdTE 01 AVGELS TOV GLGTNHUATOG
givar ta Cevyn (2,3) kot (3,2).

2X0A4I10
H npodtn e€icwon tov svotiuotoc x+ y =5Smopiotdvel gvbeia, evd n devte-
. . , 6 .
pn e€lomon xy =6 mapiotdvel v vaepPforn y =—. Enopévoc ol cuvtetay-
X

LEVEC TV KOW@V onueiov g evbeiag kot g vaepPoAing Ba pag dd®coVV TIC

AVGELG TOV GLGTNUOTOC.
’4
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Ta onueia topng eivar ta 4A(2,3) kot B(3,2) . Apa 10 cvotnpa £xel d00 AVCELS
15 (2,3)xar (3,2).

IMAPAAEITMA 2°:
Xy =6 )

Noa Avbel to cvoThUO
s {xz =13 (2)

AYZH
Avvovpe v (1) og mpog x kot aviikabiotovpe ot (2). Eyovpe
xy=6y= s
X

omote M (2) yivetou:

xt 4y =13<:>x2+(§)2=13
X

<:>x2+$=13
X

< xP+36=13x"
< x =132 +36=0

H séicwon avty sivar Sttetpdymvn. Av Bécovpe x° =w, 1618 1 eicwon yi-

vetol @’ —13w+36=0, ¢ omoiog ot Aoelc eivoin w=9 xoun w=4.

v Tw =9 &ovue
¥=9ox=31x=-3

And v (1) yuo x =3 rmaipvoope y=2xo yio x =—-3 moipvoope y=-2.
v Tw w=4%ovue
Y¥=4ox=21qx=-2.

And v (1) yio x=2maipvoope y=3 kol ywo x=-2 mwoaipvovue
y=-3.
Apa 10 cvotnua €xel técoepig Avoeig tig (3,2), (-3,-2), (2,3) kot (-2,-3).

2X0A110
H mpat eicmon 10v cuoTAUATOg Xy = 6 TaploTdvel TNV vIEPPOAN y:é,
X

eved 1 devtepn eéicwon x° +y” =13 mapiotdvel kokAo pe kévipo O(0,0) Kot
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oktiva p =13 Emopévog o1 cvuvietaypuéveg tov onpeiov Topung e vrep-
BoAng katl Tov kOKAOV Ba pag dMGOLVV TIG AVGELS TOV GUGTNLOTOC.

YA

AXKHXYEIY

A OMAAAY
¥ +y +xy=3
1.  Na Abdoete 10 choTu: .
x+y=1
2.  No AoeTe TO GUOTHUOTOL:
— 3 2 2 2 — 9 2 2 — 5
{y x ii) {x +y i) X +y
12x-3y =4 x—y=0 xy=2
KO VoL EPUNVEVCETE YEMUETPIKE TO OMOTEAEGLLOTAL.

i i 1, , , v+,

3. And toug tomovg S =ovt +—at” kol v =v, +at, va deifete 611 S = -t.
2

B OMAAAY

, , x* =2y+10 , 7
1. Na Moete t0 cvoTpHO KOl VO EPUNVEVCETE YEOUETPIKEL TO OITO-

X +y?=2

TELEGLOL.
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2xy—-y*=5y=0
2.  No Aoete 10 6DGTNWOL e ); Y
y=x —4x+3
3.  To euPadov evog opboymviov eivor 120cm” . Av  pio Siéetacn tov opdoywmvi-
oL avéndel katd 3cm , evd N GAAN ghottobel Kotd 2cm , T0TE TO EUPOdOV TOL
dev petafarretat. Na Bpeite T1g dootdoelg tov opboymviov.
4.  Atveton n mopafory y =—x" ko1 m evbeio y =2x+k, ke R. Na Bpeite Y
moteg TYWEG Tov k M gubeio tépvet v mapafoin o dvo ornpueio.
, , 2y=x’ ) , ,
5. No Mboete 0 chompa KO VO EPUNVEDCETE YEMUETPIKE TOL AMOTE-
y=x+tu
Aeoua .
EPQTHXEIY KATANOHXHY 6°° KE®PAAAIOY
I. No avtiotoyicete kabéva and To cuoTHpLOTA:
x +2y=1 x +y=1 2x+4y =2 x —y=1
(Z): (Z,): (Z5): (Z,): 2
2x+4y=0> x +2y=4 x +2y=1> x+ay=1
pe ekeivn amd tig anavtnioelg A, B, I' mov vopilete 411 eivatl n coot.
A) 'Eyer povadikn Aomn, B) Eivar addvarto, T') ‘Exet anepo tinbog Avcewmv.
@) | &) | E) | &)
II. e xoBeptd amd TG TAPOKATO TEPIMTOCELS VO KUKADGCETE TO Ypappa 4, av o

oyVPLooG gival aAndng kot 1o ypappa ¥, av o 1oyupLlopnos eivot YeLoNng.

1. Av éva ypopuikd cOotnuo EYEL OVO OLULPOPETIKES
, ; o 2 , , A VY
Aboetg, Tote Ba €yt dmepo TANO0g AvcemV.
2o Av og éva ypappukd cvotnua eivaor D =0, t61¢ 10 AW
GOOTNLO EIvaL kAT’ ovAYKn 0dVVaTO.
, =1 ,
3. To cvotua etvon advvaro. A ¥
x+y=0

4. O xoKhog x° +y” =1 kou n mapafory y =x* +1 dev

£€yovv Kowvd onueia.




TPITQNOMETPIA
(Emavainyeigc — Louminpmoceig)

7.1 TPITQNOMETPIKOI APIOMOI T'2NIAXY
(Erovoinyelg — Louminpaoeig)

Tprywvouetpirotl apiBuoi oéeiag ywviag

‘Eoto ofela yovia w. Av mdve otn pia B
amd TIg 0V0 TAEVPEG TG Yoviag Tdpovpe N
Toyoia onueio M kot N kol @EPovpe Tig M

Kk6Oetec MM, xou NN, mpog tnv GAAN

mAgVpd TNe yoviag, TOTE TA TPly®VO © ‘ >
. . 0 M, N A
OMM, xor ON N, 6o elvatl 6pota, onote
Oa 1oyvetL:
(MM,)) _ (NN,) (OM)) _ (ON)) ot (MM,) _ (NN,)
(OM)  (ON) (OM)  (ON) (OM,) (ON))

Emopévme, yia ) yovio o to Tniika

MM, oMy . (MM)
(OM)’  (OM) (OM))

glvar otabepd, dnradn avedptnto g Béong tov onueiov M maveo otV
whevpd ¢ yoviag. Ta mmAike avtd, 6nwg yvopilovpe and IMpvdcio, ovo-
pafovial nuitove, GUVIRITOVO Kol EQATTOREVY TNG YOVIog @ Kol cupuPoii-
Covtal pe pue , 6VYw Kol EPO , OVTIGTOIY®G.

Anladn, oto opBoydvio tpiymvo MIEDM, LOYVEL:

i = (MM,) (omévown Kdesrnj

(OM) vroteivovoa
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vV = (OM,) (HPOGKSWSVH Ka@srnj
(OM) VTOTEIVOVC O
0w = M amEVOVTL KABeTN
® (OM)) npookeinevn kaOen

Opilovpe axopo ®g ovvepamTopnévny g oseing yoviag @, v omoia cupfo-
Atlovpe pe epw , 10 otaBepd MAiKo

_(OM) Tpookeipevn kabet
(MM,) amévavTL Kabem

opw

Tprywvouetpixoi apiOuoi yovias o, ue 0° < w < 360°

‘Eoto Oxy éva cvotpo cvvietaypévov oto eninedo, Of pia muevbeio ov-
100 KOt @ M yovia Tov wopdyetol and tov nuiagova Ox ov TEPIOTPUPEL Kotd
™ OeTikn ©opd YOp® amd 0 O uéypt vo GUUTECEL Y10 TPADTN GOPE, HUE TNV M-
uevbeia Ot (Zy. o, B7). O OBetikdg nuiagovag Ox AEyeTal apyLKi) TAEVPA
¢ Yyoviog @, eved 1 nuigvbeia Ot Aéyetol TEMKN TAELVPAE TNG W.

YA t y
it
M@.”:}? M
Myt M(xy) | ?
P 1 o
o |y Lop \
L
ol x M, x M; o x
2ynua o’ 2ynuo B’

[Have otv tehkn mhevpd ¢ yoviag @ maipvovpe Tuyxaio onueio M(x,y) Ko
eépvoope v kabetn MM, otov dova x'x (Zy. o ko B).

Av 1 yovia o givar oeia (Zy. o), 10tE, OTOC €idape TapaTave, 16XHOVY 01
160TNTEG:

MM oM MM oM
MM) _©OM) MM (OM))

He=om > T omy YT oM 7= MM

Opwg (OM,))=x, M,M)=y kot (OM)=+/x’+1° =p>0. Enopévag, ot na-
paTéve 160TNTEG YPAQOVTAL:

n,ua)zl, avvwzﬁ, sgoa)zZ Kot o(pa)zi, omov p=+/x"+y° >0.
p p X y
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Ievikevovtag ta mapandve, opilovpue pe Tov 010 TPOTO TOVG TPLYOVOUETPL-
KoVG aplBLovg omolasdnToTE Yoviag o (Zynua B).

Ye kGOe LomdV mepinTmon EYOLLLE:

[*<

nuw ==, epw == (&pdoov x #0)

ovvw = —, opw =

S x O
< xR

(epocovy #0)

b

omov p=+/x* +y> >0

omov (x,y) Ol GLVTIETOYUEVEG OToloLONTToTE onpeiov M (dtapopeTikod TOV

0) ¢ TEMKNHC TASVPAG TS YOVIOG @ Kol p=+/x" +y° >0 1 andctacn tov M

and to O.

Tprywvouetpixoi apiBuoi yovidv ueyaivtepwv twv 360° kai

APVHTIKDY YOVIDV

Ag vmoBéoovpe o611 0 MudEovag Ox €vog
ovotiuatog ovvietoypévov OX mepiotpée-
Tat Yopw and 10 O Katd TN OeTikn opd. Av
TPOYUOTOTOLNOEL (10 TAN PN TEPLGTPOPN KO
TEPIOTPAPEL EMMAEOV Kol KATA Yovio pé-
tpov 30°, 10te Aépe 6TL 0 Ox €Yl droypd-
yeL yovia
®=360"+30°=390°.

Me avaroyo tpomo opilovtal ol yovieg Tov
elvar peyordtepeg tov 360°, dnAadn ot yovi-
€6 NG HOPPNG:
w=v-360°+u°, 0mov ve N" xat
0<u<360
Av topa o mubovag Ox, oTPEPOUEVOC

YOopw amd 10 O KT TNV APVNTIKY QOpd,
TPOYUOTOTOUOEL (1o TAN PN TEPLOTPOPN KO

oTn cvvEyelo dtoypayel yovia pétpov 30°,
t0TE Aépe 011 0 Muacovag Ox €xel daypad-

VA
I t
/// \\\
|"II 30° "'| | .
l 0 [ X
\ y
\\\ ///
h 1 _~—"390°
¥
| T~_-390°
,/ \\
."‘;, \...'\
I|I I|I N
{ [7] 30° || x
\ pd t

et apvntikn yovia 360° +30° =390° 1| oAb yovia:
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®=-(360°+30°)=-390°.

Me avdroyo tpdémo opilovtal ot apvnTikéc YoVvieg ONAad Ol Y®VIEC TNG LOp-
Mg

®=—(v-360°+4°), émov veN xat 0<u<360
O1 tpryovopeTpikoi aplduoi yovidv mov givor peyaddtepeg amd 360°, kabog

KOl TOV 0pVNTIKOV Yoviov, opilovial 0nmg Kot ol Tptyovouetpikol appol
yovidv ard 0° péypt 360°.

AnAadn, yio kabe yovia w, 0etikn f apvnTiky, opilovpe:

Y

nuo==, epw== (epocovx0)
p

, OmOV p=+lx>+)" >0

oo =2, opwn= (epocovy #0)

<% %=

Omov (X,y) Ol GLVTETAYUEVES OTOLOVONTTOTE onueiov M g TEAKNG TAELPAG

e yoviag o (Slogopetikod Tov O) Kat p =+/x> + > >0 1 andctacn Tov M
amo 1o O.

Ag Osopfioovpe toOpo pla yovio o (0eTikn 1 apvnTikng) Ue apylkn TAEVPE,
Tov nuéa&ova Ox .

Av o nuia&ovag Ox , atpe@duevog Yopw ard to O Katd TN 0TI Popd, Gv-
UTANPOOEL V TANPELG OTPOPEC KOL OTT) CUVEXELD dLAYPAYEL TN YOVid @, TOTE
Oa £xet Sraypayet yovia v-360° + @, mov £xel tnv ido TEMKN TAELPE pHE TNV
.

Av opmc o nudEovag Ox , otpe@duevog yopw amd 10 O KaTd TNV ApVNTIKNY
@OpA, COUTANPDCEL V TANPELG GTPOPEG KOL GTN GLVEYELN daypaYEL TN YOvia
w, 10te Ba éxel Saypdyel yovia —v-360° + @, Tov £xel Kol avTH TNV S0 TE-
ALKN TAELPA HE TNV .

Ot Topandve yovieg, mov gival tng popeng k-360° +w, ke Z, emeldn €xovv
™V 1010 TeEAKN TAELPA Ba £x0VV Kl TOVG 1010V¢ TPIY®VOUETPLKOVS ap1Bpove.
Emopévag, yio kabe k €Z Ba woydet:

77,u(k -360° + a)) = uo, ago(k -360° + a)) =£Qw
m)v(k-360° +a))=avva), 0(0(k-360° +a)) = 0w
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O TP1yWVOUETPIKOS KUKAOGS

Mo évav katd Tpocéyyion, aAld GUVTONO, VTOAOYIGHUO TOV TPLY®VOUETPIKDY
oplOU®OV, YPNOLULOTOLOVUE TOV AEYOUEVO TPLY®VOUETPIKO KUKAO. O Tplymvo-
UETPIKOG KOKAOG Ba pog eEumnpetnoel Kol 6€ GAALOVE 6K0TovG, OTTMG Ha a-

vel oT1g endpeveg mopaypdeovg.

Me xévipo v apyn 0O(0,0)
€VOG GLGTNHUOTOC GULVTETAYUE-
vov kot oxtiva p =1 ypayoopue
évav kokAo. O k0OKAOG avTOG
AEYETOL TPLYOVOUETPIKOG KO-
KAOG.

‘Ecto topa 611 1 TEMKY TAEL-

pé pog yoviog, m.y. g yoviag
®=35°, téuvel Tov KOKAO 0VTO

oto onpeio N(a,B).

Enedn nu35° L Kal p=1 Oa
p

oyver qu3s5° =4=0,57. Opoi-

2607 2pge 280" 220"

¢, enedn ovv3s’ =2 vt p=1, 0a 1oy0el ovv35 =a=0,82.

levikotepa, av M TEAKN TAEVPE WG YOVIOG O TEUVEL TOV TPIYOVOUETPIKO

KOKLO 670 onpeio M(x,y), Tote W)vEL:

oVV® = X = TETUNUEVT TOL onueiov M
U = y = TETAYPEVN TOL onueiov M

It To Adyo avtd o dEovag x'x Aéyetal Kal A&ovag TOV cvVNRiTOVOY, VO 0
agovag y'y Aéyetan Kot dEovag TOV NUiTovmy.

AEGEG GLVETELEC TOV TAPATAV®D GLUUTEPACLATOG €ivot o1 €ENG:

1. Ot Tipéc 10V oV Kol TOL Hu® P0G YOVIOG @ gV UTOPOVV VO VIEP-
oV Kat' amOALTN TIU TNV GKTIVO TOL TPIYOVOUETPIKOD KVKAOV, OV

elvat ion pe 1. Anladn woydet:

—1<ovvr <1

kot —1<quw<l




184 7. TPIF'QNOMETPIA

2. Ta wpoéoNUO TOV TPIYOVOUETPIKAOV 0plOUdV (o yoviag ®, availoyo UE
TO TETOPTNUOPLO GTO OMOi0 PpiokeTarl 1 TEMKY TAELPA TNG YOVING Ov-
™G, elvat OTm¢ dgiyvel 0 TAPAKAT® TIVOKOC.

IO 20 30 40
+ — —

e
ouvw
EQw

- - | +

+ |+ |+ |+
!
+
|

opm

0 déovag TV epanTouévmy

OcopodUE TOV  TPLYOVOUETPIKO
KUKAO KO {10 YOVIO @ TOV 1) TEAL-
KN NG TAELPA TOV TEUVEL GTO ON)- _|B //
ueio M(x,y). ®épvovpe ™V £@a- 7 ™

TTOUEVT, € TOL TPLYOVOUETPLKOV / A

KOKAOL 01O onueio 4.
o

(
Av 1 tehikn mAegvpd g yoviog l\ 0 A x
Bpioketal oto 1° TeTOpINUOPLO Ko \ / /
n gvbeia OM tépver v € oto E,
10T amd 10 opboywvio Tpiymvo / N /'

AOE 0a éyovpe

8¢w=%=@=(AE)

Av pe y, TopacTioovpe TNV TeTaypévn tov E, tote Oa wybder (AE)=y,,
omote Oa gival
PO =y, .

210 1010 CUUTEPOAGHO KOTOAYOVHE KOL OTAV 1 TEAKN TAELPA NG yYoviag @
Bpioketon o€ 0TO100MTOTE AAAO TETAPTNUOPLO.

Enopévog oe kabe mepintmon oydet:
epo = y, = teTaypévn Tov onueiov E

TI'o to Adyo avtd n evbeia & mov €xetl e&icmwon x =1, Aéyetor agovag TmV
EQUTTOUEVOV.



7.1 Tprywvouetpikoi ApiBuoi I wviag 185

To aktivio g povada UETPNons ywvImy
‘Eyovue yvopicer oto I'vpvdclo to axrtivio wg
povado pétpnong to6Ewv. Xvykekpluéva, £va
16&0 AB €VOC KUKAOL (O,p) Aéyetan T6E0 €vOg

aktwiov (1 1rad), av 10 1050 aVTO €xel UNKOG
ico pe v aktiva p tov KOKAov. Emopéveme, 1o

1050 a akTwviov (N a rad) €yel unkog S=a-p.

Opilovpe TOpO TO OKTIVIO KOL ©OC HOVADO UE-
TPNONG TOV YOVIOV ®G eENG:

OPIZMOX

Axtivio ( 1rad) eivar n yovia  omola, dtav yivel emikevipn cg Evav
KVKAo, Baivel og 60 evog axtviov (M 1 rad ).

And tov op1opd avTd TPOKVTTEL KO 1| 6YE0N Hoipac Kot akTviov ®¢ Lova-
SV HETPMONG YOVIOV, ®G €ENG:

‘Eoto 611 po yovia @ sivar u° kot o rad . Eneidf 1o pfikoc evog kOkAov a-

ktivag p glvon 2mp,
n yovia 360° eivat ion pe 27 rad .
omoTe,

n yovia 1rad eivotion pe 3;— poipeg,
T
Enopévac,

, L 180
nyovia o rad givolion pe a-—— poipeg.
T

. . . o \ 180 , ,
Emeon opmg n yovia w givor x4, 8o toydel u=o-——, ondte Oa Eyove:
T

Mo ropaderypo:
v Tw vo skgpdoovpe ™ yovie 60° oe axtivia, 0étovue otov TOTO

o U ,

—=—— 0mov u =060 Kot &yoovue

r 180 . HOPH
a 60 T
_:—<:>a:—,
7 180 3

Apa givar 60° =§md.



186 7. TPIF'QNOMETPIA

, ., Om , , \
v Tw va ekppdoovps T yovia ?rad oe poipeg, Bétooue otov TOHTO

a_K Omov a_5_7r Ko &yovue
180 KOOR
ST
6RO H 50

x 180 6 180
Apa 5and =150°.
210V TOpaKAT® TivaKo eTovAAQUBAVOLUE TOVG TPIY®VOUETPIKOVS aplBrong

UEPIKADV YOVIOV oV giyape vroloyicel 6to [Mpuvdcio kot ot omoiot gival t-
dwaitepa xpNOLHOL GTIG S1APOPES EQAPLOYEG.

lFovia o Tpryovoperpikoi aprOpoi
o¢ poipes | oc¢ rad npo ovY® epw opw
0° 0 0 1 0 Aev
opiletan
1
30° z —~ V3 V3 NG
6 2 2 3
45° z Q Q 1 1
4 2 2
. x 3 1 3
60 - - — 3 -
3 2 2 3 3
90° z 1 0 Aev 0
2 opileton
HMEIQXH

211 ouvEYELD, EMELDN GTOV TPIYOVOUETPIKO KUKAO TO0 T0E0 X rad £€xel PnKog
x, avti va ypdoovpe
;7,u(x rad) , o-vv(x rad) , ggo(x md) Ko U(p(x rad),
0o ypapovue amrd
HUxX, ovvx, EPX KOl OPX.

. , . T , , T
Mo mapdadstypa, avii va ypaeovue m.y. W(Emdj fa yphoovpe amid 11/15

ko avti 7u(100rad) Oa ypheovpe amdd 7ul00 .
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EDPAPMOI'EY

1" Ov petpiicelg mov £Kave £vag pNyovi-

KOG Y10 va. BperL 10 VYog h £vOg KapTava- K
prov I'K, @aivovtol 610 OwwAavo oyipo.
Na vrorhoyl6TEL TO VYOS TOV KOUTAVAPLOD
o€ PiTPO PE TPOCEYYLGY OKEPULOS POVA-
dac. h
AYXH
Ao 10 oyuo £YovLLE:
h h 48° 70°

epd8” =—, onote Al =—— A B I

Al ep48 20m
ep70° - ,omote Bl = h -

BI’ ep70
Al —BI'= AB =20m

2 ° - ep48°
Enopévamg —O—LO =20, omote h = M
ep48  ep70 ep70" —ep48

Me tovg TPpLY@VOUETPIKOVG TIVAKES 1 LE £VO KOUTLOVTEPEKL BpioKovpie 6Tt
ep70° = 2,75 wor ep48 =1,11.
Avtwcafiotoope oty (1) kot Exovpe:

61,05
1,64

h 37

Apa 10 Dyog Tov kKapumavoplov gival tepimov 37m .

2" No voloyletody o1 TprymvopeTpikoi apilpoi yoviag 750°.

AYXH

Av drupécovpe to 750 pe 1o 360 PBpiokovpe mniiko 2 kot veorowwo 30, Tt Exovpe

750° =2-360° +30°

Enopévag
! B

nu750° = nu(2-360° +30°) = nu30° =3 ouv750° = ovv30° = >

B

£p750° = £930° = 5 op750° = 530° =/3
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3" No voloyletoly oL TprymvopsTpikoi opilpoi yoviag 7977rrad .

AYXH
, 79z 79 , . , .
Eivar =5 = v 27 . Av tdpa dapéoovpe Tov 79 pe tov 6 Bpiockovpe mniiko 13 kot
vroromo 1. Emopévag eivat 7977[ = 7—69 2r = (13 +%) 27 =13-2x +% , omote Oa Eyovpe:
Pm_ 13-27+2 | = z_N3 avvﬂ—o'vvz—l
" 3 " 3 " 32 3 3 2
197 T 97 T 3
EP——=EQP— = \/5 oO—— =0Q0— = —
R 3T
AXKHXYEIY
A
A" OMAAAY
1. Xto dumhavd oyfuo vo VTOAOYIGETE TOL UAKNY 6 =l AP
X, y Ko T yovia o . & 30° FEECIN
7 =
L
2. Na vnoloyicete Tig mAevpég TOL TPLYDVOVL
70V Simhavod oYHUATOG. /<60° 30%\
B 2 r

3. M enikevipn yovia o Paivel og 1060 S = 6cm. No ekppdoete T yovio avth
o€ aKTivia, av 1 aktiva Tov KOKAoL gival:
) p=lem i) p=2cm i) p=3cm.
4. No ekppdoete o rad yovio
i) 30° ii) 120° iii) 1260° iv) —1485°.
5. No petotpéyete o€ poipeg yovia:

iy = rad i) " rad iy 2" rad iv) 100rad .
10 6 3

6. No vroloyicete Tovg TprymvopeTpikovs apdpods yoviag
i) 1830° i)  2940° iii) 1980° iv)  3600°.




7.1 Tprywvouetpikoi ApiBuoi I wviag

189

B OMAAAY

1.

Ye pkpd 0gpodpdpia vTo- N (Népog)
Aoyilovv o VYOG TOV VEQDOV
pe t Ponbeln pag toyvpng
Abpmac evtog mapafoiikod
KatoémTpov, N omoia Ppioke-
tal og andotoon 1000 moda . —

(1m6dt = 0,3 m ) and 10 on- ﬁi’lapan;pqnjg} 1 A (Maumna)
peio tov mapatnpnt. H Ad- 1.000 médra

puma givor tomoBeTnuévn vod

otafepn yovio Kol 0 mwOpATNPNTNG CTPEPEL TO OPYAVO TAPOTHPNCNG GTO
OoNHELD AVAKANGNG TOV POTOG ATO TA VEQN.

h

i) Na mpocdiopicete o Oyoc £ yio w=30", 45° war 60°.
ii) Iloon eivoar m yovia @, av 2 =1000 nodia;

Me ) BonBela Tov dimhavod oyLaTog:
i) No dei&ete otL:

(AT) = (BI) = 25u45° =2 .
ii) No e&nynoete yuoti eivar
(EB) =4-qu22,5°.
iii) No vrmoAoyicete 1o punkog (I'E).

iv) No 8ciéete, ypnowpomoidviag T0 7 7

Tpiyovo BlAEF, otL (EB) = 2422 .

v) No vroloyicete 10 7u22,5°.

vi) Towwv GAA®V YyoVidv umopeite vo vToAoyiceTe To MUiTOVo Kol TG
TPEMEL VOL GLUVEYLGTEL 1] KOTOGKELN Y10 TO GKOTO 0VTO;

Na Bpeite v mepipeTpo kot to 4
eupadov tov tprydvov AI'A tov N
dumhovov GyNUaTOG. \\30\9\“\\
\ ™~
6 \ ™~
\ ™~
\ 30° P
B A4 I

H mo apyn xivnon mov pumopei va emonpdvel to avOpomvo pdtt eivon 1mm ava
devteporento. No Ppeite OGO UKOG TPEMEL VAL £YEL O AEMTOOEIKTNG EVOG POAO-
Y100 Y10l VO, WITOPOVLE VO ETGNULAVOVLLE TNV KIVIG1 TOL GKPOV TOV.




7.2 BAXIKEY TPITQNOMETPIKEY TAYTOTHTEX

Amd TOVG OpPLoROVG TOV TPLYOVOUETPIK®OV aplu®dv Hag Yovias @ Tpokv-
TTOVV OPIGUEVEC GYEGELS TOL TOVEC GLUVIEOVV KOl VAL YVOOTEG OC TPLYOVO-
HeTPIKES TaTOTNTEG. O TaLTOTNTEG AVLTEG Elval XPNOIUEC OTO AOYIOUO LE
TOPACTACELS TOL TEPLEYOVV TPIYDVOUETPIKOVS aplOpovg.

ZUYKEKPLUEVO LOYVOVV:

1. nmo+onvio=1

AIIOAEIZH

Av M (x,y) elvar to onpeio oto omoio n

TeEMKY TAgLPd TG yoviag @ TEUVEL TOV
TPLY®VOUETPIKO KVKAO, TOTE O givat:

X=00vw KOl Y =7nU®
Enedn opwg,

(OM)=1 xor (OM)’ =|x|" +|y[ =x"+’

0o 1oyveL:

14
_ B
M
/’ ™,

™
=

=

el
i
Z
]
\\*-———ﬁ—f

N Y4
x+yi=1, \\.RH,__//"
omdte Ba Exovpe: B
oo+ nlo=1
2 QW = L opw = gove
oLVV@ nuw
AIIOAEIZEH
210 1010 oYUO EYOVUE:
EQw = 2 _ e (epboov x =covvw # 0
X ovvw
X ovvw ,
opw =—= (epbcov y =nuw #0.
Yy  nuo
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Me ™ Bonfewo tov tavtotitov (1) kot (2), 8o arodei&ovpe 600 emmAéov ypnoL-
LLEG TOVTOTNTEG.

3. epw - opw =1
AIIOAEIZEH
Eivau:
£Qpw = O xan opw = ve (epooov ovve #0 ko nuw #0)
ovV® U

Enopévog:

epw - opa =L TV _

oV HU®

2 1 ) EQW

4. oV W =——7F— KOl U O=———
1+ep°w 1+ep @

AIIOAEIZH

i) Atpodpe kot Ta 300 péAN TS TavTodTNTAC N w +ovv w =1 pe oo w =0

KOl EYOVLLE:
2 2
1 1
n,uza) avvza): > Sep’o+l= > @avvza)z—z.
ovww HUo ooV e ovv l+ep°w
, > 1
Apo ooV =————.
l+ep o
ii) Av otV tawtotnTo 1w + ovv e =1 Bécovps ovv e = — ., £OVUE:
I+ep°w
2 1 2 1 2 8(”260
nmwo+r———=lopwo=l-——cuo=——77—-/?-.
l+ep o l+ep o l+ep @
ep’w
Apo o =

l+ep’w



192 7. TPIT'OQNOMETPIA

E®PAPMOI'EXY

b/ 5 o o 4 r r
1" Av nquo =E Kol 90" < w< 180", va PBpedodv ov dAror TprymvopeTpikoi apirO-

poi ¢ Yyoviag o.

AYXH

Ao ™V tovtdTTA K@ +ovv e =1 tpoxdntel 6TL ovv e =1- e . AvtikoficTtov-

5
LE TO nuw e 3 KoL £YOVLLE:

. 5 25 169-25 144
ovww=l-|—| =l-—= =—.
13 169 169 169
Enedn 90° < w <180°, eivor ovvew <0, omdte £xovpe
144 12
oovw =—, | — =——
169 13
. . , Hpw owve
Ao T1G TOVTOTNTES TOPA QW = Kol 0pw = , §YOVLE:
oVV® nuw
5 12
13 5 13 12
e(pwzﬁz—ﬁ Ko awwz%z—?
13 13
2" Na amodery0si 611
i) gu'o+ow'o=1-2np’vorv’e i) ygu'‘o—ocov'o=2np’n-1
AIIOAEIZEH
i)  'Exovpue drodoyikd:
n'lo+onto = (sz)z + (avvzw)z
= (n/fw + (71)\1260)2 -2l w-ov'
=1-2ni’w-ovv’ o, (emedy nu’w +ovv’w =1)
ii) ‘Eyovpue dtodoyikad:
o -onw'to = (sz)z - (o"vvza))2
= (n,uza) + avvzw)(;y,uzco - avvza))
=n’o—oov’ o (emedy qu’w +ovv’w =1)

= pro-(1-ne)=2mlo-1.
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AXKHXYEIY

A OMAAAY

—

10.

3
Av nux = E Ko §< X <7, vo Bpeite ToOug AAAOVG TPIYOVOUETPIKOVG aplOlovg

™m¢ yoviog x rad .

2
Av ovvx = =3 Kot < x < 377[, va Bpeite Tovg dALOVS TpLY®VOLETPIKOLS Op1-

HOoVG TG Yoviag x rad .

Av  epx = _T3 Ko 3;” <x<2m, vo Bpeite Tovg GAAOVG TPLYOVOUETPLKOVG

apOpode g yoviag x rad .

2
Av opx = TS kot 0<x< %, va Ppeite Toug GALOVS TPLYOVOUETPLKOVG aptd-

HoVG TG Yoviag x rad .

3 , , .
Av opx=-2 ko 7<x<27t, Vo VTOAOYIoETE TNV TN NG TAPAGTUONG

2nuxoovx
l+oovx

Noa e&etdoete, v VIAPYOVV TIES TOL X YLOL TIG OTTOLEG:
i) Na wybdet ovyypdvag nux =0 kot covx =0 .

ii) Na wybdel ovyypdvog gux =1 kot covx =1.

. . 3 4
iii) No woyvel cuyypdvog nux = g KOl oOVX = 3

No omodeilere 611, a0 onueio M (x, y) Tov emmédov pe x =3ovvl Kol

y =3nub , eivar onueio kKOKAoV 0(0, 0) KEVTPOL Kol okTivag p =3.
Av ioydel x = 200v8 kau y =3nub , vo deifete 6T 9x” +4y”° =36.

Av glvar x=r quboovp, y=r nqubnue Ko z=r oovd, vo deilere OTL

X4y 4zt =rt.

No amodei&ete Ot

nuo.  1—ovva

i) i) oov'a—nula=200v'a-1.

l+ovva nuo.
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11. Na anodeitete Ot
i) nuo N 1+ ovvl _ 2 i) govx__owwx 2 .
1+ ovvl nuo nuo l-nux 14+nux  oovx
12. Na anodeiete Ot
gpotopf =2 il) ep’a—nula=cp’a-nila.
epf +opa  epf
13. Na anodeitete Ot
o e nux+oovx i) (l — avvx)(l + ] = HUx - QX .
l—¢epx 1-o0px ovVX
D " () )
iil) —— = nux - oovx iv) | ——nux —OVVX | = nux - oovx
EQX + oYX nux ovvx
B OMAAAY
1. Av nux+ovvx = o, vo VTOAOYIGETE WG GLVAPTIGT TOV @ TIC TUPUCTACELS:
. o1 1
i) nux-oovvx i) —+
nux  oovx
i) epx +opx iv) gi’x+ovv’x .
2. No omodeifete ot
i) pix+oov'x=1-2p’x-o0v’x i) qulx+ov’x =1-3nu’x-o0v’x.
iii) H mopdotoon 2 (nyéx + avax) - 3(17/z4x + ovv4x) &xel Ty oveEApTNTN TOL
x , dnhaon etvar otabepn.
z T oo [ qux T —nux
3. Av —=<x<—=,vaanodeifete 611 = =2epx .
2 2 1—nux 1+ nux
4 \/1+avvx+x/l—avvx_l+r/,ux_ ovVX

T ’ r
Av 0 < x <—, va amodei&ete 011 .
2 \/ l+oovx—1—gox o0 1-nqux




7.3 ANAI'QI'H XTO 1° TETAPTHMOPIO

O VTOAOYIGUOC TOV TPLYOVOUETPIKOV 0plOU®OV 0TOLGINTOTE YOViag Umopel
va yivel, 6mog 0o dobue otn cvvéyeln, pe ™ Ponbelo Tvakmy mov divovv
TOVG TPLYOVOUETPIKOVS 0plOovg yovidv amd 0° puéypt 90°.

Ag Bewpnoovpe 000 YoViEC @ Kol @' TOL Ol TEMKEG TAEVPEG TOVE TEUVOLY
TOV TPIY®VOUETPIKO KUKAO ota onpeia M ko M’ avtiotoiymc.

I'owvieg avrtifeteg A At
Av ot yovieg kot @' gival ovtife- /,Jf_ /
1e¢, dnAadn av o' =-w, 1018, ONOG ' M(x.y)
eaivetal oto dSmAovo oynqua, To on- i A
peta M xon M givol GUPUETPIKA ©OC / i \
npog tov a&ova x'x. Emopéveg ta 41 5 “ q' \A >
onueio avtd éxovv Vv id10 TETUN- \"5”
uévn kot avtibetec teTaypéveg. \ N /
‘Exovtac vtdyn tovg opiopovs tov \ /\)‘I’\’j‘t}'(x,.ﬂ
TPLYOVOUETPIK®OV apludv, cvume- B \\
paivovpug Ot N
avv(—a)) = oVVW n,u(—a)) = —NuUw
ggo(—co) =—£pw ago(—a)) =—0pw

Anhodn:
O avtifeTeg Yovieg £xovv 10 1010 cvvnuitovo kKol avti@eTovg TOVG GA-
AOVG TPLYOVORETPLKOVS aprtOpove.

Mo mopdaderypo:

V' Eyovpe:
;1,11(—30"):—11#(30"):—% avv(—30°):01)v(30°)=73
oo -30)=-ep(30') =2 o0(=30°) = ~op(30°) =3

v' Eriong, &ovpe:

_zj__ T_ N2 SO T )
nu nu 7 75

4 4 2
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8¢(—£j=—8¢)£=—1 a(p(—zjz—agoz:—l

4 4 4 4

T'wvieg ue alpoicua 180°

Av o1 yovisc o kot o' £xovv G0pot- m

oua 180°, dnradn av o' =180 —w, t //"_E‘F"‘\ t
T0TE, OMMOC QOiveETOL OTO JTAAVO - \\
oynuo, ta onueio M kot M’ givan MEa) < %_"'}:g;é-j.l_,;_/?iMmy)
GUUUETPIKG ®¢ Tpog Tov dEova V'y. [ \
Enopévog ta onueio avtd £€yovv A'\ o jIA x
v 1 teTayuévn kol ovtifeteg \ /
TETUNUEVEG. /
"Exovtac vmoyn tovg opiopovg tov \ / ’
TPIYOVOUETPIKOV oplOU®V, GULUTE- B[

paivoope OTL:

71,u(180° - a)) = nuw avv(180° - a)) =—ovvw

8¢)(180° - a)) =—gpw a¢(180° - a)) =—0pw

AnAodn,

O yovieg pe a0poropa 180° éxovv To id10 Nuitove Kar avtifeTovg TOVG
GALOVG TPLYOVOUETPLKOVS a.pLOpovg.

Mo ropdderypo:
v' Emedn 150° =180° —30°, &yovpe:
o o o o 1
1 50° = nu(180° = 30° ) = 30 =3

J3

oovl50° = va(180° -30° ) =—o0v30° =——=

2
£p150° = £p(180° — 30" ) = —2p30° = _?

op150° = op(180° ~30° ) = 030" = EY

v Emedn 2?7r =r —% , &yovpe:

(2_”)_ (n_zj_ T_V3
nu 3 nu 3 77ﬂ3 )
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2w T T 1

ovV| — |=0oVV| T —— |=—00V—=——

3 3 3 2

&l E—g 7[—2 =—g f__\/g
\3)7 3T

(F)eoelo-)mi=—%

op| — |=op| T—— |=—0p—=———

3 3 3 3

I'wvigs mov drapépovy katda 180°

Av o1 Yovieg @ Kal @' 310QpEPOVV KATA y
180°, dniadn av ' =180°+w, 1018, 1B
— T [4
OT®¢ Qaivetal 6to dmAavd oynuo, to e \\
onueio M xar M' eivor cupUETPIKA G / 1800 xM(xy)
pog v apyn tov afévev. Emopévag A,/ /- P 4
To. onpeio avtd €yxovv avtiBetec Te- 1 )/V 7] x
TUNREVES KoL avTIOETEC TETAYUEVEG. \
‘Exovtog vmd TOVG OPIGUOVG TMV 4
X S \Vﬂ S ’P novg ’ A \ﬁﬂ/

TPLYOVOUETPIKOV aplOu®dV, GLUTEPQ- B
VOuLE OTL:

;7,14(180° + a)) = —nuw avv(180° + a)) =—ovve

8(p(180° +6!))=8(06l) J¢(180° +w)=ogoa)
AnAodn,

O yovigg mov dragépovy katd 180° £xovv avrifero nuitovo Kal cuvnpi-
TOVO, EVO £Y0VV TNV 1010 EQAATONEVY) KO CUVEQUTTONEVT).

Mo ropdderypo:
v Emedn 210° =180" +30°, £yovpe:

nu210° = u(180° +307 ) = —pu30° = —%

3

o0v210° = ovv(180° + 3o°) = —o0v30° = >

2
£p210° =8(0(1800 +30°) =£p30° :?

092107 = op(180° +30° ) = 5930° =13
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4
v Emeidn ?n =r +§ , éyovpe:

e B B

3 3 3 2

47 T T 1
ovV| — |=00V| T+— |=—00V—=——
3 3 3 2

4 _ T

T'wvicc ue abpoioua 90°

Av o1 yoviec o kot o' éxovv dBpoilopa
90°, dradn ' =90° —w, tote, ONOC
Qaivetal 6T0 SUTANVO GYNAUM, TO OT-
peta M xar M' givalr coupeTpiKd ®G

TPOG TN OYOTOUO TNG YWViog xf)y.

Enopévog n tetunuévn tov kabevog
1G00TAL UE TNV TETAYUEVN TOV GALOV.

‘Exovtac vmdymn tovGg Oplopovs TOV
TPIYOVOUETPIKOV oplOudv, coumepai-
VOULLE OTL:

17,u(90° - a)) = ooV

8(0(90° - w) = 00w

AnAodn,

Av 8Y0 yovigg éxovv aOporspa 90°, T6te To Quitovo TG pHLAG 160VTAL NE
TO GUVNIITOVO TG GAANG KO 1] EQUATONEVT] TG PLOG LGOVTAL IE T GVVE-
pamTopuévn TG GAANC.

INo Tapdderypa, eneidny 60° =90° —30°, éovpe:

77#600 =ovv30° = g R ovv60° = ;7#3()0 = % ,
8(0600 = 0'(0300 = \/5 Kot 0'(9600 = 8(0300 = ?
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2X0410

Amd 1o mponyovpeva Kataropaivovps 0Tl dev ypeldleTal va EXOVUE TIVOKES
TPLYOVOUETPIKAOV 0plOUdV OAOV TOV YOVIOV, 0ALE LOVO ToV Yovidy ard 0°
uéxpt 90°.

E®PAPMOI'EY

1" Aivetor 611 o0v36° =

1+\/§
2

. Na vmohroyiotodv ol Tpryovoperpikoi apibpoi

™mg yoviog 54°

AYXH
Emedn 54° =90° -36°, éyovpe
1++/5

4
TOUQOVO PE TV TAVTOTNTA i @ +ovv m =1 1oyvel nu’54° +ovv’54° =1, onote:

2
ooV 54 =1 i 54° :1_(1+2\/§J :1_6+2\/§:10_2\/§,

nu54° = ovv36° =

16 16

onote

ovv54° =

J10-245
4

Enopévag eivai:

3¢54°:’7’u54 B 145

oS4 10-245
oov54° /10_2\/5

oS4 1445

KoL 6p54°

2" Na vroloyiotel pe T forjdera TG yoviag ® ol TpryovopeTpikoi apiOpoi tov
YOVIOV:

) 90°+w, B) 270° —w Kot v) 270° +w

AYXH
i)  Enedn 90° +w=90" —(-w), &ovpe:

nu (90o +a)) = 7/,11(900 —(—w)) =ovv(—w) = ovvw .

Ouoing vroroyiCovtal o1 vEdroTOL TPLY®VOUETPIKOL 0ptOpoi TG Yoviag 90° +w .
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i)  Emeidf 270° - =180° +(90° — ) &xovpe:
17/1(270° —w) = 17,11(1800 +(90o —w)) = —i1,u(90° —a)) =—ovvw .

Ouoing vrohoyiCovtat ot vdrorot TprywvopeTpikol aptdpoi g yoviag 270° —w .
iii) Emewdf 270° + = 360" —90° + & = 360" +(—90° ) .éxovpe:

8(p(270° + a)) = 8(0(60—900) = —8(0(900 —w) =—0pw .

Ouoing vrohoyilovtar o1 vdrowmot TprymvopeTpikoi aptdpoi g yoviag 270° +w .

AXKHXYEIY

A OMAAAY

1. Na Bpeite Tovg Tprywvopetpikong aptBpong g yoviog:
i) 1200° i) —2850°.

2. No Bpeite ToVG TPIYOVOUETPIKOVG 0pBLoDG TG YoViag

p BT ii) %’T rad .

3. e «dPe tpiyovo ABT va amodsifete ot

i) nquA= nﬂ(B—i—F) ii) auvA+avv(B+F) =0
iii) A ovv T iv) az)vé _ 2L
nu > > > nu 5

avv(—a) . avv(l80° + a)

nu(-a)- ;7/1(90° + oc)

4. No omlonooete TV TopdoToon

8¢(n—x)-avv(27r+x)~avv(92ﬂ+xj
=-1.

5. No amodeilete otu:
21z
17,u(137r+x)-avv(—x)-aq)(2—xj

6. No deifete 611 £yl otabepn TN N TOPAOTACT|:

' (7r—x)+ avv(n—x)avv(27r—x)+ 2’ [%—x] .
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B OMAAAY

1. Noa vroloyicete v Ty TG TOPAGTOONG:
nuA95° - gov120° +gvv495” - ovv(-120°)

ep(—120° )+ £p495°

2. No omodeiéete ot

11/1(57r+ a))-al)v(77t—a))-17,u(52n—w]-ovv(zr+ a))
2

) =nquow-1.

agp(5n+ a))~17,u(77r—a))-avv[52”—wj-a(p(zr—i-a)
3. Avep (% = xj +ep (% + xj =5, va vohoyiceTe TV TN TG TOPACTOONG:
ep’ (E—xj+e¢2 (£+xj .
3 6

ep(m+ x)

4. No omodeifete ot

0< <1.

epx + op(m + x)

EPQTHXEIY KATANOHXHX TOY 7°° KE®AAAIOY

I. ZX& xoBegpid omé TG TOPUKATO TEPIATTMOGELS VO KUKLAGETE TO Ypappa A,
av 0 1eYVPLopl6g givar aindng kot to ypappa ¥, av o woyupiopés givar

yEeLONG.
1. Av nquw =1, to6te vIoype®TIKG B0l €lvor ovvw =0 . A Y
2. Av ovvw =0, 101€ VITOYPEOTIKA Oar givarl yuw =1. A Y
3. Yrapyet yovio o pe guwm+ooveo =2 . A Y
4. T k60 yovia o woydet quo =1-o0v’w A ¥
5. nu20° + i’ 70° =1 A ¥
6. Mo kaBe x € R 1oyvel nu(x —m) = —nux A Y

7. Mo k40e x € R 1oydel qu’x = nux’ A V¥
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8. Av avv(x—%)-i—;y,ux:O,t(')ts nux =0 A Y

9. TNo kébe x € R 1oydet avv(x—%) - ;7,u(§+ x)=0 A Y

II. Na avtictovyicete KOOEVA GO TOVS TPLYOVORETPLKOVS apLtOpovg tTng A
opdoag pe Tov ico Tov ané Ty B’ opdoa.

A’ OMAAA B° OMAAA
1 nul20° A -3
2 oovl50° B _ﬁ
3 nu210° r _ﬁ
3
° 1
4 oov300 A ——
2
5 £p210° E 1
2
6 op300° Z ﬁ
3
7 | ep300° H V3
2
8 09210° (¢} 3

III. Y& koBeprd amd TG TUPOKATO TEPITTAOGELS VO EMAEEETE TN CMOTN OTA-
vInon.

1. Av éva tpiyovo ABI givar opbfoydvio ( 4 =90°) kot 6yt 1cockeAéc, TOTE:
A) B+’ =1, B) ni’B+ovv’l =1, I') epB=1.
2. Avéva tpilyovo ABI dev givar opBoydvio TotE:
A) oov(B+I')=covvA, B) nu(B+1)=nud, ) ep(B+1T')=¢pA.
3.  Av éva tpiyovo ABI dev givar opBoydvio TOTE:

B+T A B+T
=nu—, B), oovv
5 ) = ) ( 5

A B+T A
=oov— I) ep(———)=¢ep—.
) 5 ) &p( 5 ) >

A) oovv(




7.3 Avaywyn oto 1° teTaptnudpio 203

IXTOPIKO *HMEIQMA

Eva eivarl kowdg mapadektd 0Tl 1 yeoueTpia elvor SnUIovpynue Tng KAAoL-
KNG mepltodov g apyaiag EALASac, evtovTolg dev eivar e€icov yvwatd 611 1
TPIY®VOUETPI €ival SNUIOVPYNUO TNG EAANVIGTIKNG TEPLOSOV LE TPOTAYDVL-
otéc tov 'Inmapyo, tov Mevérao kat tov [Itolepaio.

H 1pryovouetpia Eemmonce otnv mwpoomdbela vo Bepelwbel gl TocOTIKN
actpovopio 1 omoia Oa propovcoe va ypnoiponombei yio va Tpofrepdovv ot
0éceic TV ovpaviov coOUATOV, 0 VTOAOYICUOS TOL MNUEPOAOYIOL KOl VO &-
eappochei ot vavotrhoio Kol 6TN Ye@ypoueio. OgueAlOTg TG AGTPOVOUING
vanpée o Inmapyoc mov éinoe ot Podo ko otnv Ale&dvdpeia kot mébave
yOopw oto 125 n.X. I'a v mpocomiky] tov {on EEpovue TOAD Alya Katl To
neplocdTEpa oL EEpovpe YU avtoOV Tpopyovtal and ta Pipiia tov ITtode-
paiov. O Inmapyog cvvéfare amo@acIoTIKA 0TN SlapOpemon TG Bemplog
TOV ETKLKA®V, Kol NTav e Béomn va vroAoyicel exieiyelg g ceAvng ue
akpifelo pag €og 6o mpav. Aébete eniong kal po Bempia Yo po 1Kavo-
TOMTIKY €ENYNON TOL PALVOUEVOL TOV ETOYDV.

H onuavtikotepn avakdivyn tov Nrov Ot Ta onueic mov o agovag mept-
GTPOPNG TNG YNG TEUVEL TNV 0VPAVIO CPAIPO HETAKIVOVVTOL KO d10ypAPOLY
KOKAO pe mepiodo 2600 ypdvia To peyardTEPO LEPOC TNG TPLIYOVOLETPIAC TOV
Inmépyov avaeépetal oe ovTO TOV GNUEPA OVOUALOVE COAIPIKT TPIYDVOLE-
tpia. Kot oavtd eivor popaio, agod tov evol€pepay Kupimwg Tpiymva mov oyn-
potiovtal mTave otov ovpdvio B0A0. Ouwg avéntuée kal Pactkd onueio TNg
eMMEDOV TPLY®VOUETPLAG.

To épyo tov Inmapyov cuvéyioe o Mevérhaog mov élnoe yopw oto 98 .X.
KOl TOV 07010V TO PacIKO £PY0 €1VOL TO «GOAUIPIKAY.

H avémtoén g eAANViKNG TpIy®VOUETPIaG KOl T®V EQPAPUOYDV TNG GTNV O-
otpovopio olokAnpmvetal pe to €pyo tov Iltodgpaiov mov é{noe otnv Ale-
Eavopetlo yOopw oto 168 p.X. kol Tov 0Toiov TO KVPLO GVYYpAUpa glvat 1 AA-
poayéotn (apapikn mapa@bopd tng AéEnc «Meyiotn»).

To Piprio A tng Alpayéotng mepiéyel 6Aa to avaykaio Bewpiuoto yo v
KOTOOKELY] EVOG TTivaka NUItoOvVeV kot cuvnptoveoyv. To Baoikd Bsdpnpa yia
TNV KOTOGKELT ALTOV TOL Tivaka givol o e&ng:

«Eotw ABIA eivar kvpto tetpamievpo eyyeypouuévo oe kvxdo. Tote 1oyver:
AB-TA+AA- BI'=AI - BA ».
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Y10 Bedpnuo avtd otnpiytnke kot o [Itodepaioc yio va fpet d1apopovg Tpt-
YOVOUETPIKOVG TOTOVG HETAED TV OTOIMV KOl AVTOV TOL GNHEPA EKPPALov-

He g
nu(a-B) = nua- oovf —ovac nup

H Alpayéotn €kave yio tnv Tpryovouetpio 0Tl éKavay ta «Xtotyeia tov Ev-
KAeidn» yio ) Feoperpia: Tnv SleTOTOGAV GTN LOPPT TOL TAPEUELVE Y10, TO
enopeva 1000 xpovia.

Metd to 200 p.X. pe v tpryovouetpia acyoindnkav kat ot Ivdoi pe kivn-
TPO €MIONG TNV AVIIUETOTION OGTPOVOUIK®V TPOPANUaTOV. Agv giyav onua-
VTIKY] ovvelsPopd kot a&ilel va onpelwdel 611 Yo d1éQopovg TPLYOVOUETPL-
KOUG KOl 0GTPOVOUIKOVG Opovg Omme KEVTIPO, AENTO KTA., XPTOILOTOLOVCOV
TG EAMANVIKEG AEEELS.

Katd ta ypoévia tov Mecaiova pe TNV TPLY®VOUETPIO. 0oYOAOVVTOL KOl Ol
Apafeg, ympic va GLVEIGPEPOVLY GE AVTHV KATL OTUAVTIKO KO TOVG. ZVVE-
Balav 6pwg oto vo petaddcsovy v EAAnvikn tpryovouetpia otnv Evponn.
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i) No anodei&ete v TovTOTNTAL

1 2 2 2
@+ B 7 —op = fy=ya="{(a=B) +(B=1) +(r=a)'].
ii) No amodeiete 0T Yo OhOVG TOVG a, B,y € R 10yvet
a+ B +y zaf+ fy+ya.
[16te 1oyvel 1IodT™TO;

Aépe 6Tt tprado Oeticdv akepoiov (B,7,a) sivar zobaydpera tprada

2

otav B+ =a’, dhadn otav ot B, y, a sivan mhevpéc opBoymviov Tpi-

YOVOL.

i) Av (ﬁ,y,a) givar pa mobayodpela tprada kot k eivar €vog OeTikdg
aKépalog, va arodeifete OTL kol 1 TpLdda (ic,b’,;cy, m) etvan eniong mo-
Bayopela tprado.

i) Av p kot v Oetikol aképotol pe u>v, va deifete
6tTL 1 TpLéda (,u2 -2, 2uv, 1 +v2) givatl moda-

YOpeLD TPLASO. XTN GULVEYELD VO CLUTANPAOGCETE
Tov mivoko [e TG Tuhaydpeleg TpLAdEG OV AVTL-
GTOL(OVV GTIC TILEG TMV 4 KOL V TOV divovial 6Tig A4 4+ B
dvo TpdTEG GTNHAEG:

u w—v 2uv W+

Bl w| v
=W | == <

2
A) Na anodeifete 61U aﬂﬁ(a;ﬂj . Tt onuaiver n avicdtTNTA QLT YO

évo opBoymvio pe dactdoelg a kot f; I1ote woydel n 160TNTAQ;

B) Mg 1t Bonfeta g mopandve ovicdtntog (M Kot pe dGAho Tpomo), va
anodeifete OTL:
i) Amd 6la ta opBoydvio pe otabepn mepipeTpo P 0 TETPAY®VO €XEL
70 peyorvtepo epuPado.
ii) A6 6ha ta opBoymvia pe otabBepd guPfadd E to teTplywvo €yt
™V eAdyloTn TEPIUETPO.
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AXKHIED I'TA EHANAAHYH

Aiveran n e&iowon 3(x+1)—ax=4, aeR.
i) Noa Avoete v e&icwon yia T1g dtdpopeg Tipéc tova € R .
ii) ' moteg Tinég Tov a € R 1 e&lomon €xet AMbon peyardtepn tovl;

Atveton n ekicoon £ (x—1)+32=x+2, AeR.

i) No amodeiete 6T1 1 e€iomon avT YPAPETAL 1GOSVVALLAL:
(A-1)(A+1)x=(A-1)(1-2).

ii) No Avcete v e&icwon yia T1¢ dtdpopeg Tinéc tov e R.

iii) Na Bpeite 11 Tipnég tov 1 € R yia tig omoieg ) e&icmon €xel pila tov

1
oploud —.
PH4

A7 T @uoikn yvopilovpe 6Tl 6NV KATAKOPLON POAN EVOC COUATOG pE
apPYIKT TOXOTNTA V,, TO VYOG /I TOL CAOUATOG GUVAPTHGEL TOV YPOVOL ¢

1
¢ kivnong tov divetatl and Tov TOTo h(t) = vot—Egt2 , Omov g m emrta-
xoven g PapvnTac.
A) Av v, =60m/sec kar g =10m/sec’ :
i) Na Bpeite woTe T0 cOUA B POAceL o€ Vyog ~ =180 pétpa.

ii) Na Bpeite mote T0 cdpa Oa Bpedei oe dyog A =100 pétpa.
[Towa eivar n epunveio T@V TPONYOLUEVOV ATTAVINCE®V;

1
B) X1 yevikn nepintmon dmov h(t) = vot—zgt2 , le ta v, kou g otabepd,

va Ppeite ™ ocvvBNKN oL TPEmEL val 1oYVEL, DGTE TO AN Vo EOAcEL oF
dedopévo vyog .

210 1610 GVOTNUO CUVIETOYUEVOV VO TAPAGTNOETE YPOAPIKA TIG GVVOPTY-
OELG

f(x)=]x]-2 xar g(x)=2-|4
KOl 0T GUVEYELD Vo VTTOAOYicETE TO eUPadOV Tov Y®Piov Tov mepikieie-
TOL OO TIG YPOUPIKEG TAPOUCTAGELS TOV GLUVAPTNGE®Y f KoL g.

A) X710 1010 GHGTNUO CVVTETAYUEVOV VO XAPAEETE TIG YPOPIKES TOPACTA-
GELG TV GLVOPTHOEMV

f(x) = |x—l| Kot g(x) = |x—3|
Kot pe ™ Pondeta avtdv va Bpeite Tig AMoelg g avicwong

|x—1|<|x—3|.

B) 211 ovvéyela va emiPePaidcete alyefpikd To TPOTYOOUEVO GUUTE-
péoporta.
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10.

11.

12.

A) Zg éva KopTeECLOVO eMIMEDO VO GYESLACETE TIG YPUPIKEG TOPACTACELS
TOV GLVOPTNCEDV:

f(x)=|x, g(x)=[x-3 xm h(x)=||x|—3|.

B) Mg ) Ponfeta TV Topandve YpoeiKOV TapacTAcE®V Vo TPposdlopi-
6£TE T0 TANBOGC TOV ADGEWDV TOV GUGTILOTOG

y=||x|—3|
y=a

Yo T1G dtdpopes Tiég Tov e R .

Ye éva eminedo oyedialovpe €va KopTeSOvO GOOTNUO GLVIETOYUEVOV
Oxy .

i) Na deifete 611 n eéicoon y° —x* =0 mapioTAVEL TIC S1YOTOUOVE I,
KOl 0, TOV YOVIOV TOV aEOVOV TIG 0TOIeg KAl VO GXEOLACETE.
ii) ITown eivar n andotoon evdg onueiov M (x, y) ToV emmédOL amd TO

onpeio K (a,0)tov a&ova x'x ; Na dei&ete 611 1 e&iowon
2
(x—a) +y° =1, aeR
TOPLOTAVEL 6TO0 eminedo k0K Ao C pe kévtpo K kat axtiva 1.
Yxed1oTe TOV KOKAO Yio pio TIUT TOL a.

iii) Me 1 Ponfsio TOV TOPATAVE YPAPIKOV TOPOCTACEDY VO TPOGHL0-
ploete 10 TAH00C T®V AMDGEMV TOL GLGTNHOTOG

yZ _x2 — O
(x—oz)2 +y* =1
vl T1g dtapopeg Tipég tov ae R .

Y10 dwmAavo oynipa ta C; Kat

C, sivor muikvkAla pe Ké€vipa B e W,
K xar 4 kot axtiveg R; = 6cm - )
Kot R, = 3cm avTiotoiy®g, Vo .
10 M givon éva onpeio g da- ol
kévipov KA wor m MA sivan (o )
kabetn ommv KA. Na Bpeite to !

UAKOC X Tov TUAHATOS AM, ov [ =l |
yvopiloope 6tL 10 onpueio I &i- o
vol péco tov MA.

BOcopovpe évav agova x'x kol maipvovpe mdve ¢’ avtdév Ta otabepd
onueia 4(-1), B(1) kot éva petaBinto onpeio M (x). Oftovpe

f(x)=(MA)+(MB) xor g(x)=|(MA)—(MB)|.

207
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i) No amodei&ete 011 :
FE=lx+1+[x=1 xar gx)=|x+1—|x—1].
ii) No wopaoctioete ypoeikd Tic cuvapInoelg f Kot g.
iii) Na Bpeite pe ™ Pondela tov Topondve yYpoEIKOV TOPACTAGCEDV TNV
eldytotn Kat T pEYLOTN TIUN (EPOGOV VTAPYOVV) TOV GUVOPTAGEWV [
Kot g, kabdg kat ti¢ 0€cg1g oTIg omoieg Tapovsialovrat.
13. Zta mapakdto oypuata divoviot ot Ypu@ikés TapucTIcELS TOV CUVAPTI-

CEWV!

2 4x 4x*
xX)=——, x)= & h(x)=———
S(x) 2l g(x) 11 (%) 1
T d
20/
of | \ 2 /N\o=h(x)
Ll 2 R AVS .
101 x ; -1 0] 1 x
2|

i) Amo6 TG Ypaikéc TapacTacels va Ppeite Ta OAKA aKpOTOTO TOV V-
vaptoenV f, g, h, kobdg Kal T1¢ 0£6E1G TOV AKPOTATOV AVTMV.
ii) No emPefoidoete alyefpikd ta TpoNyoOUEVE GUUTEPAGLOTA.

14. A) Aivetarn ouvéptnon f(x)=+/x.

i) Noa Bpeite 10 medio opiopod ™G cLVAPTNONG f-

ii) Na amodei&ete 011 av 10 onueio M(a, ) aviKel GTN YPOUPLKN TO-
pdotacn g f, 10 onueio M '(f,a) avikel oty YpaelKy TapdoTa-
on g ovvaptnong g(x)=x".

iii) Zto 1010 cvopa 0aEOVeV va oxedECETE TPDOTO TN YPUPIKT TOPA-
0TOON TNG CLVAPTNONG g KOl GTr cLvEéyela, pe ™ Ponbelo tov
TPONYOVLUEVOD EPMOTNUOTOC, VO OYEIIACETE TN YPUPIKT TOPAOTACT
¢ ovvaptnong f- Ilowo givar to €1d0¢ TG LovoToviag Kot TOlo TO
aKpOTOTO TNG CLVAPTNONG [ ;

B) Na dei&ete 6L | cuvbptnon A(x) = \/H glvat aptia Kot 6t cuvéxela
va xapdEete T YpaeiKy TG TapacTaoT.

I') Zto mapokdto oxfpa divetar n ypagikn mopdotacn g f(x) = Jx.
1 =

O A BR) I() My NeH)  x
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15.

16.

17.

Av A, B, I, ..., M'N' glvar ta onpeia tng ypoeikng tapdotacng g

fue tetunuéveg 1, 2, 3,..., v, v+1 aviiotoiymg, vo anodeifete 0Tt T TPi-

A A A
yova BA'B', I'B'I"", ..., NM'N' givol 1c0GKeA.

Mia yépupa €xel évo mapafoitkd T050 TOV
omoiov to mAdTog gival 8m Kot vVyog givat
5,6m. Kdato amd ™ 7yépupa Oéier va
TEPAGEL YEOPYIKO UNYAVNULO TOV OTOioL 1
Kapotoa €xel mAGTOC 6m Kair Vyog 2m.
Mmnopet To unydvnpo va nepdoet,

Aivetan éva tetpdywvo ABI'A pe mhgvopd 20cm kal to pécov O tng A4.
‘Eva xivnté onpeio M Egxivd amd 10 4 Kal, d10ypaeovIog TV TOAVY®VL-

KN ypappn ABI'4, katainyetl oto 4.

r B r M x B P B
M
X
) I"f‘ \
4’ 19 A A o A 4 o) A

Av pe x ovppolicovpe To UNKoG TG dLAdPOUNG OV €kave To Kvntd M

kot pe f(x) to gpPpadov Tov oKlacGuéEVOL Ywpiov,
i) Noa Bpeite 10 mEdio OPLGHOV KAl TOV TOTO TNG GLVAPTNONG f .
ii) No mopaoctioete ypagikd v f .

iii) Na Bpeite v tiun tov x yio v omoia woyvet £(x) =120 cm’.

Y10 dumhavd oynua to ABIA givol teTpdy@vo
TAgLPAG 2 1. kot To M glvor éva onpeio g O1-
ayoviov A" pe (AP)=x. Zvppoirilovue pe

f(x) 1o eppaddv tov Tprydvov MABkar pe

g(x) 1o epPadov tov tpoamelion MIAZ .

i) No amodei&ete 611
f(x)=x, 0<x<2 ko  g(x)=-0,5x"+2, 0<x<2.

L=
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18.

19.

20.

ii) Na Bpeite Tig TIpég Tov x Y1 T1G omoieg Ta dvo guPadd ival ica.

iii) Noa mopaoctioete Ypa@ikd 610 1010 CLGTNA GVVTETAYUEVDV TIG GL-
vaptioelg f kar g kot va PBpeite, pe ) fondeia tov ypaeikdv mo-

POGTAGE®V, [IE TPOGEYYICT TNV TIUH TOV X Ylo TNV omoio To VO Ep-
Bada gival ioa.

Y10 dmhovo oynua 1o Tpiymvo OAB givar B
opBoydvio, 10 M eivar Tuyaio onueio g T N
3

OA xav MN//OB. Av (OA)=4, (OB)=3 xot :
(OM)=x, ka1 E(x) eivar to epufaddv tov tpt- E \
yovov BMN,

i) No amodei&ete o1l L >,

(MN):# Kot E(x)=—%x2+—x. 4

ii) Na Bpeite T 0éom tov M yia v omoia to epuPfaddv E(x) peyiotonot-
gitat. [Towa elvar n péyiotn T tov E(x).

Ye évo koptectavo eminedo Oewpovpe Ta
onpeia A4(0,4) ko B(2,2), kaBdg Kot 10
onpeio M(x,0) mov Kiveital katd UnKog

oV a&ova x'x.

i) No Bpeite T1¢ cvvreTaypéveg ToV oN-
petov 1" oo omolo téuvel | gvbeia AB M@,0) 0 r
Tov a&ova x'x.

ii) No ekppdoete to gufaddv Tov Tprydvov MAB cuVOPTHGEL TNG TE-
TUNHEVNG X TOV ornpeiov M Kol vo TOPACTICETE YPOAPIKA TN GLVEP-
T™omn avTy.

Ye éva tpnqua AB =10km piog Ae@@Opov TEPTEL CLVEXDG YLOVL KOl TO
Vyog tov yloviov avéavetor lem v dpa. Otav apyilelt 1 ylovomtmon
évo ekylovioTikd unydvnuo apyifel amd 1o akpo A vo kabapilel to y1ovL
KWOOHEVO Katd piKog Tov dpopov pe taydtnta 10km/h. MOG @tdost
oto Byvpiletl kat kabapilel To dpdpo avtiotpdPmg and to B wpog 1o A
Kot ovveyiletl pe Tov d1o tpodmO.

i) Noa oyedidoete éva ddypappo yio To VYOG TOL Yloviod 610 A, mopa-
BAémovtag to xpdvo oTpoeng ot A kat B.

ii) Na kévete 10 1610 Y10 TO VYOG TOL YLOVIOY GTO PLéEGO M tov AB.
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1° KEDAAAIO

A’ Opédodag
1.ii) 1, 2.1, 3.1)4.000 ii) 9.999
ii) 3, 4.i) 4, S.i) 1, 7. 7-2°

B’ Opadag
L1) a1 i) 22 2.9) (@-1y i) 1,
o+1

3.1) x%y* i)
A’ Opéodoag
1. 1) [Tapte t dropopd ii) [Tapte
dapopd , 2. AOpoicua TETPAYOVOV,
3.1) 2,-1 i) 1,-2,

4.1) 9,8 xot 10, 1ii) —0,9 ko —0,7

iii) EKou 46 iv) 48,34 xot 50,32,
54 53

Vo4
.

5.1) 10,2 kot 16,2 1ii) 6,38 ka1 15,68,
6. Analolpn Tapovouaostov, 7. S—x<0

B’ Opadog

1. i) Atoholpr| TapoOvoUAGTAV
ii) ATaAolpN TOPOVOLOGTOV,

2. [Tapte ™ dropopd,

3.Extéheon mpaemv,

4. 1) toAamiooctldote e T0 2
ii) moAlomlactdote e 10 2

A’ Opédodoag

1.1) 7=3, ii) 4—x iii) 1 iv) 0,
2.1, 3.0)-1 i1,

4.1, 5.21709 -2,
6.1)d(2,37,0)<0,005,

ii) 2,365 xar 2,375

B’ Opadoag
1. XpnNolHonoote TpIy®VviKn avicoTnTa,
3.1) x=y=0 1) x#0#4y=0,

a0 Ll
p o

ii) Apkei va derybel 1—g<£—1 s
o«

5.1)9,5 ka1 10,5 1i) 15,2 ko1 16,8
iii) 3,87 ko1 4,27

A" Opadag
. .. U

1.1)10 ii) 2 iii) —,
) ) ) 10

[

2.i)4-7 ii)20 iii) [x—1], iv) o 3.1,

10. i) % if) 4(v7+45)

i) 13+2+/42
B’ Opadag
2. ii) Xpnowonoteiote t0 epdTNHO. (1),

1 2
) B o ler)
6 a

20 KE®PAAAIO
A" Opddag
1.1)5 ii) -1 iii) =7 iv) 1?1,

2. 1) adbvarn ii) TavtdTTA,
3.i)av A#1, 10t x=1,0v 1=1, t0T0
mra

.. A
i)av A#2,101e x=—,0v A=2,
A
t61e adHvatn
1
i) av A#0, ko A#1, 1018 x:E,av

A=0, tote advvat

iv)ov A0, xow 1#1, to1e x:%,

av 1=0, téte TOvTOTNTO, OV A =1,
t6Te adOvarn,

4.1) x=2,5 ii) x:% 5.2.750 ka1 1.250 ,

V-0, i) R = R,R ,
R,-R
7.1)4 k-1 1ii) 2k —1,
8.1) Oxorl i) =1k O,
9.1) 2kl ii) 1kor2,

6.1) t=
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10.1)2,1,—-1 1ii) 2«kol,

11.1) -1 ii) addvarn,

12. 1) advvatn i) xeR pe x#0 ko
x#-2 1iii) adOvarn iv) xeR pe
x#1 xar x#-1,

13. (-1,0,1),(1,2,3),(-3,-2,-1),

14.1) 4,—-1 ii) 3,% iii) 0, -4
iv) 3 kot 7 s
3
15.1) —1xoz1 1ii) adOvarn,
16. 1) =5 xou —% ii) 1xou3

B’ Opadag
2.0#p, a#0, %0, 3. 50ml,

. , o
4.3 Xentd, 5.av a=0 1018 x=—5,

av o0=0 1618 xR pe x#0,

6. x=0, 7. -2 ko1 2, 8.2 xat %

A’ Opédodoag

1.1)5 ii) 3 iii) 1,

L1) =5 i) =3 i) -1,

.1) 8,-8 ii) 3,-3 iii)2,-2,
.1)0,2 ii) 0,-1 iii) O,

AW N

5.3,3,9, 6.1)3 ii) —é iii) 1,4

A’ Opéodoag
1. i)%,l ii) 3 iii) advvarn,
2.1)1,3,-1,3 i) 0,2 iii)adOvarn,
30)A=4(A-1)" i) A=4(a-p),
4.1,-1, 5. A=—4(a-p),
6.1)x* =5x+6=0 ii)2x*—3x+1=0
iii) x> =10x+1=0,
9++/41 9-41

7.1) 5,-3 ii , .
) ) — 3

8.1)45,3 i1, -2,

9. ~(a+p), f-a, 10.24,10,

11.1) 3,-3, 4, -4, ii) 5,-5

iii) 6,-6, 2,-2, 12.1,-1,
13—\/§ 3+x/§
2 7 2
14.1)2, -3 i) -1,

13.

s

15.1) -2,2 ii) —%,% ii1) advvan

B’ Opadog
3. -7,1, 4. avtikatdotoon TOL X L€ 1 ,
p

. 1 .. a’
5.1) a,—— 1ii) B, —,
) ; ) B 5
6.1)A=42+32 ii) -2,4, A=-1,
7. 3,45, 81, 9.12 opeg, 24 dpeg,

10. a=9, pileg eivoror: 3,-3,1,—-1.
30 KEDPAAAIO

A’ Opddag

1.1) x<—% il) addvatn iii) xeR,
2.1) 1<x<3, 3.0y, 4.0,1, 2,
5.1) xe(—3,3) ii) xe[—3,5]

iii) xe(-3,2),
6. 1) xe(—0,-3]

i) x € (—o0,-3) U(5,+)

iii) xe(—0,-3]U[2,40), 7.i) x23

U[3,+0)

i) xﬁé, 8.1) xe(-1,3) ii) xeR,
9. xe[-2,8], 10. |x+2|<5, 11. [5,10]

B’ Opddac

1.1) xe[l,%} ii) xe[gﬂ},

2.1) xe[—4,—2]u[2,4]
i) xe[l,3]u[7,9],
3.1) liii) x>1.
L1) 4 dil) 1€x<7.
A" Opddag
1.1) (x—l)(x—Z) ii) (2x+1)(x—2),

S
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_ 2(x—3 _
20y oL gy 2523) gy 23

2x+1 x-7 x—1
3.i) ¥ =2x-15>0 yia

x € (—0,-3)U(5,+)

i) 4x* —4x+1=(2x-1)’

iii) x* —4x+3>0 ywxeR,
4.1) —x’+4x-3>0 yuwxe(l,3)

ii) —9x% + 6x —1=—(3x - 1)’

iii) —x*+2x-2<0 paxeR

5.1)xe(—000] [ +ooj ii) xe[—4,1],

6. 1) x e(—00,~1)U(2,4+0) ii) xe(—l,gj
7.1) xeR, x#2 ii) x=3,

8.1) advvorn ii) xeR, 9. xe(1,3),
10. xe(-4,-1)U(3,4),

11. xe(l,Z)u(3,4)

B’ Opaodoag
1.1) (a—ﬂ)(a+2ﬁ), (a+2ﬂ)(a—3ﬁ)
-B
11) 3ﬁ
2. (2x-a)(x+B),
3. 228
x—2a
4.1)0,41i) A<0f 1>4
iii) 0<i<4,

5. le [O,EJ S
9

6.i) A=-87—-24), 1<-3 Y 1>0
i) A<-3,

7. To M Bpioketar avapecsa oto onpeio
oL Tpryotopovv v Al,

8.1i) A>0 pe a,f opdonuovg,

,a#=3f ko a#-2p,

, X#0 Kol x #2a,

A <0 pe a,f etepdoNUOVG.

A" Opéddoag
1.

X
-0 -1

W

P(x) + 0 -0+ 0 -

x — -2 1 2 +
P(x) ~0+0-0 -

3. xe(-3,1)u(3,+»),
4. xe[-3,0]U[3,4),
5. xe(—oo,—Z]u{—l}u[l,+oo),

6. xe[—oo,—gju(l,.%),
2
. .. 1
7.1) -l<x<2 ii) xe[—5,3j,
8. xe(-2,-1]u(L2].
B’ Opadog
1.1) 1<x<z ii) xe{—2,—§],
2 3
2. xe(—oo,—3]u(1,4],
3.1) xe[ SJU[Z 5]
i) xe(—w,—Z)u(%,l}u[lﬂo),

4. x e (—%,OJ U(O,l) S

5. L59<x<4,41, 6.1<t<4.

4o KEDAAAIO
A’ Opddog
1.1) R—{1}ii) R—{0,4}iii) R
V) (0,+oo),
2.1) [1,2]
i) (—o0,—2]U[2,+)
i) [1,3] iv) [0,1)U(1,4e0),
3. -125, 3, 15,
4.1) f(x)=(x+2)", xeN

ii) 4, 5, 8,10,.
A" Opadag
2. 2<x<5,1<y<
3.1)(-1,-3) i) (1,

iv) (1,— ),

6,
3) iii) (
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L) 245 i) 5 i) 4 iv) 5,

. (AB)=(BI')=(I'A)=(AA)=5,
)2 i) -1 i) 4,

1) (4,0), (0,-4) i) (2,0), (3,0),
(0.6) i) (10), (0.1) iv) (0.1)

0 I &N N A

) (L0) Vi) (-2,0), (2,0).
9.1) (0,-1), (-1,0), (1,0) ii) x<-11
x>1, 10. 1)(, 2),( )1)2<x<5
A" Opéddoag

1.0) 45 i) 60° iii) 135 iv) 120°,
S 1D -1 i) 0 iv) -2,

2
3.1) y=—x+2 i) y=x+1iii)) y=2x-1,
4

L) y=x i) y=—x+3 iii) y=1
iv) x=1, 5.-40° C, 6. Amoteleital
amd v nuievbeio y=—x+2, x<0, 10
evd. Tppa y =2, xe[0,1] kot my nui-
evleio y=x+1, x>1,
7.i) =1, 1 ka1 =2, 0, 1
i) x € (—o0,1) = {~1} kot x €[-2,0] U[1,+o0)
8.1) xe[-L1], xe(—o0,~1)U(l,+0).

B’ Opadag
1.i) £(-6)=1, f(—S)z%, f(-4)=0,
F(3) =3 £(2) =1, £ ()

FO0)=1. F()=1. £(2)=1. /()=
-1, f(5)=-2 ii) f(x)=0:-4
,—1,-3 f(x)=-1:-2,4

f(x)=1: 0<x<2 iii) y=0,5-x,
xe[Z,S]u{—Z} 2. y=x-1, x21,
3.1) B(¢)=2000-1007, 0<7r<20 ,
A(1)=600+1007, 0<7<20,ii) t=Tmin
4. f(x):—x+8, 0<x<4,

~

—_~
N

==
Il

5.1) hl(t):—?wrzo,ogts}

hz(t):—zf:)t+20 0<t<4

.i) AB=AT ii) (BI)’ =(AB)" +(Ar)’,

ii) 2,4h i) 2,4h.

A" Opadag

5.9) 2(x—2)" i) 2(x=3)" -3
i) 2(x+2)"iv) . 2(x+3)" -3

A’ Opadog

1 f ¥ (=ol], £ A1), g R(=0.0].

g ¥[0.2], g A[2.40) , 1 ¥ (—o0,-1],
w R[-1.0], n¥[0.1], h A[1400) .

2. To f(l) =—1 ohk6 ghdyioto, 1 g dev
&xel oMkd akpotota, To h(-1)=-2,
h(1)=-2 ok erdyioTo,

3. 1) apkel f(x) > f(3) ii) apxel
g(x)<g(1)

4. 1) dptio ii) Gptio iii) timoto iv) me-
putth V) Timoto Vi) mEPLTTN

5.1) dptio ii) timota iii) mepLTTh
iv) mepltt) V) daptio vi) dptia

6. 1) meprrty i) Gptia iii) tinota,

7.1) aptia ii) mepirtn iii) timota.

50 KE®AAAIO

A" Opadag

1. y=2x", 4.0) x* <1 -1<x<1,
¥>lex<-1fx>1.

B’ Opadag

2. £ ¥ (=0,0], £ R[0.40), £(0)=0,
eldyLoTo,

3.1)a) X <x? <x<x/;

B) x3>x2>x>\/;, 4. ﬁ

A" Opadag
Ly=2 4 laor<oqast,
X X

l>1<:>0<x<1,
X

1
5. - <x o x<0qx>1
X
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l>x2©0<x<1, 6. y:i
X X

A" Opddoag

1i) y=2-(x—1)"+3

i) y=-2-(x-2)" -1,
2.0) f(%]z—% eldyloto

B) ER . 4 £Y10T0
g 6 12 uey >

B’ Opadag

1.i) 1 i) =1 iii) -3, 5,

2.1) a<0ii) A>0iii) a=-1, y=-5,

3.0) f(x)=—x"+10x i) f(5)=25
3

4. 1) E:T(x2—6x+18) ii) MA=MB
5.30, 40.
60 KEDAAAIO

A’ Opéodoag

1. (3,—1), 2.1) (21,24) ii) (E,éj,
43

3.1) (3,-4) ii) (52),

4. 1) 0dOvarto ii) Amelpeg AVGELG

(K,K—-‘_zj, kelR,
2

5.1) (3.1) i) (2,-1),
6. 1) povadikn i) dmepeg 1iii) addvaro,
7. 1) dmepeg ADGELG ((\B + l)(K —1),x),
xeR ii) advvaro.
8.1) (4,3,-5) ii) advvoto
iii) (101( +2,-16x+ 2,1()

B’ Opadag
1.1) elzy:—%x+2, &y=x-11ii) 2,1,

2. 10 dikiwa, 16 tpikiwva.,
3. 1500 madd, 700 eviAikeg.,
— L . T + E s
600 30
5. 40 ml, 60 ml,

. 1 1
6. l) },1:—5, 12:—5
.. , 3
i1) dev vdpyovv iii) o # >

7.1) av a# £l povoduod kowvo onpeio 1o
(az +a+l —a

s ,av a=1 o1 gvbeieg
o+l o+l

tavtifovtal, ov o =—1 ot gvbeieg givar
mopdAAnieg ii) povadikd Koo on-
peio yuo kébe a e R,
8.1) av 1 #=£3 povadikn Abon, av 1=3
advvarto, av A =-3 advvoro,
il) av u# 3 povadikn Avon, av u=3
anepeg Aboelg, av p=-3 advvarto.
9. 2cm, 4cm, 3cm,
10. x=7—-a, y=1-f, z=1-7,
11. 22,881t, 17,681t, 11,44 1t.
12. f(x)=x"—4x+3, g(x)=—x"+2x+3,

h(x) =0,5x* -3x+4.
A’ Opddog
1. (-1.2),(2.-1),

(2 4
2. l) (E,gj

i 32 32 (32 32

272 )0 27 2

iii) (—1,—2),(1,2),(—2,—1), (2,1),
B’ Opadog
1. (4,3), (—4,3), (0,5)
2. (1,0), (3,0), (2,—1), (4,3)
3.12cm, 10cm 4. k<.
70 KEDPAAAIO

A" Opadag

1. x=3, y=3J2, & =45,
2. AB=1, AT =43,

3.1) 6rad 1ii) 3rad iii) 2rad

WL 2w L. . 337
4.1) — i) —, iii) 7o iv) ——,
) o ) 3 ) ) 2

5.i) 18° ii) 150° iii) —5460° iv) o000
T
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B’ Opadag
1.1) =478 ,=733, =1062 ii) =58,

2. iii) 2-v2 V) 7“2;\/5
3. 12483, 1243, 4. =573 mm .

7.2

A’ Opadog
1 m)vx——i Fx——é rfx——i
. 5 bl 'w 4 b w 3 b
P LB £ R ]
npx 3 0. 3 . 5
3 a(pxz—\/g, qyx:—l, m)vx:ﬁ,
2 2
4 sx—ﬁ ¥ ovvx = —
®. 5 npx 3 >
5. 8\/557_20, 6. 1) Oy, ii) Oy, iii) var.
B’ Opadog
Loat—1 200 ...
1.1 il iil
) 2 ) o -1 ) a’ -
a(3-a>
v “6)
2
A’ Opéodoag
1. 1) nul200° =£, ovv1200° =—l,
2 2
epl200° =—/3 , opl200° =—?
1 3
il -2850" ) =—, oov(-2850" )=—,
) mu(-2s50) =L o(-2850) =

ep(~28507) = ¥3 , op(-28507) =43,

3
187z 1 187x _ 3
25

2.1 ooV——=— R
) nu 5 5
wlsm:ﬁ) o087 _ 3

6 3 6
L ]l S

M T T Ty T

21z 21z
g¢7:0¢7:1,

4 4

3. A+(B+T)=180", A+(B+r]=9o ,
2

4. opa, 6.1

B’ Opadag

1.0, 3.23

AXKHIEIY I'lA ETANAAHYH

2.

.\O\l.a\-h

ii)
3 5 4
8 6 10
5 12 | 13
21 |20 |29
16 30 34
15 | 8 17
L) 2<a<3, 5. ii),A=3,
A Q) t=6 ii) t,=2 t,=10,
. E=8m?, 8. x<2
il)a <0, advvato, a=0, dvo Adoelg,

0<a<3 téooepeig Moelg, a=3
tpeig Moelg, a>3 dbo Aoelg,

10. iii) o =+2 860 Aoerc,

1

0<a<2 | ~V2<a<0 T€00EP1G
AMoeg, a==x1 tpeig Avoelg,
a<—2 na >2 advvaTo,

1. x=1

12. iii) f: ehbyroto 2, g : eldyoto O,

péytoto 2, 15. v,
S5x,0<x<20

16. ) f(x)=410x~100,20 < x <40,

5x+100, 40 < x < 60
iii) x=22, 17.ii) x=~/5-1,

18. i) x=2,E=15,

-x+4, x<4

19.1) 4,0 ii)E(x)—{ 1

x—4, x=>4

E(x)=[x—4



EYPETHPIO OPQ2N

Axrtiva dteotpatog 40

Axtivio 185

AveEdptnn petafinty 98
Avicwoelg ywopevo 92

Avicooelg devtépov Pabpod 85
Avicwoelg tiiko 92

Avicwon pe amolvteg Twég 79
Avicwon tpdtov fabuod 77
Amdlotn w37

Andotaon apiOuov 39

Ambdotaon onueiov 106

Aptwo cvvaptnon 132

T'vmoing avéovoa cuvapmon 128
I''moimg povotovn cuvaptmon 129
T'vnoimg pbivovsa cuvaptmon 129
Tpoppikd cvotnua 2x2 161
I'poppikd cvoommua 3x3 169

I'pagn enihvon cvotyuatog 2x2 163

I'pogwn mapdotaon cuvaptnong 107

T'pogwkn mapdotaon g f(x)=ax+p
T'ovieg avtifeteg 195

I'wvieg pe aBpoopo 180° 196
Tovieg pe dOpoopa 90° 198
T'ovieg mov dapépovy 180° 197
Awdypoppo Venn 16
Awxpivovca 65

Awotnua 33

Atdtoén Tpaypatikov apduov - 30
Atepevvnon e€icwong 56
Atepgdvnon cvotypartog 2x2 165
Avvaun apiBpod 22

Avvaun pe pnto exBétn - 48
Eldyioto cuvapmong 130
‘Evoon cuovorwv 17

E&apmuévn petapint 98
E&icwon ox+py=y 159

E&icmon devtépov fabuod 64
E&iowon npdtov Pabuod 55
Evbeio Anodeitn 24
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Evbsia epantopévov 184
«n» 10

Toa ocOvora 15

Ioodvvapio 10
« KO » 11

Koapteoiavég ouvtetaypéveg 104

Kotaxopoen petatomion cvvapmong 120

Kevo covolo 16

Kévtpo dwothpatog 40

Méyioto cuvaptnong 130

MéBodog avtifetwv cuvieheotov 162
MéBodog avtikatdotoong 162
MébBodog omaywyng oe dtomo 25

Mn ypoppukd cvompate 174
Mopeéc tpiwvopovr 82

Niwom pila 45

Opboxavoviko chotnuo 104
Op1lovtia petotomion cvvaptmong 123
Opilovoa 2x2 166

TTopapetpikn e&icwoon 56
TTapdpetpog 56

[Mopdotaon cuvorov pe avaypapr 14
TTopdotacn cuvorov pe mepypagn 15
IIedio opiopol cuvaptnong 98
IIepurrty ovvaptmon 133

[Ipaypatikh cuvaptnon 100
IIpaypoticoi apibpoi 19

TIpdéonuo ywopévov 91

IIp6éonpo tipnmv tpuwvopov 84
0levén 11

SoumAnpope covorov 17
ToumAnpwon tetpayovoyr 64
Yuvaptmon 98

Sovapton fix)=- 1/x 148
Yovaptnon f{x)=-x? 141
Yuvaptnon f(x)=1/x 146

Yovapmon fix)= |x| 115
Yovapton fix)=x> 140

Yovaptmon f(x)=o/x 148



Tuvaptnon f(x)=ox?
Zvvapmon fx)=ox? +fx+ty
Yovapmon fix)=ox

Tuvteheotc dievbuvong evbeiog
Yyetikég 0éoeilg dvo evbelmv

Tetaypévn onueiov

Tetunpévn onueiov 104
Tetpaywvikn pila 45

Toun cuvormv 17

TpryovoueTpikég TanTOTNTESG 190
Tprywvouetpikoi apBpoi o&eiog yoviag
Tprywvouetpikdc KOKA0g 183

Tomot tov Vietta 66

YrocOvoro cuvorov 15
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